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> Kinematic  single  layer  potentials  are  defined  as  certain  functional  generated  iy 
the  intrlnslQ  objects  associated  with  a  smooth  motion  and  a  densitj'  function 
defined  on  the  boundary  of  the  space-time  track  of  the  motion.  Th^  constitute 
generalizations  of  the  classical  single  layers  associated  with  the  Laplace 
operator.  The  support,  continuity,  and  differentiability  properties  of  these 
functions'  are  examined.  In  particular,  it  is  shown  that  the  partial  derivation 
of  kinematic  single  layer  potentials  generally  exhibit  jump  discontinuities  on 
the  boundary  of  the  space-time  track  of  the  generating  notion;  the  Interior  and 
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ORIENTATION 


This  is  Part  IV  of  a  six-part  report  on  the  results  of  an 
investigation  into  the  problem  of  determining  the  scattered  field 
resulting  from  the  interaction  of  a  given  electromagnetic  incident 
wave  with  a  perfectly  conducting  body  executing  specified  motion  and 
deformation  in  vacuum.  Part  I  presents  the  principal  results  of  the 
study  of  the  case  of  a  general  motion,  while  Part  II  contains  the 
specialization  and  completion  of  the  general  reasoning  in  the  situation 
in  idiich  the  scattering  body  is  stationary.  Part  III  is  devoted  to 
the  derivation  of  a  boundary-integral-type  representation  for  the 
scattered  field,  in  a  form  involving  scalar  and  vector  potentials. 

Parts  IV,  V,  and  VI  are  of  the  nature  of  appendices,  containing  the 
proofs  of  numerous  auxiliary  technical  assertions  utilized  in  the 
first  three  parts.  Certain  of  the  chapters  of  Part  I  are  sufficient 
preparation  for  studying  each  of  Parts  III  through  VI.  Specifically, 
the  entire  report  is  organized  as  follows: 

Part  I.  Formulation  and  Reformulation  of  the  Scattering 

Problem 

Chapter  1.  Introduction 

Chapter  2.  Manifolds  in  Euclidean  Spaces. 

Regularity  Properties  of  Domains 
[Summary  of  Part  VI] 

Chapter  3.  Motion  and  Retardation 
[Summary  of  Part  V] 


-ii- 


Chapter  4.  Formulation  of  the  Scattering  Problem. 
Theorems  of  Uniqueness 

Chapter  5.  Kinematic  Single  Layer  Potentials 
[Summary  of  Part  IV] 

Chapter  6.  Reformulation  of  the  Scattering  Problem 


Part  II.  Scattering  by  Stationary  Perfect  Conductors 
[Prerequisites:  Part  I] 


Part  III.  Representations  of  Sufficiently  Smooth  Solutions 
of  Maxwell's  Equations  and  of  the  Scattering 
Problem 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3],  Sections  [1.4.1]  and  [1.5.1-10]] 


Part  IV.  Kinematic  Single  Layer  Potentials 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3]] 


Part  V.  A  Description  of  Motion  and  Deformation.  Retardation 
of  Sets  and  Functions 

[Prerequisites:  Section  [1.1.4],  Chapter  [1.2]] 


Fart  \1.  Manifolds  in  Euclidean  Spaces.  Regularity 
Properties  of  Domains 
[Prerequisite:  Section  [1.1.4]] 


The  section-  and  equation-numbering  scheme  is  fairly  self- 
explanatory.  For  example,  ”[1.5.4]"  designates  the  fourth  section  of 
Chapter  5  of  Part  I,  while  "(I. 5. 4.1)"  refers  to  the  equation  numbered 
(1)  in  that  section;  when  the  reference  is  made  within  Part  I, 
however,  these  are  shortened  to  "(5.4]"  and  "(5.4.1),"  respectively. 
Note  that  Parts  II-VI  contain  no  chapter-subdivisions.  "[IV. 14]" 
indicates  the  fourteenth  section  of  Part  IV,  "{IV. 14. 6)"  the  equation 
numbered  (6)  within  that  section;  the  Roman-numeral  designations  are 


never  dropped  in  Parts  II-VI. 


A  more  detailed  outline  of  the  contents  of  the  entire  report 
appears  in  [1.1.2],  An  index  of  notations  and  the  bibliography  are 
also  to  be  found  in  Part  I.  References  to  the  bibliography  are  nade 
by  citing,  for  example,  "Mlkhlin  [34]."  Finally,  it  should  be 
pointed  out  that  notations  connected  with  the  more  common  mathematical 
concepts  are  standarlzed  for  all  parts  of  the  report  in  [1.1.4]. 
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PART  IV 

KINEMATIC  SINGLE  LAYER  POTENTIALS 

[IV. 1]  ORIENTATION.  Motivated  by  the  form  of  a  certain 
representation  of  any  (sufficiently  smooth)  solution  of  an  appropriate 
scattering  problem  (cf.,  [1.4.1]),  which  is  described  in  detail  in 
Part  III,  we  wish  to  Introduce  and  study  a  class  of  functions  con¬ 
structed  from  the  intrinsic  objects  associated  with  a  smooth  motion. 
Since  these  functions  possess  a  form  and  properties  which  are,  in  many 
respects,  similar  to  those  of  the  classical  and  generalized  single- 
layer  potentials  arising  in  the  study  of  the  Laplace  and  more  general 
elliptic  operators  (cf.,  GUnter  [19],  Mikhlin  [34],  and  Miranda  [38]), 
we  term  them  "kinematic  single  layer  potentials."  Essentially,  a 
kinematic  single  layer  potential  is  a  function  tailored  for  a  given 
smooth  motion.  In  Part  I,  we  atteu^t  to  construct  from  such  functions 
a  solution  of  the  scattering  problem  connected  with  that  motion,  in 
the  same  way  in  which  one  can  employ  the  classical  single  layer 
potential  in  generating  an  aniaXz  leading  to  a  solution  of  the  Neumann 
problem  for  the  Laplace  equation. 

Of  course,  one  must  beware:  there  are  important  differences 
between  the  properties  of  these  kinematic  single  layers  and  those  of 
the  elliptic  case,  perhaps  most  notably  in  their  differentiability 
properties,  as  we  shall  discover. 
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We  aim  to  arrange  our  analysis  of  kinematic  single  layer 
potentials  in  such  a  way  that  we  can  employ  variants  of  the  arguments 
set  forth  in  the  works  of  Gunter  [19],  Mikhlin  [34],  and  Pogorzelski 
[42],  which  are  concerned  with  the  classical  potentials. 


[IV. 2]  DEFINITIONS.  Let  M  be  a  motion  in  ]M(1) ,  and 
suppose  that  p:  31B  -►K.  For  (X,t)  €  ]B°un°  such  that  tw]  t] 
Lj^(3]B(X,t))^  we  define 


l'{y}(X,t) 


(1) 


1_ 

4ii 


31B(X,t) 


dX, 


3B(X,t)  ’ 


and  (supposing  that  the  integral  exists  for  some  (X,t))  call  the 
resultant  function  a  iUne.imtCc  4>tng£e  Zai/eA  pot&nticit  a&^ocicutzd  wtth 
thi  motion  M,  or,  for  brevity,  a  KSLM.  If  l/{u}  is  defined  at 
least  on  ,  we  define 

l/{y}|  B°;  (2) 


in  case  l/{p}  is  defined  at  least  on  Q  ,  we  set 


V{u}| 


(3) 


[IV. 3]  REMARKS.  Retain  the  setting  and  notation  of  [IV. 2]. 

t 

(a)  Since  M  €li(l),  we  may  invoke  the  conclusions  of 


We  shall  use  such  abbreviated  notation  for  the  various  Lebesgue 
spaces,  wherever  convenient. 


Theorem  [1.3.27],  and  recall  the  notations  established  there.  In 
particular,  if  (X,t)  then  B(X,t)°  is  a  1-regular  domain 

which  is  also  regularly  open,  by  [I.3.13.i]*,  the  latter  also  says  that 
B(X,t)  is  compact,  so  3]B(X,t)  *  3{B(X,t)°}  is  a  compact  (2,3;1)- 
manifold.  Recall  that  we  indicated  how  these  statements  fail,  in 
general,  to  be  true  in  case  (X,t)  €  3B,  whence  the  restriction  placed 
on  (X,t)  in  [IV. 2],  since  we  wish  to  be  sure  that  we  can  integrate 
over  3B(X,t}. 

(b)  For  a  given  dzni-Lty  p,  it  is  clear  from  (1)  that 
is  intrinsic  to  M. 

(c)  Let  (X,t)  €B°Ufi°;  we  have  seen,  in  [I.3.27.iv],  that 

3 

V  S  C(3B;]R  )  and  u  S  C(3B),  so  the  inclusions  [X  t]  ^ 

C(3B(X,t)aR^)  and  [u] .  ,  €  C(3B(X,t))  follow,  as  in  Remark  [I.3.18.d]. 

C  J 

Since  (X,t)  ^  oB,  X?  3B(X,t),  and  so  ^ 

Z  €  3B(X,t),  whence  grad  r^^  Is  defined  and  continuous  on  3B(X,t). 

It  is  easy  to  see,  as  in  the  proof  of  [I.3.27.vi],  that 

[u*^]r„  ,.i(Z)  grad  r  (Z)  ^  0  (and  is  in  fact  an  exterior  normal  for 
IX, t  J  X 

313(X,t)  at  Z),  for  each  Z  €  3B(X,t).  Consequently, 

[rj^’|l'’]jx  [X  t]  ^  C(5B(X,t));  hence  this  kcvicl 

is  measurable  and  bounded  (recall  that  3B(X,t)  is  compact),  from 
which  it  follows  that  l/{p}(X,t)  exists  iff  the  retardation  t]  ^ 

Lj^(3B(X, t) ) ,  as  required  in  the  definition.  In  particular,  if  u  G 
C(3B),  then  €  C(5B(X,t))  C  Lj(3B(X,t)),  the  latter  in¬ 

clusion  following  from  the  compactness  of  oB(X,t),  showing  that 
(/{y}  is  defined  on  in  this  case. 
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(d)  Let  (R,X)  be  a  reference  pair  for  M,  possessing  the 
properties  listed  in  Definition  [1.3.25].  Using  this  reference  pair, 
we  can  recast  the  integral  appearing  in  (1)  into  a  form  involving 
Integration  over  the  (2, 3 ;1) -manifold  3R,  which  is  more  convenient 
for  analysis  of  the  function  U{u}.  Then,  choose  (X,t)  and 

suppose  that  ^  I.j^OB(X,t)) ,  so  that,  as  pointed  out,  the 

integrand  on  the  right  of  (1)  is  also  in  this  .space.  By  Theorem 
[I.3.27.vi.l] ,  :  dR  IR^  is  a  1-imbedding,  taking  SR  onto 

3B(X,t),  so  we  can  apply  the  transformation  formula  (1.2.25.1)  to  write 


! 


1 

i 

1 
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whenever 


<(P;Y,s) 


CT(P;Y;i)  * 


p  e  3R,  Y  e  ]R- 


em, 


Y  x(P,s) . 


(6) 


If  (P,Y,s)  satisfies  the  conditions  of  (6),  observe  that  t(P;Y,s)  >  0, 

t;^(P;Y,s)  exists  by  [I.3.22.i],  and  1-t;^(P;Y,s)  >  0  clearly  follows 

from  (1.3.22.2).  Thus,  <  is  well-defined  and  positive  on  the  indicated 

set.  If  p  G  C(3]B),  the  reasoning  of  (c),  iup^a,  shows  that  (5)  holds 

for  each  (X,t)  since  tulrv  i  ^  l.(3B(X,t))  in  that  case. 

IX, t  J  i 


(e)  Continuing  with  the  setting  introduced  in  (d) ,  consider 
further  the  properties  of  the  positive  function  c,  defined  by  (6) 
on  the  set  {(P,y,S)|  P  6  3R,  Y  €  ]R^,  s  6  B,  Y#X(P,s)},  at  each 
point  of  which  is  defined  and  t  is  positive.  More  explicitly, 

at  each  point  of  this  set,  we  have,  using  (1.3.22.2), 


Now,  if  P  S  3R,  then  «(?;*,•)  is  defined  on  the  open  set 

{(Y,s)  eiR^I  Y  X(P,s)}  -  ]RV.{x*({P}xm)}’,  and  [I.3.22.i]  leads  to  a 

description  of  the  regularity  properties  of  this  function:  if 
k  3 

X(P,*)  €  C  ORjIR  )  for  some  k  G  K,  then  clearly  <(P;*,’)  ^ 

k-1  4  * 

C  CR  '“'{X  ({P}xlR)}'),  and  we  can  compute,  for  k  ^  2,  the  partial 
derivatives  of  this  function  using  either  (6)  or  (7),  in  conjunction 
with  the  results  given  in  (1.3.22.1-4).  Even  though  the  calculations  are 
entirely  trivial,  we  shall  briefly  indicate  their  sequence  and  display 


Although  <  depends  upon  the  particular  reference  pair  chosen  for  the 
motion,  we  omit  any  indication  of  this  dependence  (as  for  t) . 
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the  final  expressions.  Supposing,  then,  that  P  €  5R  and  X(P,*)  € 
set,  for  1  »  1,2,3, 


^  {X^(P,t-T(P;X,t))-X^}, 


r  (P;X,t)  (X,t)  ”  cT(P;X,t) 


for  (X,t)  €  ]R%x*({P}x]R)}  • , 


so  that,  by  (1.3.22.2), 


(8) 


l-T;^(P;X,t)  -  {l+r^(P;X,t)*X^^(P,t-T(P;X,t))}“^, 


for  (X,t)  €  m^^.{X*({P}x]R))} '  . 


(9) 


Choose  (X,t)  €  ]R  n(X*({P}x]R) } • .  From  (8),  we  find,  for  i,k  ■  1,2,3, 


r’k(P’X,t)  ■  cT(P;X,t)  ;^(P;X,t)} 


-  {r^^  i(  [X]  (P) )  •  r^^^  j^(  [X  ]  (P) ) 


(10) 


having  also  used  (1.3.22.4),  and 

r;^(P;X,t)  -  7(pTx^  ’4^^’^' (X,  t)  ^ 


+{l-T;^(P;X,t)}-(xt^]^^^j.j(P)}. 


(11) 


Using  (10),  (11),  and  (1.3.22.4)  with  (9)  leads  to 


/ 
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T  ;^j^(P;X,  t) 


-{l-T;^(P;X,t)}  *1^  ‘^X,k^  (X,t) 


{I-t;, (P;X,t)}  oC 


*  ^^’4^(X,c)^^^*^X,k^^^^(X,t) 


CT(P;X.t)  '^‘4'(X,t) 


f©r  k  “  1,2,3, 


and 


t;  (P;X,t)  -  -{l-T;^(P;X,t)}^*{{l-T;^(P;X,t)}T^^^([x](x,t)^^^^ 


T ;^(P;X, t) 


‘^^’44^(X,C)^^^"  T(P;X,t) 

{l-T;,(P;X,t)}  ,c 

**  .  fs,**  1 


f’^’4^X,t)^^^'*'  T(P;X,t) 


f^*4^(X.t)^^> 


(13) 


’ f^’4^(X,t)^^^^* 

Consequently,  computing  from  (6)  and  using  (12)  and  (13)  to  replace  the 

second-order  partial  derivatives  of  t(P;*,*)  which  appear,  we  can 

show  that  the  following  are  correct: 

,3 


•c;j(P;X,t) 


{l-T;,(P;X,t)}- 
c  T(P;X,t) 

{l-T;^(P;X,t)}^ 


•r^  ,([X],„  ,^(P))+ - rz - 

X,j  (X,t)  c  T'^(P;X,t) 


(14) 


•  (l-tX.^I  ^^’4^  (X,t)  ^  ■’^X,  (X,t) 

{1-t;  (P;X,t)}^  c 

*  2  2,,,  -  -I*'-*!,,. .)«■>•  ^ 

c  T  (P;X,t) 


{1-t;  (P;X,t)}^  c 

<;^(P;X,t)  -  cT(P;X,t)  *’^X,ll^^^^(X,t)^^^^’^^’4A^(X,t)^^^ 

{1-t;  (P;X,t)}^  c 

CT^(P;X,t) 


■ ^^’4^(X,t)^^^’ 

for  each  (X.t)  e  ]R^-i{X*(  {p}x]r)  }  • ,  whenever  P  6  3R  and  X(P,.)  € 

2  3  1 

C  (RiR  ).  Further,  suppose  that  P  €  3R  and  X(P,*)  6  C  ORilR  ):  it 

turns  out  then  that 


c 

in  lR^n{x*({P}xR)}». 


The  verification  of  (16)  is  a  tedious  routine  exercise,  starting  from 
(14)  and  (15),  and  employing  (12),  (13),  and  [1.3.22];  we  omit  the 
details.  Now,  having  (16),  we  can  prove  a  bit  more,  u^z.,  that  if 
f:  aRxR  -*■  K  and,  for  some  P  €  3R,  f(P,*)  €  C^OR)  and  X(P,*)  € 
C^CRill^),  then^ 

□^(<[f])(P;-,-)  -  0  in'  ]R^n{x*({p)x]R)}'.  (17) 

(17)  is  the  result  of  a  short  computation,  using  relations  already 
established:  letting  (X,t)  G  IR^'^{X*({P}x]R)  } '  ^  we  find,  first. 


Recall  the  alternate  notation 

tf](P;X,t)  [f]^^  ^j(P),  for  P6  sR,  (X,t)  €IR^. 


(^[f]);i(P;X.t)  -  <;^(P;X,t)-[f](P;X,t) 


K;^(P;X,t)-[f](P:X.t) 


+  i  ic(P;X,t)-{l-T;^(P;X,t)}Tjj^^([X](jj^j.)(P)) 


•[f.4](p;x.t), 

the  second  equality  holding  v-ia.  (1.3.22.4),  and 

(•«(fl);4(P;X,t)  -  <;^(P;X,t)-[f](P;X,t) 

-K(P;X,t)*{l-T;^(P;X,t)}-[f,4l(P;X,t). 

Generating  the  combination  (k [f ]) ;^^(P;X,t)- (< [f]) ;^^(P;X,t) 

c 

from  the  latter  results,  using  (1.3.22.4),  accounting  for  (16),  and 
noting  from  (10)  that.  In  view  of  (1.3.22.2), 

r;^(P;X,t)  -  — {{l-T;^(P;X,t)} 

-2 

"  CT(P;X,t)  ’ 

yields,  following  some  simple  manipulations. 


•hc(P;X,t)-|i  T;j^(P;X,t)-T;jj(P;X.t) 
Finally,  It  is  easy  to  check,  from  (12)  and  (13),  that 


i  T;^^(P;X,t)-T;^^(P;X,t)T^^^([x](x,t)^^^^  “ 


while  (14)  and  (15)  imply  that 


K  ;^(P;X,t)T^^^([x](jj^^)(P))-  '•  K:;^(P;X,t) 


K^(P;X,t)*{l+r^^j^([x](jj^^)(P))*fX^^]^^  ^^(P)} 


’4'(X,t) 


-K^(P;X,t){T;^(P;X,t)-{l-T;^(P;X,t)}Tjj^^([X](j^^^j(P)) 


[xt4](X,t)(^)J 


<^(P;X,t)-{l-T;^(P;X,t)}"^, 


because  of  (1.3.22.2)  and  (1.3.22.3).  Now  (17)  results  from  the  latter 
three  equalities. 


Continuing  with  our  discussion  of  <,  let  us  observe  that 
3Rx{b%j'^}  C  {(P,y,s)|  p  e  9R,  Y€]r^,  sem,  y»‘x(p,s)}, 


because  (x(P,s),s)  €  3IB  whenever  P  6  3R  and  s  ^  IR,  so  we  can 
consider  the  function  <\  3Rx{B°VJn°};  in  view  of  the  definition  (6), 


-li¬ 


the  properties  of  this  restriction  follow  from  those  of 

t|  ,  which  are  described  in  {1.3.16]  and  [I.3.22.ii].  Thus, 

we  know  that  t  is  continuous  on  3R><]R^  and  positive  on  3Rx{E°ur.°} , 

while  t;^|  ,  since  we  know  that  D^X  £ 

CORx]R;Il^)  by  Remark  [1. 3. 26.  c],  whence  the  inclusion  <|  3R>'{B°ur:'^}  G 

C(3R*{B°Ufi°})  is  an  immediate  consequence  of  (6).  Let  us  suppose 

k  3 

further  that,  for  some  q  <1^2,  D^X  €  C(3Rx]R;Il  )  for  each 

k  ^  q  if  q  €]N,  or  each  k  €  IN,  if  q  “  we  know  that  this  is 
the  case  if,  for  example,  M  €  ]M(q)  and  (R,X)  possesses  the  properties 
of  Definition  [1.3.25],  as  we  pointed  out  in  [I.3.26.c].  At  any  rate,  with 
this  condition  fulfilled,  [I.3.22.ii]  and  the  positivity  of  t  on 
3Rx{lB°Ufi‘^}  clearly  imply  that  k;^|  3Rx{B°'-(n°}  €  C(3Rx{B°UC®}) 

whenever  the  degree  of  the  multi- index  a  •  (aj^,...,a^)  is  no  greater 
than  q-1  if  q  €  H  or  for  each  such  multi-index  if  q  ■  “>.  In 
particular,  it  is  easy  to  see  that  (14)  and  (15)  are  valid  for  each 
(P,X,t)  €  3R*{B°un'’},  while,  if  q  ^  3,  then 

□^(<1  3Rx{lB°un®})  -  0  (18) 

and 

□^((<[fl)l  3Rx{bW})  -  0,  (19) 

from  (16)  and  (17),  respectively,  where  the  wave  operators  "act  in  the 

2 

second  group  of  variables,"  and  f:  3Rx]R  -►  K,  with  f(P,*)  €  c  (E) 
for  each  P  G  sR, 

Finally,  consider  the  case  in  which  (X,t)  ^  3B:  then  X  € 
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X^^(X)  €  3R,  and  K(";X,t)  is  defined  bj’  (6)  only  on  3R^{ X^^(X) } ' . 

Since  l-T;^(*;X,t)  is  bounded  away  from  zero  on  3R<^{X^^(X) } ' ,  and 
T(’;X,t)  is  continuous  on  3R  and  vanishes  at  X^^(X) ,  it  is  clear 
that  <(*;X,t)  is  unbounded  in  any  deleted  3R-neighborhood  of 
X^^(X) .  In  fact,  using  the  estimate  jo^xj^  <  c*  on  3RXII,  the 
inequalities 

i’Xf!*-')  i  (l-  f)'‘x'axl„_,)(P))  (20) 

follow  easily  from  (7),  for  P  €  3R^{X^^(X) } ' ,  while  fxl^j^  ^j(X^^(X))  « 
x(x“^(x),t)  -  X. 

t  -  • 

(f)  Again  let  (R,X)  be  a  reference  pair  for  M  as  in  [1.3.45], 
(X,t)  and  ^  lj^(3B(X,t)) ,  so  that  the  representa¬ 

tions  (4)  and  (5)  are  valid.  Recalling  Remark  [I.3.28.e],  we  know  that 
(X*](x  t) •  is  a  1-imbedding  carrying  3R  onto  the  (2,4;!)- 

manifold  3B'~'C_(X,  t) .  Consequently,  using  (1.2.25.1)  and  the  1-imbedding 
t)>  recast  l^fwKx,  t)  as  an  integral  over  3]Bf~'C_(X, t) , 

by  transformation  of  the  integral  appearing  on  the  right-hand  side  of 
(5).  In  fact,  we  could  have  defined  l'{ij}(X,t)  originally  in  terms 
of  integration  over  3TB^_(X,t);  one  might  consider  such  a  definition 
as  "more  natural,"  if  the  intersection  3B'X!  (X,t)  is  regarded  as  a 
"more  natural"  intrinsic  object  than  its  projection  3B(X,t). 

However,  aside  from  this  somewhat  academic  consideration,  the  alter¬ 
native  form  of  definition  might  offer  a  more  substantive  advantage 
when  one  is  engaged  in  a  deeper  study  of  functions  l/{u}  under 
hypotheses  on  the  density  u  more  general  than  those  of  the  classical 


sort  which  we  shall  later  impose.  Indeed,  the  form  of  definition  via 
integration  over  3B'~'C_(X,t)  can  be  regarded  as  involving  Che  trace 
of  M  on  the  submanifold  3B^C_(X,t)  of  SB,  which  exists  in  a  well- 
defined  sense  if  u  lies  in  an  appropriate  space  of  functions  on  3B, 
and  the  motion  is  sufficiently  regular.  We  shall  not  pursue  this 
observation  further,  being  concent  to  restrict  our  attention  to  the 
case  in  which  y  is  at  least  continuous  on  3B. 

We  proceed  now  to  the  study  of  the  kinematic  single  layer 
potential  under  various  assumptions  concerning  the  motion  and  density 
function  generating  it.  By  far  the  easiest  to  discern  are  the  simple 
properties  of  continuity  and  differentiability  in  the  open  set 
more  delicate  are  those  questions  relating  to  behavior  near  the  mani¬ 
fold  3B.  Accordingly,  we  shall  deal  first  with  the  former,  after 
pointing  out  a  property  of  the  support  of  a  KSLM. 

[IV. 4]  PROPOSITION.  Ltt  M  €11(1)  and  u:  8B  -►  K,  a'itk 
[y]jjj  t]  ^  (jc>t  eacfe  (x,t)  eB°un'’.  Suppaz  tluat  thcAZ 

zxiiti  a  tp  e  ]R  ^o-x  n’hick 

y(Z,c)  -  0  uhznzvzA  c  ^  ^0  ^  ^ 

Tlizn  l/{y}:  B°un*^  -*■  K  vatxiiliz^  on  the  izt 

{(X,t)  €B°'-i:;*I  t  ^  t^,  ox  t>  t  and  disc  (X,3B  )  _>  c(t-t_) } .  (2) 

u  u  Cq  u 

PROOF.  It  is  clear  that  is  defined  by  (IV.  2.1)  on  B°un^ 

(cf.,  [IV.  3.  c]).  Choose  (X,t)  €  Suppose  first  that  t  ^  t^: 
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1  3 

then  t-  -  <.  whenever  Z  €  m  ,  so  (1)  implies  that,  if 

Z  €  3B(X,t),  -i.t.,  Z  6  38  ^  ,  we  have  [u]  r„  ,(2)  ;■ 

t-  7  r^(Z) 
c  X 

4(Z,t-  ^  t]  "  °  ^  —  ^0’  giving 

l/{u}(X,t)  -  0.  Next,  let  t  >  t^.  and  dist  (X,  38  )  ^  c(t-t-),  or 

tQ  u 

inf  {rj^(Z)l  Z  G  38^  }  c(t-tQ).  Choose  any  reference  pair  (R,X) 

for  M;  since  X  is  a  bijection  of  3R  onto  38  ,  we  see  that 

inf  {rjj(X(P,tQ))l  P  €  3R}  ^  c(t-tQ).  (3) 

Ve  claim  that 

rx(tx](x  P  €  3R.  (4) 

To  see  that  this  is  so,  choose  P  €  aR.  By  (3),  r^^CXCP.tQ))  ^ 
c(t-tQ),  so  whenever  tQ  <  C, 

tjjCXCP.O)  -  rjj(X(P,tQ))+{r^(X(P,5))-r^(X(P,tQ))} 

^  c(t-tQ)-lrj^(X(P,;))-r^(X(P,tQ))  1 

^  c(t-tQ)-ix(P,c)-X(P,tQ) 

>  c(t-tQ)-c*li;-tQ|  -  c(t-tQ)-c*(i;-tQ) 

>  c(t-tQ)-c(5-tQ)  »  c{t-c). 

Consequently,  if  we  assume  that  tp  <  t-T(P;X,t),  where  t  is,  of 
course,  the  retardation  function  for  (R,X),  we  should  have 

CT(P;X,t)  -  rj^(X(P,t-T(P;X,t)))  >  cT(P;X,t), 
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which  is  impossible.  Therefore,  t-T(P;X,t)  holds,  i.Z., 

tQ  ^  t-  ^  rjj(X(p, t-T(P;X, t)) ) ;  this  clearly  implies  that  (4)  is  true. 

Recalling  that  is  a  bijection  of  3R  onto  5B(X,t),  (4) 

now  shows  that  r„(Z)  >  c(t-t«),  or  t-  r„(Z)  <  t.,  whenever 
A  —  U  C  X  —  U 

Z  €  3B(X,t).  With  (1),  this  obviously  leads  once  again  to  [ij]  ry  ^ 

I  A,  t  J 

on  3B(X,t),  and  thence  l/{w}(X,t)  *  0  follows.  □. 

We  shall  prepare  certain  classical  statements  describing 
properties  of  a  function  defined  by  integration  over  a  manifold. 

[IV. 5]  LEMMA.  Lzt  0  c  iR^  fac  an  open  i>zt,  iJoA  4ome  ken,  and 

M  an  (,T,niq)->nanA.^oid.  Foa.  each  y  6  0,  f(*;y)  be  a  eomp£ex 

function  d&iinzd  X  -a.e.  on  M  4uc/t  that 
n 

U)  ioK  each  y  €  V,  f(*;y)  -cs  M  -m&aiuAablz; 

l-U.)  X  -a.a.  X  e  M,  f(x;*)  -ci  dea-tned  on  V  and 

M 

in  C(V); 

[Ha]  ^oa  each  y  €  t7,  thzAZ  zxiit  a  neighborhood  c  P 

ci5  y  and  a  non-negative  jjuncticn  F  e  L  (M,M  ,X  ) 

y  1  M 

4udi  that 

lf(*,y)I  £  Fy  Xj^-a.e.  on  m,  ^ca  each  y  e  v^.  (l) 

Thzn  tliz  coAAZ^pcmdzncz 

y  \-*  <t>(y) 

M 

dca'inei  an  zlzmznt  tfi  c(V) 


f(-;y)  dx^j. 


yep. 


(2) 


L6- 


PROOF.  It  is  clear,  from  (i)  and  (lii) ,  that  f(*;y)  € 


L, (M,M,  ,X„)  whenever  y  €  P,  since 
1  M 


if(  -  ;y)  I  dXjj  < 


F  dX..  <  oo 
y  M 


M  M 

for  y  S  V,  by  (1).  Thus,  (2)  defines  a  function  ()> :  P  -*]K.  To  see 

00 

that  (fi  is  continuous  on  V,  let  y  €  V,  and  suppose  that 

is  any  sequence  in  V  converging  to  y.  Then  (f(*;yj))j„^  is  a 

sequence  in  L, (M,M,  , X„)  converging  on  M  to  f(*;y), 

i  M  M 

by  (ii)  .  There  is  an  Hq  €  ]N  such  that  y^  G  for  all  j  2. 

whence  (1)  gives  |f(*;y,)|  <  F  X  -a.e.  on  M,  for  each  j  >  n.. 

j  ~  y  n  —  u 

Lebesgue's  dominated  convergence  theorem  then  allows  us  to  write 


lim  i(i(y.)  “  lim 

j  -►  00  J  j  a 


M 


lim  f(*;y,)  dXj^ 


M 


f(*;y)  dXj^  -  <t>(y). 


M 


Thus,  is  sequentially  continuous,  hence  continuous,  on  V. 


□  . 


[IV.  6]  COROLLARY.  Lei  V  c  ]R^  be  an  open  iet,  ^c-x  Acme 

k  G  u,  M  a  compact  (.r ,n;q) -manifold,  and  f  G  c(MxP).  Then  (IV. 5. 2) 
deitnei  an  element  (p  o^  c(V). 


PROOF.  It  is  quite  simple  to  check  that  the  hypotheses  of  Lemma 
[IV. 5]  are  fulfilled  in  this  setting;  for  each  y  ^  P,  f(*,y)  ^  C(M), 
hence  it  is  M  -measurable  (recall  that  M  contains  the  Borel 

sets  of  M) ,  and  f(x,*)  G  C(P)  for  each  x  G  M.  If  y  G  P,  choose 

5  >0  such  that  (y)  C  P.  Taking  V  •*  Sg  (y)  noting 

y  *y  y  fy 

that  MxV”  is  compact  in  MxP, 
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F  (x)  max  for  each  x  6  M, 

^  y  €  v“ 

^  y 

z  €  M 


it  Is  clear  that  [IV. 5. ill]  holds.  □. 


[IV.  7]  LEMMA.  LeX  V  CTR  be  an  open  ^eX,  ^oa.  4ome  k  €  n,  and 

•  ,  M  an  (r,n;q) -man/CiJo-dd.  FoA.  each  y  e  P,  Z^X  f(";y)  bz  a  complex 

iuncXicn  dz^ine-d  \-a.c.  on  M  iudi  thaX 
n 


(X)  ^OA  zacJi  y  ^  V,  f(*;y)  e  Lj^(M,M^ 


[XX]  icA  X^-a.a.  x  e  m,  f(x;*)  Xi  dziXnzd  cn  V,  iXXli 
f;^(x;*)  zxXsting  cn  V  ^OA  each  i  e  {l,...,k}; 


[XXX]  flOA  zach  y  e  0,  XlizAz  zxX^t  a  poiXXXoz  6^  e  IR 
and  a  ncn-nzgaXXvz  F  €  L  (M,M  ,x^)  4>uzh  ikaX 

y  A  Aw  w 


(1) 


(2) 


(3) 


(y)  C  V  and 
y 


If^C'sy)!  £  Fy  Xjj-d.e.  on  M, 

{^OA  zadi  y  ^  (y)  and  i  e  {1, . . .  ,k} . 

0 

y 


Vz^Xnz  ^ ;  P  -*■  K  by 


41  (y) 


-I 


f(*;y)  dXjj,  iJoA  zadi  y  e  p. 


M 


Thzn,  ^OA  zadi  i€  {l,..,,k},  41,^  zxX&Xi,  cn  V,  uiXih 

ii^i'iy)  d^j.j  zadi  y  e  P. 


4.i(y) 


M 


X}i  addiXicn, 
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Icvl  a'c'i  x-a.a.  X  G  M,  f;.(x;-)  €  c(V)  iJcT  each 

n  1 

i  G  {1, . . . ,k}, 

thzn  i)i  €  C^(P) . 

PROOF.  Note  that  (1)  ensures  that  iji  is  defired  by  (2)  on  V. 

According  to  (ii),  there  exists  a  set  Mq  S  with 

M 

such  that  f(x;")  is  defined  on  V  and  f;^(x;*)  exists  on  V  for 
each  i€  ,k},  for  each  x  €  Mq  .  Choose  y  G  2?  and  i  £ 

{l,...,k}.  Let  ®  sequence  with  0  <  jo^l  <  6^  for  each 

j  £  W  and  converging  to  zero.  For  each  j  £  IN,  define  £ 3R 

by  setting  ;■  {l,...,k}.  Then 

f;^(x;y)  ■  lim  ^  {f(x;y+o  )-f(x;y)}  for  each  x  £  Mq, 

J  *  -  J  ^ 

f  1 

so  f;j^(*;y)  is  the  pointwise  limit  of  the  sequence  —  {f  (* 

f(*;y))  in  ,X  ),  X  -a.e.  on  M.  For  each  x£M  , 

Jj.l  1  ° 

let  us  apply  the  mean-value  theorem  to  the  function  on  (-6^,6^)  given 
by  8  !-►  f(x;y+Sj^),  where  s®  :»  s6®  for  m£  {l,...,k}:  we  conclude 
that,  for  each  j  £  W,  there  exists  Cj(x)  £  E,  lying  between  0  and 
0.,  hence  in  (-5  ,6  ),  for  which 

J  y  y 

^  {f(x;y+<3^j)-f(x;y)}  -  1  f ;  j^(x;y+i;^j  (x))  |  ,  (4) 

where  •“  for  {!,..., k}.  Since  y+4^j(x)  £  (y), 

(1)  and  (4)  combine  to  give 


-19- 


!~  {  f  ( •  ;y+a^  .) -f  ( •  ;y)  }  —  for  each  j€K. 

'°j  ^ 

Therefore,  we  may  apply  the  dominated  convergence  theorem  of  Lebesgue 
to  conclude  that  f;.(*;y)  €  L,(M,M  ,X  )  and 

)-f(*;y)}  dx 

1 

=  lim  —  {f ( • ;y+c . . )-f ( • :y) }  dx 
M  J 

=1  f;.(-;y)  dx^, 

M 

whence  it  Is  clear  that  <1,^  exists  on  V,  and  (3)  holds. 

Finally,  if  (iv)  holds,  then,  for  each  i  £  {l,...,k}, 

f;^(*;y)  is  defined  X,^-a.c.  on  M  for  each  y  €  V,  and  hypotheses 

(i)-(iii)  of  Lemma  [IV. 5]  are  clearly  fulfilled  by  f;^^  (the  first  part 

of  the  proof  showed  that  f;^(‘}y)  ^  certainly 

M 

'•I  -measurable).  Because  of  (3),  Lemma  [IV. 5]  then  says  that  £ 

C(V).  □. 

[IV. 8]  COROLLARY.  LeX  V  c  bz  an  open  6U,  bcm 
k  £  IN,  and  M  a  compact  (r,n ;q) -maiUScid.  Suppcic  that 
(x,y)  !-►  f(x;y)  dznctc-i  an  cCemcnt  0^  C(MxP)  4ucti  that 
C(M^O)  ic-x  cadi  i£  {l,...,k}.  Then  (IV. 7. 2)  dzatnei  a  ^unctccn 
i  €  C^(V),  6c X  a'lUch  (IV. 7. 3)  hoZeU. 

PROOF.  We  need  only  check  that  the  hypotheses  of  [IV. 7]  are 


1  IT 

lim  —  {ij>(y-H3^  )-(|)(y) }  =  lim  —  {f(';y+a.. 

-►Qoj  d 

■j  M  J 
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satisfied:  if  y  ^  V,  f(*;y)  e  C(M)  C  .  [IV.17.iv]  is 

clearly  true  here.  Finally,  for  y  ^  V,  choose  any  5  >  0  such 

k  -  k  - 

that  (y)  C  0,  observe  that  (y)  is  compact,  and  simply 


F  (x)  :« 

y 


max 

1  <  i  <  k 


max 
2  e  M 

y  €  B^  (y)‘ 

y 


!f ;^(2;y) 


for  each  x  €  M. 


Then  [IV.7.iii]  holds.  □, 


Returning  to  the  study  of  the  kinematic  single  layer  potential, 
let  us  establish  the  following  simple  statement: 

[IV. 9]  PROPOSITION.  Lzt  M  e]M(i)  and  u  e  cOB) .  The;: 
the.  co.xxiiponding  kslM  V{u}  -in 

PROOF.  We  have  pointed  out,  in  [IV.O.c],  that  the  inclusion  u  ^ 
C(oB)  implies  that  is  defined  on  Letting  (R,X)  be 

a  reference  pair  for  M  as  in  Definition  [1.3.25],  we  have  the  represen¬ 
tation  (IV. 3. 5): 

l/{u}(X,t)  -  ^  (k[°-Jx])  (•  ;X,t)  dXgj^, 

(» 

for  (x,t)  e 

Now,  <1  5Rx{B^SJ^}  is  continuous  (cf.,  [IV. 3. d]);  S  :■  yOX*  and 
Jx  are  continuous  on  jR'lR  (for  the  latter,  recall  [I.3.26.d]),  while 
(P,Y,s)»-*-  (P,s-T(P;y,s))  is  clearly  continuous  on  into 
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3R»]R,  by  [1.3.16.11],  so  [S*JX]  Is  continuous  on  } . 

Noting  that  3R  is  compact,  the  desired  conclusion  follows  directly 
from  [IV. 6].  □. 

Consider  next  how  we  can  use  Corollary  [IV. 8]  and  (IV. 9.1)  to 
show  that,  under  appropriate  additional  conditions  on  M  €  ]M(1)  and 
U  e  COB),  l/{u}  e  for  some  k  e  H.  With  (R,X)  as  in  the 

proof  of  [IV.  9],  we  recall  that  the  differentiability  of  ic  and  t 
in  their  second  set  of  arguments  depends  on  that  of  X  in  its  fourth 
argument.  Also,  since,  for  example, 

[Jx](P;X,t)  Jx(P,t-T(P;X,t))  -^^t-T(P:X,t) 

4 

for  P  6  3R  and  (X,t)  €  n  ,  we  should  impose  differentiability 
conditions  on  y  and  Jx  in  their  fourth  arguments.  Now,  if  we 
require  M  €  ll(q)  for  some  q  ^  2,  we  can  suppose  that  D^X  6 
C(3RxIR;K^)  for  j  «  l,...,q,  and  D^JX  €  COR^IR)  for  j  “  l,...,q-l 
(or  for  each  j  €1N,  if  q  *  “) ,  but  this  imposes  unnecessary  smooth¬ 
ness  conditions  on  the  various  manifolds  associated  with  M.  Thus,  we 
are  motivated  to  consider  classes  of  motions  for  which  the  two  types 
of  smoothness  are,  to  some  extent,  "uncoupled."  Specifically,  we  make 
the  following  definition; 

[IV. 10]  DEFINITION.  Let  q  6  IN  and  me]NU{0}  [m  -  '»] . 

If  M  is  a  motion,  then  M  €  ]M(q;m)  iff  M  possesses  a  reference 
pair  (R,X)  such  that 


(i)  conditions  [1.3.25.1,  li,  and  ill]  hold; 
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(ii)  D^X  €  CORxIRgR^)  for  k  -  q+1 . q+m+1  [k  • 

q+1 , q+2 

and 

(ill)  there  exists  a  covering  collection  of  coordinate 
systems  for  3R,  { (U^ ,h^ ) } such  that 

^  C(U^*RiIR^)  for  k  »  q,...,q-hn  (k  “  q,q+l,...] 

and  each  \  £  I, 

o  3 

wherein  the  functions  N^:  U^x]R  R  are  given  by 
N^(P,i;)  e^jj^{(xJoh’^),^(h^(P))}-{(xJoh"^),2(h^(P))} 

for  each  P^U^,  ?  €  ]r,  and  i  £  1.  ■. 

[IV. 11]  REMARKS.  Suppose  that  M  £  H(q;m)  for  some  q  £  K 
and  in£lf-'{0}  [m  *  *] ;  let  (R,X)  be  a  reference  pair  for  M  as 
in  [IV.IO],  and  UU^,h^)}^g^  as  In  [IV.lO.iii]. 

(a)  Obviously,  H(q;m)  £  Ii(q)  ,  so  M  £  ]M(q) ,  and  we  already 
know  that  D^X  £  C(3R*Il;R^)  for  k  •  0,...,q,  while  £ 

3 

C(U^>*R;]R  )  for  k  ■  0,...,q-l  and  i  £  I.  These  inclusions  follow 
from  the  observations  made  in  [I.3.26.b  and  c]. 


(b)  It  is  important  to  point  out  that  we  have 
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and 


d)^°  e  C(3RxR;K^) 


D^jx  €  C(3Rx]r) 


^  for  k  *  0,...,q+m  [k  €]nu{0}]. 


(1) 


(2) 


Indeed,  for  k  »  these  inclusions  follow  because  M  €  K(q)  . 

By  reasoning  as  in,  for  example,  the  proof  of  [1.3.27],  it  is  easy  to  see 
that,  for  each  i  ^  I, 


v(P,^)  :=  v(X(P,C),5)  -  n  • 


N.(P,0 


'  |N/P,Ol3 


for  P  e  u  ,  c  e  m,  (3) 


with  InJ  equal  to  1,  and 


-fX(P,?) 


|N^(P.Ol3 


t(h'^).l(hi(P))x(h‘b,2(h^(P))|3 


for  P  €  U^,  C  €]R, 


(A) 


so  that  (1)  and  (2)  hold  for  k  *  q,...,q-hn  [k  *  q,q+l,...]  by 
[IV.lO.iii].  Since 

°(P,?)  u(X(P,C),C)  -  vJ(x(P,C),C)-X^^(P,C) 

-  vJ(P,c)*x^^(P,;)  for  p  e  aR,  i;6]R, 


(5) 


It  must  then  also  be  true  that 


^ko 


D^u  €  cORxm)  for  k-0 . q+m  [k€]NU{0}], 


(6) 


in  view  of  [IV.lO.i,  ii]  and  (1). 


[IV. 12]  PROPOSITION.  Ui  M  bc.  a  mction,  ken  [k  -  »] , 


and  u  €  COB).  Suppoic.  that  tiXhzA 

(-c)  M€Bl(q)  ^0^  iome  q  >.  k+1  [M  €  ]M(=o) ) 

OK 

(.c)  '  M  €H(q;in),  wlieAZ  q+m  _>  k  [M  €]M(q;»)  ^OK  icn\Z 

q  ew], 

and 

l-Lc)  ioK  iome  Kz^c-iznce  pain.  (R,x)  M  oj  in  [1,3.25] 

in  coie  (i)  kotcU,  on.  as  in  [iv.io]  i^  lij  '  is  tiaz, 

D^u  €  cORxir)  ion.  j  -  l,...,k  each  j  e  u] .  (i) 

Then  \){v)  €  ,  and  the  paxtial  deKioaXioes  oi  l/{u}  in 

iB°un°  can  be  computed  in.om  the  aepncseiXation  (iv.9.1)  genenated  by 
(R,x),  by  "diHenentiation  unden.  the  integnai."  Moncooex,  ii  k  >_  2, 
then 

□  t/{u}  »  0  in  (2) 

c 

PROOF.  With  S  :*  the  reference  pair  (R,X)  for  M  is 

such  that  Che  inclusions  in  (1)  obtain,  while  Che  conditions  set  forth  in 
[1.3,25]  hold  if  (i)  prevails,  whereas  the  requirements  of  [IV.IO] 
are  fulfilled  if  (i)'  is  true.  From  the  remarks  in  [IV. 3. c  and  d] , 
noting  that  we  have  at  least  M  €]M(1)  and  y  S  COB)  in  any  case, 
it  is  clear  that  V{ij}  is  defined  on  and  (IV.9.1)  is  valid. 

Let  us  convince  ourselves  that,  under  each  set  of  hypotheses  listed, 
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3RME'\jr°}  e  c(5Rx{bV.“}),  (2) 

whenever  the  degree  of  the  multi-index 
a  ■  (a^, . . .  ,a^)  is  _<  k,  if  k  €  IN,  or 
for  each  such  multi-index  a,  if  k  * 


Indeed,  suppose  k  €11:  under  either  (i)  or  (i)',  we  see  that  D^X  6 
C(3Rx]R;B^),  for  j  =■  0,l,...,k+l  (cf.,  [I.3.26.c]  and  [IV.lO.i]),  so 

t;^|  3Rx{]B°ur;^)  €  C( 3Rx{B°Uf2^})  whenever  the  degree  of  the  multi¬ 

index  a  is  <  k+1  ([1.3.22.11]),  and  <;  ]  3Rx{B°un°}  £ 

““  Ct 

C(oRx{]B°Uii'^})  if  the  degree  of  a  is  _<  k  ([IV.3.e]).  Further, 

and  D^Jx  €  CORxR)  for  j  -  0,1 . k,  the  first  by  (ii)  ,  the  second 

under  either  (i)  or  (1)',  by  [I.3.27.iv]  or  [IV.lO.ii],  respectively. 
Recalling  that  [°](P;Y,s)  u(P,s-t(P;Y,s))  and  [3x](P;Y,s) 

Jx(P,s-t(P;Y,s))  for  P  €  3R,  (Y,s)  eiR^,  the  chain  rule  now 

obviously  implies  that  [S*ix];^l  3Rx{E*^JQ'^}  €  C(3Rx{B°'-iq'^})  if 

the  degree  of  a  is  ^  k.  Thus, (2)  is  true  for  k  G  W;  the  verifica¬ 
tion  in  case  k  >  is  quite  similar,  and  we  shall  omit  the  details. 

In  view  of  the  compactness  of  3R,  Corollary  [IV. 8]  now  allows  us  to 
assert  that  V{u}  €  with 


(/{w},^(X,t) 


1_ 

471 


('<7[u*Jx]);^(»;X,t) 


for  (X,t)  i  -  1,2, 3, 4, 


whichever  set  of  hypotheses  be  in  force,  and  whatever  the  value  of  k. 
Further,  if  k  ^  2,  reapplication  of  (2)  and  [IV. 8]  to  each  V{u},^, 
i€  {1,2, 3, 4},  in  the  form  given  by  (3),  leads  to  the  inclusion 


S  and  the  expressions  for  i»j  ^  {1,...,^}, 

obtained  from  (3)  by  differentiation  of  the  integrand.  It  is  now 
clear  how  we  can  complete  the  proof  of  the  first  assertion  of  the 
proposition  by  induction;  once  again,  we  shall  not  supply  the 
particulars. 


Finally,  if  k  ^  2,  the  first  statement  of  the  proposition, 

o  ^ 

along  with  (IV. 3. 19)  (taking  f  »  yJx  in  the  latter),  produces 


□^l/{u}(X,t)  -  J  □^(<-(li-Jxl)(-;X,t)  dX.p  -  0, 
3R 


if  (X,t) 


[IV. 13]  REMARKS.  Let  us  agree  that  throughout  this  and  the 
coming  section  [IV.  14] ,  M  Is  in  ]M(1;0)  (e.g.,  M€]M(2)  will  do), 
(R,X)  is  a  reference  pair  for  W  as  in  [IV. 10],  and  p  is  a  function 
in  C(jB)  with  D^S  ^  COJMR);  x  and  k  are  the  usual  functions 
associated  with  (R,X).  Then,  using  the  notations  established  in  [IV. 2], 
we  know  by  [IV. 12]  that  €  C^CB°)  and  G  C^(n'^).  Our  next 

objective  is  the  identification  of  additional  conditions  on  X  and  y 
sufficient  to  ensure  that  each  first-order  partial  derivative  of  V^{y} 
possesses  a  continuous  extension  to  B  >  B°  ,  and  each  first-order 
partial  derivative  of  (/^{y}  possesses  a  continuous  extension  to 
12“  ;  whenever  this  is  the  case,  we  also  wish  to  determine  the  values 
on  rB  of  these  continuous  extensions,  x.C.,  the  limiting  values  on 
3B  of  each  of  the  first-order  partial  derivatives  of  V^{u}  and 

In  the  course  of  this  reasoning,  we  shall  discover  conditions 
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under  which  itself  can  be  extended  continuously  from 

it 

to  all  of  ]R  .  We  begin  this  rather  lengthy  investigation  by 
explicitly  computing  the  partial  derivatives  of  in  and 

recasting  the  resultant  expressions  into  forms  more  suitable  for  the 
scheme  which  we  intend  to  employ  in  the  analysis. 

[IV. 14]  EXPLICIT  COMPUTATION;  PARTIAL 
DERIVATIVES  OF  t/{y}  I  N  Under  the  conditions 

^ich  we  have  just  posed  in  Section  [IV. 13],  [IV. 12]  states  that  we  can 
compute  the  partial  derivatives  of  (/{y}  in  B*^Q^  by  finding  the 
appropriate  partial  derivatives  of  the  integrand  in  (IV. 9.1), 

V{y}(x,t)  - -J-  (<[S*3x])(-;x,t)  dXg^,  (x,t)eBW. 

3R 

By  using  first  the  chain  rule,  then  appealing  to  (1.3.22.4),  we  find, 
for  i  ■  1,2,3,  and  (X,t)  € 

l/{u},^(x.t)  -  I  {K;.(-;X,t)*[8-Jx]^j^^^^ 
aR 

-K(«;X,t)*T;^(*;X,t)*  [(°*JX),^]^^  dX^j^ 

’h  I  (1) 

3R 

+  ~  <(*;X,t)*{l-T;^(*;X,t)}*rjj 

'[('*'*3x)»4](x,t)^  dXjjj  . 

More  directly,  we  also  have,  for  (X,t) 
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3R 


(x.t) 


(2) 


+<(.;X.t)-{l-T;^(-;X,t) 


3 

Now,  whenever  t  G  K,  It  is  known,  by  [1.3.27,1.1],  that  :  5R  -  K 
is  (at  least)  a  l-lmbedding,  carrying  3R  onto  3B^.  Then,  according 
to  [I.2.17.iii] ,  38^  -►  IR^  is  a  1-imbedding,  taking  58^  onto 

3R,  and  Theorem  [1.2.25]  allows  us  to  write 


I  f  “Si!  ■  1  ■‘Sb  •  »> 

3R  38  ^ 

t 

for  any  f  €  Lj^(3R).  Let  us  use  (IV. 3. 14)  and  (IV.  3.15)  in  (1)  and  (2), 
respectively,  along  with  (1.3.22.2)  and  the  defining  relation  for  t; 
upon  applying  (3)  to  transform  each  resulting  integral  over  3R,  a 
routine  calculation  leads  to  the  equalities 


l'{u},^(X,t) 


J  l/{u}j(X,t),  for 

j-1 

i  €  {1,2, 3, 4}, 


(X.t)  6 


(4) 


wherein,^  for  1  €  {1,2,3}, 


^We  use  the  notation  established  in  [I.3.23.c],  v-iz. 


(1/c  )X. 


l'(uij(x,t)  ;■  J- 


as. 


(10) 


We  require  the  introduction  of  an  auxiliary  function  prior  to  the 
further  manipulation  of  the  functions  given  in  by  (5)-(10), 

to  produce  the  final  forms  to  be  examined.  In  this  definition,  we  need 

3 

only  X,^  €  c(3Rx]RiIR  ),  although  we  have  already  required  (at  least) 

3 

that  ^  C(3R’<]RiIR  ).  Suppose,  then,  that  (Y,t)  €  3B  (so  t  6  ]R 

and  Y  €  36^)  and  X  S  ]R^;  if  X  i*  Y,  observe  that  t(x^^(Y)  ;X,t)  >  0, 

while  T(x“^(Y);X,t)  -  0  if  X  -  Y.  We  define  V:  3BxE^  -  ]R^  by 

T(X^^(Y);X,t) 

V(Y,t;X)  :•  \  if  (Y.t)e5]B,  xeK^o{Y}',  (11) 

[  X,^(x"^(Y),t),  if  (Y,t)6  3]B,  X  -  Y. 

Let  us  show  that  V  is  continuous.  The  continuity  of  V  at  each  point 
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the  positivity  of  (Y,t,X)*-*  t (X^^(Y)  ;X, t)  on  this  set,  the 
continuity  of  t  on  SRxlR^  (cf.,  (1.3.16]),  the  continuity  of  the  map 

(Y,t)i-*-  X~^(Y)  on  81B  onto  3R  (cf.,  [1.3.7]),  and  the  inclusion 

3  3 

X  €  C(3R><II;]R  ).  It  remains  then  to  consider  a  point  (Y,t,Y)  €  : 

OO  2 

let  ( ^n’^n^^n=l  ^  sequence  in  SIBxR  converging  to  (Y,t,Y), 

so  Y  -<•  Y  and  X  -*•  Y  in  TR.^ ,  while  t  t  in  M.  By  the 
continuity  properties  just  cited,  we  have  then 
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lim  «  t,  by  (12) , 


continuity  of  X,^  on 
with  (13)  and  (15), 


lim  V^(Y^,t  ;X  ) 
.  .  n  n  n 


(14) ,  and  the  fact  that 
3IMR  and  of  (Z,C)  x“^ 


lltn 
n  -*■  “ 


n 


-  V^(Y,t;Y),  for  i€ 


t  -*•  t.  Then  the 
n 

(Z)  on  3B  give. 


X^^(x‘^(Y),t) 

{1,2,3}. 


This  implies  the  continuity  of  V  at  (Y,t;Y). 


It  is  important  to  note  the  bound 

Ivl^ic*  on  3BxK^,  (16) 

following  readily  from  (11),  (I. 3. 1.1),  and  (1,3.26.3)  (and  the  fact  that 
Y-(X](x,t)°x"^(Y)  -  X(x'^(Y),t)-x(x"^(Y),t-T(X^’-(Y);X,t))  if 
(Y,t)  €  am  and  X  €  b^)  , 


We  shall  frequently  employ  the  alternate  notation 
'^(X  t)^^^  V(Y,t;X),  for  (Y,t)  e  am  and  X  e  (17) 


Consider  next  the  manner  in  which  various  combinations  of 
functions  appearing  in  the  integrands  in  (5) -(10)  can  be  rewritten  in 
a  form  involving  V.  First,  it  is  easy  to  see,  directly  from  (11),  that 


for  (Y,t)  e  3B,  X  e  m-^, 

since  t (X^^(Y) ;Y, t)  -  0  gives  [xj^^  t)°^t^^^^  -  Y  if  (Y,t)  €  3B. 


(18) 
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Thus , 


2 

'3 
.  c 


from  which 


,.)0X‘‘(Y)  .  ct(x‘^(Y);X,t) 


^-|''(X.t)»>l3 


.c 

2  •{-(Y^-X^).V^ 


(X.t) 


(Y) 


•rJ(Y)}^^^) 


rx(Y) 


(20) 


l-lv'"  (Y)l^ 

+{ { rx^j^(Y)  . V^x,  t)  (Y)  1- 1  V"v  (Y)  !  ;>  ^ , 


(X.t) 


for  (Y.c)  e  31B,  X€ll-’,n{Y}', 


f*  ?  9 

having  taker  note  of  the  inequality  (l-jv  1^)  2l  1“(c*/c)  >  0,  from 
(16),  and  having  chosen  the  non-negative  root  of  (19).  In  turn,  (20) 
produces,  with  (18), 


t 
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'x  i°'’<4x  t)°4  - *  '  -  -  -I - 


v"-x‘ 


'x°'’'>(x.t)'>‘t  <« 


■''(X,t)<» 


(21) 


<1-1  ''(X,  t) <«  1 3>  •  'X.l <  -'x. « t)  <” 


-^x.t)«>• 


whenever  (Y,t)  e  3B,  X  e  m  n{Y} ' 


For  ready  reference,  we  shall  provide  various  consequences  of  (20)  and 

4 

(21),  obtained  by  routine  computations:  if  (X,t)  €  ]R  ,  then,  on 

3o^n{x}', 


(-r  +{'r  }^+{l-|v^ 

^  X.i  (X,t)  X,k  (X,t)^  ^  I  (X,t)'3 


•{{l-|V(jj,t)l3}'rx,j*ilX^,^](X^t)°^t  ^ 

"^^"'^(X,t)’^^’4^X,t)°^t  ^’’^X,j‘'^(X,t) 


(22) 


+{1-V*^  •  [x*^  ]  cx~^)*{{r  ’V^  }^+{l-|v'^ 

(X,t)  ^^’4MX,t)  ^t  ’  (X,t)^  '  < 


,2. 


(X,t) '3 


}}' 
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I  I„c  ,2  ■**^"l''(x,t)l3*''x.j'*^’‘’«*(x,t)°’‘t  ’ 
(X,t)'3 

k*"  -1  1*^ 

-d-V  •  fx  1  OY 

''(X.t)  ^’^'A^CX.O  ^  ’"x.j'^cx.t) 


+{l-v*^  •  fx'^  ]  ox~^}*{{r  }^+{l-|v‘^ 

(X.t)  ^^’A^CX.t)  ^  ”^X.i  (X,t)^  '  (X,t)'3^^ 


{{l-|V(x^^) I 3}*rx^j*{ [X^^](X^^)OXt  } 
“^^"''(X.t)*  ^^’4^(X.t)°^t  ^‘’^X.j'^a.t) 

c  c 

•{{1-lv^  l^}*r  +{r  'V^  }V^ 

''^(X,t)'3^  ""X.i  X.j  ''(X,t)^'^(X,t) 

“  X,t  (X,t)^  '  (X,t)'3”  '^(X,t)^’ 


-1  k*^ 


«l-l'>'^>(X,t)<l3>-“*<'x.k°'’'>(X.t)‘"<">-‘'>'-4>(X,t)<»’' 
”‘"^''(X,t)l3*''x,3'*^*’4*(X,t)°*t  * 

k^  1 

-{1-V  •  fx  1  OX  *‘‘}*r  •V-^ 

''(X,t)  ^''’4J(X,t)  t  ’'x.j  ^X.t) 

-♦•{l-v'^  •  tx'^  ]  ox”^}*{{r  ’V^  }^+{l-lv‘^ 

(X,t)  ‘  ’4dX,t)  (X,t)  ^  *  (X,t)'3 
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+{1-1  IX%](x,t)°^t^^3^’^’^X,j''''(X,t)^''(X,t) 


(25) 


■^l-|t^*4l(X.t)<i^»^X.r'^fx.t)''"^^-|'^(X.t)'^  '(X.t) 


-1 


-^Kx.t)*f^*4l(X,t)°\  >-^’^X.rV.O^^*f^’4^X.t)°^ 


-1 


and 


‘'x.k“'’'l<X.c)‘’'<;'>-<'*%'(X,t)<>-ll''%>(X.t)‘’»"l3 

■'-'x,k-''lu*«'x,.-''5lx)»'-^»-i''(x,t)i5»'''>'‘ 

•{{l-|v'x,j)l3)-rx_j'(tX'!^l,X_t)='Xj  ) 

•‘■•x.j"'(X,t)'-‘’'(L)-'’<-4'(X,t)°>';’' 


-1|2 


-»'x.r''rx.t)''*“-"'ko'?»'''-‘''(lt)-'*’I>(x.t)”x;'> 

-1.2 


■^’^X,j’'^{x,t)^’'  ^^’4^(X,t)°^t  *3 


2,a/2  , 


-1.2, 


(26) 


Now,  let  us  use  the  results  (20)-(26)  to  rewrite  the  i-  rals 
appearing  on  the  right-hand  sides  of  (5)-(10);  the  latter  are  taken  over 
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38^  for  an  (X,t)  so  that,  in  particular,  X  ?  whence 

it  is  clear  that  (20)-(26)  may  indeed  be  applied  for  this  purpose. 
Thus,  for  example,  we  shall  use  (23)  and  (25)  in  (5),  (20),  (21),  and 
(22)  in  (6),  (20),  (22),  and  (26)  in  (8),  eXc.  Further,  in  the 
manipulations  involving  (5)  and  (8),  we  shall  use  the  decomposition 
of  grad  rjj(Y)  into  components  in  N^g  (Y)  and  T^g  (Y) ,  where 

(X,t)  €  and  Y  €  38^,  which  is  given  by 


for  1  e  {1,2,3}. 


We  shall  give  only  the  results  of  these  somewhat  lengthy  rearrangements; 
we  define  W:  3B*]R^  -►  by 


by 
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r™(Y.t;X) 


for  (Y,t)  €  3B  and  xe]R-’n{Y}*; 


In  (29),  we  have  Introduced  the  notation 


(29) 


W(x  ,.)(Y)  W(Y,t;X). 


(30) 


which  we  shall  continue  to  use  along  with  the  alternate  symbolism 


^a.t)^^^  r“"(Y,t;X). 


(31) 


We  should  point  out  that  the  denominator  in  (28)  is  bounded  below  by 
the  positive  number  l-(c*/c)^  (cf.,  (16)  and  (1.3.26.3));  we  defer 

until  later  a  proof  of  the  less  obvious  fact  that  the  denominator  in 
(29)  is  also  bounded  below  by  a  positive  number.  With  these  additional 
auxiliary  functions,  it  can  be  shown  that  (5)-(7)  can  be  rewritten  as, 
for  each  (X,t)  €  and  i  G  {1,2,3}, 


l/lu)J(X.t)  .  ^ 


T-‘(x.t)-'^x.j'’56  “'"6, 

3Sj,  ’'X 


1_ 

Att 


\  ’''u,t)'^ijk''kpq''3B /"aB/x.q 

3B^  ’^X 


•■'2'“>(x,t)“\'--'C  '“as. 


4ir  J  2  (X,t)*^Jljk^kpq  X,q 

^  \9 


38^  X 


-h  \  ^  "as^- 


38^  X 


having  defined  auxiliary  functions  on  3R  by 


^^’4^(X,t)^  kC  j^c  ( 

‘^■^(X,t)°^t‘^’^’A^(X,t)  ’ 


a-|[x?j„,,,l^-a-|v^,,t)°«t4^  .,0.-- 


^-''(X.t)'’\-'’'-4’(X.t)>' 


3ii'‘'"(X, 


.o^jx  r.,„i 


(X,t)°^t'^^’4^(X,t) 


f^’4^(X,t) 


'(X.t)’ 
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^’‘•4'(X,t)*' 


*^"''(X,t)'”‘t'I’'’4'(X,t)* 


(36) 


[S-Jx] 


(X,t)’ 


l/{u}?(X,t)  -  ^ 


Att 


38. 


1_ 

47T 

38 


Art  r  *^(X,t)‘’^X,i*^'»^^^''v  dX,, 


(37) 


38. 


3^^^(X.t)  t  "  t  “"38 


Air  r  *^(X,t)‘^Ai^^^(X,t)°’^t^'^’^t^  ’ 

38.  *  ^ 


in  which 


^-|''(X.O°>tl3 


^-''«.t)”<t-t*-4'(X.t) 


f  'f^’AA^(X,t)’^''‘-^^^(X,t)’ 


^2il^'^^(X,t)  •' 


^^~''(X,t)°^t’f^’A^(X,t)^ 


3  ’'^(X,t)°\'  ^^’AA^(X,t) 


(39) 


[u-JX] 


(X,C), 
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iS-Jxl 


(X,t)’ 


^4i^^^(X,t) 


'(X,t)°’‘t''’‘’44'(X,t)' 


■’(x,t)°'‘t’‘“‘-”‘'(x.t)- 


_  1_  I-  (v),  ox“^.Jx"^  dX,-  , 

47  )  tx  (X.t)  ^2i^^HX,t)  t  t  3B^ 


^l^^^(X,t)  ■' 


l-’'«.t)°’‘t-t’'-'4>(X,t) 


•l<8--’«?4l(X,rt 


^‘“’(X.t) 
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glven  by  the  individual  integral-terms  on  the  right-hand  sidts  f 
(37),  (42),  (45),  (49),  and  (52).  Observe  that  the  incegrar.cs  ir  :  r-, 
terms  involve,  for  (X,t)  €  the  distance  function  arc  ;  - 

gradient,  on  35^;  indeed,  the  desire  to  achieve  such  forms  was  t't 
motivation  for  introducing  the  function  V,  so  that  the  functions 
appearing  more  clearly  constitute  variants  and  generalizations  of 
those  classical  ones  already  extensively  studied. 


It  should  also  be  pointed  out  that  the  various  functions 
(P,X,t)  (P,X,t)  A2{y}^^^j.j(P),  etc.,  on 

aRxm^,  given  by  (33)-(36),  (38)-(41),  (43),  (44),  (46)-(48),  (50), 


(51),  and  (53),  are  continuous,  as  it  is  easy  to  verify:  we  have  seen 
that  V  e  C(3]BxR^;R^) ,  u  €  C(3B-IR^),  Jx  €  C(3Rx]R),  and  we  know  that 
^»44  ^  C(3Rx]R’,Il^)  and  u  €  C(3RxR)  .  since  t  €  C(3Rx]r‘^), 
the  various  retardations  appearing,  tX,^],  and 


are  continuous  on  3Rx]r  .  xhe  inequality 

c 


for  P  €  3R,  (X,t)  e 


(54) 


is  plain  enough,  by  (16)  and  (1.3.26.3).  Upon  combining  these  facts, 
it  is  clear  that  our  original  assertion  can  be  verified.  Moreover, 
the  map  (Y,t)  I-*'  X^^(Y)  is  continuous  on  3B  ([1.3.7]),  and  we  can 
use  [1.2. 17. v]  to  deduce  that  (Y,t)  Jx"^(Y)  is  in  C(3B)  ,  since 

Jx  is  positive  and  continuous  on  3Rx]R,  while 

JX‘^(Y)  -  {JX^(X"^(Y))}"^  -  {jx(X^^(Y),t)} 


for  (Y,  t)  €  JB. 


(55) 
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Thus,  the  maps  (Y,t,X)K  ^sOX"^(Y)  •  Jx"^(Y)  ,  etc.,  are  in 

i.i  c )  t  t 

CCSBxR^)  . 


Obviously,  using  the  facts  adduced  in  the  preceding  paragraph, 
3  3 

the  inclusion  W  €  C(3B«]R  ^IR  )  must  hold. 


Let  us  return  to  the  functions  T™',  defined  by  (29)  on  the 

set  {(Y,t,X)|  (Y,t)  €  SB,  X€]R^n{Y}'};  as  promised,  we  shall 

first  show  that  the  denominator  in  (29)  is  non-zero  on  this  set.  For 

3 

this,  choose  (Y,t)  G  31B,  then  X  €  ]R  ri{Y}'.  It  is  easy  to  see  from 
(22)  that 


W*^,.  .v(Y)-r„  ,,(Y)+{{r„  »(Y)-vJ„  (Y)  >^+{1- 1 .^(Y)1^}^^^ 


'(X,t)'‘"  "X,k' 


(X,t)' 


(X,t) 


+a-lV(x,t)<Y)l?}}^^^} 


(56) 


>  {l+(c*/c)^}"^-{l-(c*/c)} 


Now,  consider  the  function  B  -►  TR  given  by 

it(s)  :■  -s+{s^+l-(c*/c)^}^^^  for  s  G  ]R. 


It  can  be  checked  that  iKc*/c)  ■  l-(c*/c)  and  H;'  <  0  on  IR,  so 

c 

iKs)  >  l-(c*/c)  if  s  <  c*/c.  Since  r  „(Y)*V^  ,.\^Y)  <  c*/c,  (56) 

—  —  X,p  iX,t)  — 


1 
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gives 


>  {l+(c*/c)  }"-^{l-(c*/c)}^, 


(57) 


which  clearly  substantiates  our  claim  concerning  the  denominator  in 
(29).  For  any  m  and  n  chosen  from  ]N'-'{0},  the  continuity  of  r 


,mn 


on  {(Y,t,X)l  (Y,t)  €  3B,  xe]R''^{Y}'}  is  now  a  direct  consequence 

3 

of  the  continuity  of  V  and  W  on  and  of  the  map  (Y,X) 

grad  on  {(Y,X)1  Y,X  €  IR^,  Y  #  X) .  Observe  also  that  r"’" 

ton 

is  positive  and  bounded:  for  any  (Y,t,X)  in  the  domain  of  T  , 
we  obviously  have 


<  (c*/c)+{l+(c*/c)^}^''^, 


(58) 


which,  with  (57),  shows  that 


r”"  ^  {l+(c*/c)^}"-{l-(c*/c)}"^"'{(c*/c)+{l+(c*/c)^}^''^}®.  (59) 

The  positivity  of  r”*"  follows  simply  from  (57)  and  the  form  of  the 
numerator  in  (29).  In  fact,  using  reasoning  similar  to  that  Just 
completed,  it  can  be  shown  that 

r®"  >  {l-(c*/c)}®^.{(c*/c)+{l+(c*/c)^}^''^}"''.  (60) 


Anticipating  the  analysis  of  the  fourth  terms  on  the  right 
in  (32)  and  (45),  let  us  point  out  here  that 
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(61) 


for  each  (Y,t)  €  3]B, 


for,  whenever  (Y,t)  €  33B,  then  ^(Y),t),  while 

T(X^^(Y);Y,t)  -  0,  so  “  X?^ (X^^(Y) , t) ,  as  well. 

Finally,  in  passing,  we  note  that  each  function  on 
given  by  an  Integral  appearing  on  the  right-hand  side  of  (32),  (37), 
(42),  (45),  (49),  or  (52)  is  in  C0B°'-’fi'^).  This  is  roost  easily  seen 
by  transforming  back  to  integration  over  SR  and  appealing  to  [IV. 6], 
utilizing  the  continuity  facts  already  presented.  As  we  shall  see, 
however,  the  behavior  of  these  functions  near  31B  can  be  quite 
disparate . 


Upon  inspecting  the  integrals  in  (IV. 14. 32,  37,  42,  45,  49, 
and  52),  we  discover  certain  prototypic  forms  which  we  shall  study; 
the  functions  on  which  we  now  define  are  generated  by  these 

recurring  forms. 

[IV. 15]  DEFINITIONS.  Let  Al  e  ]M(1) ;  let  (R,X)  be  a 

reference  pair  for  M  possessing  the  properties  of  [1.3.25].  Suppose 
that  $  €  C(9R*R^);  write 

<j>(jj  ^)(P)  <A(P,X,t)  for  P  €  3R  and  (X,t)e]R^. 

(i)  Define  -►  K  by 


Wj^{$}(X,t)  j  2  (X,t) *^'  38  ’ 

36j,  ""X  ( 


for  each  (X,t)  € 


and  set 


b/ 


(il)  Define,  for  each  i  ^  {1,2,3},  {$}:  -*•  K  by 


2i' 


V.}(x,t) 


^2  *’^X,q^t*’‘"*(X,t)*‘^(X,t)°^t  '^^t  *^^58^’ 

35j.  ’^X 


for  each  (X,t) 


i:iq 


wherein  T  3B  -*•  IR  is  given  by 


!'■'*  ;■  E,..E,  v'^v^  *  v^v^-5,  ,  for  each  q  €  {1,2,3}, 

ijk  kpq  iq 


and  we  have  written 


:■  T'^‘^(Y,t)  for  (Y,t)  e  3®,  4.e.,  whenever  t  S  IR 


and  Ye  38^. 


Further,  define 


W,^{«}|  B°,  I  r?°.  for  1  €  {1,2.3} 


2i' 


2i 


2i' 


(iii)  Let  r:  {(Y,t,X)|  (Y.t)  e  3]B,  X  e  ]R^n{Y} ' }  -  IR  be 


bounded  and  continuous;  write 
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Let 


W3g{0}(X,t) 


r(Y,t,x). 

sen.  Define  U-'  ;  lB°ur.°  -  K 

3d 

3B^  'X 

for  each  (X,t)  e]B°un°. 


according  to 


(A) 


[IV.  16]  REMARK.  Notation  is  as  in  [IV,  15].  If  (X,t)  €  ,  it 

is  easy  to  check  that  each  of  the  Integrands  appearing  in  (IV. 15.1,  2, 
and  4)  is  a  continuous  function  on  oB^.  Thus,  we  have  indeed  defined 
functions  in  the  preceding 

section.  In  fact,  each  is  an  element  of  to  see  this, 

consider  transforming  the  integrals  in  (IV. 15.1,  2,  and  4)  to  integrals 
over  3R,  by  using  the  1-imbeddinp.  carrying  3R  onto  38^,  for 

each  (X,t)  €  The  resultant  integrands  will  be  functions 

continuous  on  3R’<{IB'^JS7’^}  ,  so  that  application  of  Corollary  [IV.  6] 
assures  us  that  and  are  continuous  on 

b'U2®. 

The  study  of  the  behavior  of  these  types  of  functions  near 
3B  will  occupy  us  in  the  upcoming  sections  of  this  chapter.  Before 
launching  into  this  lengthy  analysis,  let  us  summarize,  in  the  follow¬ 
ing  proposition,  the  results  of  the  computation  carried  out  in  [IV. 14]: 

[IV. 17]  PROPOSITION.  LeX  M  be  a  mctCcn  in  ]M(1;0),''’  (R,x) 
^(€11(2)  will  do,  since  fi(2)  CW(1;0). 
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a  ^eaeieiicc  pcuA  |$o^  M  cu>  in  [IV.  10],  and  u  e  c(3B)  e 

CORxR),  w'/xe.’ie,  04  U6uai,  U  uox*.  Foa.  in,n€l»j{0},  izt 
r”":  {(Y,t,X)i  (Y,t)  e  31B,  xeii^n{Y}*}  be  dziintd  by 

(IV. 14. 29),  mXhV:  3Bxii^  -►  and  W:  3BxIl^  -►  dz^inzd  by 
(IV.  14. 11)  and  (IV.  14.29),  KeJ>p(2.ctive.ty waiting 


V(x^t)^^^  V(Y,t,X), 
W(x  ^)(Y)  W(Y,t,X), 


^(X,t)^-^  r’“(Y.t.X). 

T/ien  e  c^Cb'Vio'^),  and  .t/ic  poAtiaZ  dcAivcUivts  0^  tlili  function 

a,te  g^tven  fai/ 


l'{ii}.^(X,t) 


and 


1_ 

4w 


1  rl3  ,1  ,  , 
—T  ‘r,..  ..’A,  .{y}, 


7  ‘(X,t)  '‘4l‘‘'^(X,t)°\^’^\^ 
aSj.  ^ 


(1) 


+l/{y}^(X,t)+l/{y}J(X,t),  ioA  i  -  1,2,3, 


mn 


Note  that  V,  W,  and  T 


can  be  defined  even  if  only  M  en(l). 
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»N  Z?  t 


‘X 

+l'{u}J(X.t)+l/{y}^(X.t), 


(2) 


^O.t  e.ach  (x,t)  e  ]B°uf2°. 


Thz  ^uncticiV)  V{v)^,  l/{u}^,  and  can  be  obtained  jjicfv 

(IV. 14. 37,  42,  49,  and  52),  ^eipecttue^i/,  w/tcAe  -£/ie»  aie  cLUplayed  ai 
4um.i  CjJ  functions)  ike 


[IV. 18]  REMARKS,  (a)  In  spite  of  the  fact  that  we  employ  a 
particular  reference  pair  for  the  motion  in  the  explicit  computation 
of  the  partial  derivatives  of  V{u}  as  in  [IV. 17],  the  resultant 
expressions  in  (IV. 17.1  and  2)  must  be  independent  of  the  reference 
pair  chosen,  since  the  definition  of  ^{y}  involves  sets  and  functions 
which  are,  with  the  exception  of  the  density  y,  intrinsic  to  the 
motion.  Of  course,  the  auxiliary  functions  introduced  in  [IV. 15]  do, 
in  general,  depend  on  the  reference  pair  selected  for  the  motion. 


(b)  We  intend  to  study  the  properties  of  functions  of  the 
forms  and  subsequently  using  the  results 

in  conjunction  with  [IV. 17]  in  order  to  deduce  facts  concerning  the 
partial  derivatives  and  i^  {1,2, 3, 4).  In 

order  to  carry  out  this  investigation,  we  shall  find  it  convenient  to 
impose  on  the  underlying  motion  M  €  ]M(1)  at  least  the  requirement 


i 


that  be  "locally  uniformly  Lyapunov," 

C  ^IR 

whenever  K  is  a  compact  subset  of  ]R,  {B°) 


in  the  sense  that 
is  a  uniformly 


Lyapunov  family  of  domains;  it  is  not  too  difficult  to  formulate  a 


condition  on  a  reference  pair  (R»X)  for  M  which  is  sufficient  to 


Imply  that  this  requirement  be  fulfilled,  but  we  choose  to  make  the 
more  direct  postulate  our  primary  one,  in  the  interest  of  simplicity. 

In  particular,  it  will  be^clear  that  the  inclusion  M  e  ]M(2)  certainly 


provides  for  the  validity  of  the  analyses  in  this  chapter. 


(c)  We  shall  make  full  use  of  the  definitions  and  results  out¬ 
lined  in  Chapter  [1.2]-  concerning  the  geometry  of  the  boundary  of  a 
Lyapunov  domain.  Let  us  recall  the  most  important  of  these  facts,  in 
the  context  of  our  present  interest:  let  M  £]M(1),  and  suppose  that 
s  €  ]R  is  such  that  8°  is  a  Lyapunov  domain,  so 

I (Z2 » s) “V (Zi , s)  1 2  ^  ^1^2*'^1^3  for  Z^,2,2  ^ 

where  a  >  0  and  a  ^  (0,1].  Let  d  be  any  positive  number  such 

that  ad”'  <  1/2.  Choose  any  Y  €  36  .  Then  the  restriction  to 

s 

3  3 

38  rfi  (Y)  of  the  orthogonal  projection  map  of  ]R  onto  Y+T^„  (Y) , 
s  d  (jo_ 

s 

3 

denoted  by  n„:  35  ■'^B.CY)  -►  Y+T-„  (Y) ,  is  an  injection.  Correspond- 

I  s  d  3o_ 

s 

ing  to  a  preassigned  orthonormal  basis  {£^^,£2}  for  T^g  (Y) , 

3  3  * 

Ay!  IR  H  is  the  (linear)  isometry  such  that 

f  ■  1.2,  and  A^v(Y,s)  «  ®3^^  • 

3 

We  then  define  ]R  -► 


3 

R  according  to 


3f^(Z)  :«  (3(i(Z),  3C^(Z))  for  each  Z  6  Y+T,„  (Y)  . 

X  II 

S 

It  follows  easily  that  r^iZ)  =  |:Ky(Z)12  whenever  Z  G  » 

s 

and  so  also  / 

rYoify^CC)  *  UI2 

Setting  i 

f  I 

aSgOB^CY)  -]R^  ;; 

\ 

3  -  3  i 

we  generate  a  coordinate  system  OB^i^B^CY),  IVy)  in  SB^;  h^(  aB^'^'B^CY) )  j 

2 

is  an  open  neighborhood  of  0  in  R  which  is  starlike  with  respect 
to  0,  and 

i 

1 

Obviously,  j 

h’^  -  n'^oGHT^^I  hYOB^rB3(Y))).  | 

1 

j 

Ue  also  find  that  j 

i  ! 

JhY^(C)  -  {vJ(hY^(0,s)vJ(Y,s)}"^  for  each  ^  e  h^OB^nB^CY) ) , 
with 

Jh^^  <  /2  on  h^OB^nB^(Y)).  1 
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3 

Further,  the  following  inequalities  hold;  if  Z  £  ,  then 

lz-nY(Z)l3  <  ir^'^Cn^CZ))  <  irj'^cz), 

I  <  ar“(Z),  if  Z  ^Y, 

and 

ryCZ)  >  rY(ny(Z))  >  ry(Z) , 


with 


and 


a  :•»  y  a* 


49 


ci/2 


(1+ct)  ", 


a  :•  ^  a+a. 


It  is  also  important  to  recall  that  there  exists  a  d^j  >  0,  depend¬ 
ing  only  on  a  and  a,  such  that  if  we  also  require  d  <  d^,  then 

there  exists  a  7.  €  (0,1),  depending  only  on  a,  a,  and  d,  for 
a 

which 


r^(Z) 

^d  ^  rj^(ny(Z)) 


whenever  X£  {Y+;v(Y,s)|  C  £  IR) , 

and  Z  £  SB  nBj(Y)M{X}' . 

S  0 


For  more  details  concerning  these  statements,  including  their  proofs. 
Sections  [VI. 62-67]  should  be  consulted. 


It  will  prove  convenient  to  have  available  certain  additional 
notations  in  the  present  setting.  First,  we  denote  by  L^(Y,s)  the 
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line  normal  to  38  at  Y: 

s 

L^(Y,s)  Y+Ngg  (Y)  -  {Y+^vCY.s)  |  C  em},  (1) 

writing  also 

L^(Y,s)  {Y+4v(Y,s)|  i;  >  0}  (2) 

and 

l”(Y.s)  {Y+Cv(Y,s)|  C  <  O).  (3) 

Since  8°  is,  in  particular,  a  1-regular  domain,  we  know  that 

Y+cv(Y,s)  €  8*  (€  8°]  for  all  sufficiently  small  C  >  0  [for  all 

s  s 

5  <  0  with  |?1  sufficiently  small].  Suppose  further  that  c  >  0: 
define 

c”(Y,s)  {Z  €  Y+Tgg  (Y) |  [Z-YI^  <  p},  (4) 

which  is  Just  a  disk  of  radius  p  centered  at  Y  and  lying  in  the 

tangent  plane  to  36  at  Y.  Now,  it  is  easy  to  show  that 

s 

c"(Y,s)  C  n„(38  ^Bj(Y))  whenever  0  <  p  <  |-  d.  (5) 

p  X  s  d  7 

For,  suppose  that  Z  6  Y+T^g  (Y),  with  t^(Z)  <  d.  Then  |3C^(Z)|2  ■ 

s 

T^(Z)  <  ^  d,  so  3Cy(Z)  €  C  hY(36gOB^(Y)) ,  i.Z.  ,  we  have 

hY^OtyCZ))  6  3B^rB^(Y).  Consequently, 

n^Ch'^CiCyCz)))  -  n^Cn'^oji^^CKyCz)))  -  z, 

whence  (5)  follows.  Using  (5),  it  is  legitimate  to  define  the  subset 
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C^(Y,s)  of  as  -B^CY)  v-oi 
P  SC 

Cp(Y,s)  :■  nY^(Cp(Y,s) )  whenever  0  <  p  <  d.  (6) 

Observe  that 

h^CCpCY.s))  -  3CyOnY(n"^(cJ(Y.s)))  -  X^CCpCY.s)) 

-  {3fY(Z)|  ze  Y+T  (Y),  |JC^(Z)|2  -  r^CZ)  <  p}  (7) 

-  Bp(0),  for  0  <  p  ^  I  d; 

similarly, 

hyCC^  (Y,s)OC^  (Y,s)’)  -  (O).'iBf  (0)’,  if  0  <  p,  <  p,  <  J  d,  (8) 

Y  Pj  ^2^1  12  9 

If  0  <  p  <  ^  d  and  Z  €  C^CY.s),  then 

r^CZ)  <  I  r^aYCZ))  <  y  p; 

on  the  other  hand,  if  Z  €  38  C'C  (Y,s) ' ,  then 

s  p 

ryCZ)  >_  p, 

since  r^CZ)  ^  d  >  p  if  Z  e  B^(Y)',  while  r^(Z)  r^CT^CZ))  ^  p 

if  Z  e  B^(Y). 

<1 

(d)  Suppose  that  M  is  a  motion  in  ]M(1) .  Whenever  s  and 

.  3 

s  €  R,  we  define  X  38  -►  IR  to  be  just 

ss  s 

X  .  X.ox"^.  (9) 

ss  s  ® 
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Since  X  ^  is  a  1-imbedding  taking  3B  onto  3R,  while  X.  is 
s  s  s 

a  l-imbedding  carrying  3R  onto  3B.  (cf.,  [1.3.27]),  it  follows 

s 

that  X  ^  is  also  a  l-imbedding,  with  X  .(35  )  “  35.,  in  view 
ss  ss  ®  s 

of  [I. 2. 19].  Clearly, 

X'if  -  X,  .  (10) 

ss  ss 

and  X  Is  the  identity  map  on  35  .  .  Further,  [I.2.17.v]  and 
[1.2.19.iii]  show  that 


JX  .  -  {(JX.)0X“^}*JX‘^  -  {(JXjcx"^}-{(JX  )0X"^}‘^.  (11) 

ss  s®  ss 


[IV. 19]  EXAMPLE.  Me  shall  provide  here  a  typical  example 

demonstrating  how  the  results  accumulated  for  the  geometry  of  the 

boundary  of  a  Lyapunov  domain  can  be  applied  in  the  investigation  of 

integrals  on  such  a  manifold.  Let  M  be  a  motion  in  ]M(1) ,  and 

suppose  that  s  €  IR  and  is  a  Lyapunov  domain,  with  constants 

s 

(a,a,d).  Choose  6  €  (0,2)  and  Y  e  35  :  we  shall  first  show  that 

s 

r^^  €  Lj^(35^).  For  this,  it  clearly  suffices  to  select  6  €  (0,(7/9)d) 
and  verify  that 


’ 

Cg(Y,s) 


^  A 
8  '^'  38 


(1) 


since  the  function  Z  !-►  r^  (Z)  is  continuous  on  the  compact  sec 

36^i'>C^(Y,s)’.  With  recourse  to  the  properties  of  the  coordinate 
3 

system  (3S^'^B^(Y),  h^),  reviewed  in  [IV.lS.b  and  c],  and  noting  that 

3 

on  35  (Y),  we  have 

s  u 


^  1  ^="y 


j  r°  ^  s 
C^(Y,s) 


J 


(r  ““s 


C^(Y.s)  ^  ^ 


- ^  --1  6 

J  (r  on  Oh  ^  ^ 

hY(cJ(Y,s))  ^  ^ 


^  -Jh"^  dX, 


B^CO) 


B^CO) 


^  -Jh^^CO  dX^CC) 


Id 


<  2 


1/2 


I  ^ 


2  l«li 

B,^0) 


2^^^  I  "ir  ^  “• 


completing  the  proof. 


Still  supposing  that  B°  is  a  Lyapunov  domain,  let  (J>  be 

9 

in  C(3Rx3B),  and  employ  the  notation  of  [IV. 15].  Again,  let  Y  ^  sB 

and  f  6  (0,(7/9)d).  ,oX*^  and  Jx'  ^  are  certainly  bounded 

iY,s;  s  5 

on  38^,  while  gj  Is  bounded  on  3B^n{Y}'.  Upon  applying  the 

estimate  displayed  in  [I.2.37.iii.4] ,  it  follows  that,  for  some 
positive 
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C^(Y,s) 


1  -  k  _03  ^  ,y-l  ,, 

2  Y,k  36  (Y,s)  (Y,s)  s  s  |  oB 

*Y  s  s 


2  I^Y.k'^'sB  I  *^^3B 

C^(Y,s) 


<  Ma 


I 


C^(Y.s)  ^ 


dX.p  <  », 


by  the  result  just  obtained.  Utilizing  the  continuity  of  the  function 
'Y^*’^Y.k^3B3*^(Y.s)*^Y.s)°’'I^‘-^’^I^  3B^n{Y} ' ,  we  can  conclude 

that  this  function  is  in  fact  in  In  consequence,  the 

following  definition  is  legitimate. 


[IV. 20]  DEFINITION.  Let  M  €  1M(1) ,  and  suppose  that  5° 

s 

is  a  Lyapunov  domain  for  each  C  e]R.^  Let  (R,X)  be  a  reference 
pair  for  M  as  in  [1.3.25],  and  (P,Y,s)  h-  ^  element  of 


C(3Rx31B).  We  define  3B  -  K  by 


36 


r  ,  v^  ’F?-  \'^/v  ^’JX  ^  dX-„ 

2  Y,k  3B  (Y,s)  (Y,s)  s  s  3B 

ITy  S  S 


for  each  (Y,s)  S  aiB. 


The  following  basic  statement  is  to  be  used  in  the  identification 
of  conditions  on  a  motion  M  and  a  function  iji,  as  in  [IV. 15],  which 

^Certainly,  this  holds  if  M€]M(2),  when  B?  is  2-regular  for 
each  ?  6  K;  cf.,  [I.2.3A.a]  and  [1.3.27.1.2]. 
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suffice  to  ensure  that  various  of  the  inclusions  ^  CCB)  , 

e  e  COR^),  or  e  CCr")  obtain. 

[IV. 21]  LEMMA.  LcX  M  be.  a  motion  in  ]M(1),  and  f  e 

[f  €  c(B°)].  Suppose  tlicut  thzAe.  exibti  a  function  f  e  C(cB)  -iuc/i 

o 

tkcU  iofi  zach  (z,5)  €  aB 

lim  fCX.C)  -  f.(Z.;) 

X  -  z  ^ 

X  €  L^(z,0 

[X  e  l"(z.O] 

IqcaULlj  aniiofimly  in  (Z,;),  i.z.,  aiiencoz-i  (Z,;)  e  3B,  i^  e  >  0 

tlitue  extiti  a  6(e,Z,;)  >  0  ‘■uch  tha,t  o'ci  zach  (Z,;)  €  3B  Lcitli 
I  (Z,c)-(Z,?)  1^  <  6(c,Z,i;),  tie  inzquoLLtij  ]  f (X,;)-f^(Z,0  [  <  e 
holdi  loliznzvcK  X€L^(Z,;)n8I  [X  €  L^(Z,;)nB?]  and  |x-Zlj< 
6(€,Z,5).  Th&n 

U)  lim  f(X,t)  -  f^CZ,;)  (JoA  each  (Z,c)  6  3B, 

(X,t)  ^  (Z,c) 

(x,t)  € 

[(X,t)  €  B°] 
and 

[ii]  the  function  f  g-tvcn  on  n'^'fB]  by 

■  f(X,t)  ii  (X.t)  e  f2''tB°] 

f<X,t)  - 

fgCx.t)  ii  (x,t)  e  3B 


i^  in  [CCB)]. 


PROOF. 


We  shall  give  the  proof  in  case  f  €  C(il  ),  the  veri¬ 
fication  for  f  €  CCB°)  being  quite  similar.  Then,  choose  (Z,^)  e 
3B.  Let  e  >  0.  Since  f^  €  C(oB) ,  there  exists  6'(e,Z,;)  >  0 
for  which 

If j(2,c)-fg(Z,?) I  <  e  whenever  (Z,;)  ^ 


Setting 


n 


1  if  c*  -  0, 

min  {1,  1/c*}  if  c*  >  0, 


suppose  that  (X,t)  €  n  ,  with 


(X,t)-(Z,Ol4  <  3  n  -min  {6(e/2,  Z,c),  6’(e/2,  Z,;)} 


Letting  (R,X)  denote  a  reference  pair  for  M€TM(1)  with  the 
properties  of  [1.3.25],  we  have 

lx-x(x'^(Z),t)|3  1  lX-Zi3+|X(X~^(Z),0-X(X^^(Z)  ,t)  I3 

<  lx-Zl3+c*U-tl 

<  loin  {6(e/2,  Z,0,  6'U/2,  Z.i;)}, 


from  which  we  deduce  that 


dist  (X,35^)  :=•  inf  {IY-XI3I  Ye  38^.} 

<  |roin  {6(c/2,  Z.C),  6'(£/2,  Z,;)}. 

According  to  [1.2.20],  we  can  select  Z  ^  3B  such  that 

A  C 
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I X-Z  I  -  ••  dist  (X,3B  ),  and  we  also  have  X€  l'*’(Z  (of 

A  J  ^  V  A  ^ 

course,  X  must  be  in  8^  since  (X,t)  6  .  Then 

|(Zjj.t)-(Z,0  I4  £  |(Z^,t)-(X.t)j^+|(X,t)-(Z,c)l^ 

<  [l  +  jn]  -min  (6Ce/2,  Z,?),  6'(e/2,  Z,;)} 

_<  min  {6(e/2,  Z,;),  6'(e/2,  Z,;)}. 

To  summarize,  we  have  (Z^^.t)  €  3B  with  [  (Z^^,  t) -(Z,  ;)  j ^  < 

6(e/2,  Z,^)  and  <  r  {z/2,  1,0 ,  while  X  €  l'^(Z„,  t)nB '  with 

V  A  u 

Ix-Zjjll  <  !5(£/2,  Z,;),  so 

|f(X,t)-f3(Z,c)l  £  |f(X,t)-fg(Zjj,t)l  +  lfg(Z^.t)-fg(Z,0| 


This  reasoning  clearly  implies  that  (i)  is  correct. 

low  (ii)  is  a  simple  consequence  of  (i)  and  the  continuity  of 
fg  on  9B.  □. 

Having  defined,  under  certain  conditions,  the  "direct  value" 
function  on  31B,  we  take  up  next  the  identification  of  the 

limiting  values  of  W^{<{i}(*,s)  and  W^{(f}(*,s),  for  fixed  s  e  B, 
as  their  arguments  approach  a  point  Y  €  38^  from  along  L^(Y,s) 
and  L^(Y,s),  respectively. 

[IV. 22]  THEOREM.  Let  M  bz  a  motion  in  11(1).  Sappciz 
iuAXhzr  tiiaX 
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l-C)  "iocuCii/ uiU^ctmii/  Lyapunov":  u'liancve.’i 

k  C]R  ^  compact,  then  {8°}  uni^oimCy  Lyapunov; 

[IL]  tkcKc  exuAth  a  fic^cAcncc  pcuA  (R.X)  M  u'lUch 

po-i-ics4C-i  tlic  pficpcAtta  0^  [1.3.25]  a>id  -Lb  atbc  buck  that 
x,^  and  Jx  oAt  locally  Holden.  continuou,b  on  sR^TR: 
wheneven.  K  c  m  lb  compact,  then  X,^l  3Rxk  and 
Jx|  3RxK  OAe  Holden,  contenuoub; 


(HI]  (P,X,t)  f*  ^y(P)  lb  a  function  In  C(3R*R^)  uivich 
botlbileb  the  following  local  Holden- type  ebtanateb: 
tiiieneven  ken  lb  compact,  thene  exlbt  pobltive  numbenb 
Ky  <2*  <3,  n^,  and  numbenb  6j^,  §2'  ^3 

In  (0,1],  depending  on  (p,  H,  and  Ipenhapb)  k, 

^on  which 


(1) 


and 


6  B 

<  «2lZ-Yl3^+^3lZ-x!3^ 


(2) 


wheneven.  s  €  k,  Y  €  38.,  Z  6  38.,  and 

s  s 

X  €  L  (Y,i)nBj_(Y). 

V 

Then,  whenever  KCjr  lb  compact,  there  exlbt  L  >  0, 

A  >  0,  and  X  e  (0,1],  depetvUng  on  p,  M,  and  K, 

buch  that,  ^cr  each  s  6  k,  Y  e  38  ,  and 

s 


\ 


0 

-Ki'J{|}(Y,s)| 
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X€  L^(Y,s)  [X  6  L~(Y,s)]  mUIi  IX-Yj^  <  L, 

f  -. 


<  AIX-YI3. 


In  pa/vtLCuZaA.,  iZ  bottom  that 


llm 
X  -  Y 

X  €  lJ(Y,s) 
[X  €  L^(Y,S)] 


-  [+] 


2(l-|x^^(x;^(Y).s)lp 


(3) 


W 


wnyLionmlij  ioK  (Y,s)  € 

AiAumc,  moAeovet,  that 


Uv]  y:  31B  -*•  K  ti>  tocatlij  HoldoA  ccntimcLui:  idiemveA 

KCn  i&  compact,  then  y|  u  -  OB  >«{^}}  li  HStde-t 

(,fcK  C 

continaOLii) . 

Then  xeqvuAement  [tti]  th  {^aJLiitled  by  taking  either  <t>  » 

OA  ^  •  A^Cy}  (c^.,  (IV. 14. 33)  and  (IV. 14. 46)),  whence  the  oiic^rttciw 
made  above  hold  ^cn.  eithcA  0^  thae  choicer  ^oi  ij>.  In  thi-i  'legaid, 
we  fiecoA-d  the  expiei-iicm 
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{{1-1x^^(X^\y),s)  l^lv^Y.s) 

•  c  , 

+u‘^(Y,s)*X,^(x“-^(Y).s)}u(Y,s), 


(5) 


and 


’  u‘'(Y.s)*u(Y.s).  (6) 

lioZcUng  ^ox  each  (Y,s)  e  31B.  • 

flnatty,  ii  Me]M(2),  -Chen  M  xzqai-rmcnti  il) 

and  [-u.] . 


PROOF.  It  is  clear,  from  [IV. 20],  that  is  defined  on  3B. 
It  obviously  suffices  to  prove  the  theorem  in  the  case  in  which  K  is 
a  closed  interval  C  H,  which  we  shall  do.  From  (i), 

is  uniformly  Lyapunov;  let  (aj^,Oj^,dj^)  be  a  set  of  Lyapunov 


constants  for 

for  each  C  G  K. 

That 

is,  a^  >  0,  d^  >  0, 

®K 

axe(0.1],  a^dx 

<  1/2,  and 

lv(Z2,;)-v(Z^,;) 1 

for 

5  G  K,  Z^.Z^  e  3B^. 

(7) 

We  may,  and  shall,  also  suppose  that  there  exists  a  number  Yj^  ^  (0.1). 
depending  upon  only  aj^ 


and 


such  that 


Y 


< 

K 


rx(Z) 

rxCn^Cz)) 
X  e  l^(y. 


s)  . 


whenever  s  G  K,  Y  G  35^. 
and  Z  G  3B  (Y)n{x}', 

®  "He 


(8) 


(by  Lemma  [1.2.38]  and  the  fact  that 


is  uniformly  Lyapunov) , 
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4u 


3B. 


2  ’^X,1^38  '^(X,s) ’^‘^(X,s)°^s 

""x  ® 


‘'^36 


1^ 

Att 


1  i  r03  /. 

2  ’^Y.l^'aS  ‘^(Y,s)‘^'^(Y,s) 
38  ^Y  ® 


ox"^.jx“^ 
s  s 


-♦(v,s)”;‘<''>--”‘;'«>>  "as 


3 

Referring  to  Lemma  [1.2.44],  we  find  that,  if  Z  S  IR  , 

^'z.i'’aB  •rz{x'4<*;'<«'*»  "as  ’ 

r_  ’  s  s 


Att  J 

38^ 

2  ^Z,i'^38 
Z 

where 

-0  if  : 

S*  ‘Z  '  Xi.  z.  -  t7Ug,  0.144  >2  " 

2  €  8°.  Consequently,  the  first  term  on  the  right  in  (11)  is  computed 
s 

to  be  (+]  -j  a-ix?^(x"^(Y),s)|^}'^-0^Y,s)®’^s^^^^*^^I^^^^' 

in  (11)  and  splitting  the  integrals  remaining  on  the  right,  we  arrive 

at  the  inequality 


0 

w{^^{^}(X.s)-| [+] 


2(l-lx^^(x;^(Y),s)j3) 


(12) 


in  which 


:-  max  ^  1  !  |  (Z,;)  6 

((J  e  C(3R>']R^),  (Z,c)  !-►  x“^(Z)  and  (Z,5)  I-*-  Jx“^(Z)  are  continuous 

on  3B,  while  (a®),,.  i  is  compact), 

I  » ^2 J 


^2  " 


C^(Y,s)OC^^(Y,s)’ 


{^2 


,03 


3B  ^^(X,s)“^X^^’4^^s 


^3  " 


r„  s 


3B„nc"(Y,s)' 

s  a 


-  —  r  {4  0X~^.jX“^ 

2  ^Y,i  3S„  '  (Y,s)^’(Y,s)  s  -^s 
Ty  s 


dB 


(14) 


r^  s  '  ’  ^  s| 


^'X.I^B  ‘'■«,s)-''x<>‘^'>';'<''>-‘>»  ‘hs  • 
3  ®  ® I 

c|j(Y,s)  * 


2  ^Y,i'’38  ^’'<Y,8)"’'y^^*4^’^s  **^35 

.  s  s 

c’j(Y,8) 


(15) 


(16) 


(17) 
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^6  " 


(  {  2 


C^(Y,s)r.C^^(Y,s)* 


1  i  r03  oy-l  TV-1 

2  ’^Y,i''36  ‘^(Y,s)^‘^(Y,s)  s 

Ty  s 


(18) 


-‘(Y, 


dX 


38 


I,  :- 


1 

^2  ’^X.i'^ 


4(y.s) 


36 

S 


"36. 


(19) 


and 


1  i  r03  r.  ov“l  TV-1 

2  ’^Y.l^aS  *^(Y,s)^'^(Y,s) 

3  ® 

C®.(Y,s) 

"36 


(20) 


for  the  integrals  in  (lA)  and  (18),  note  that  we  have  ensured  that 
25  <  d.  Clearly,  the  first  assertion  of  the  theorem  can  be  proven 
by  producing  positive  numbers  A(j)  and  numbers  X(j)  S  (0,1], 
j  ■  1,...,8,  depending  only  on  $,  W,  and  K,  such  that  Ij  £ 
A(j)6^^^^  (no  sum)  for  each  j  €  {1,...,8},  which  we  shall  do, 
following  the  preparation  of  various  simple  estimates. 


1 

< 


I 
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I 


Turning  to  an  examination  of  the  function  s)"^s 

c  -1  I 

^°X  L  on  35  ,  we  have, more  explicitly, 

4  ( I ,  SJ  s  J  S 

-  |x?^(X*"(Z).  s-t(x"^(Z);X,s))-X?^(X~^(Z),  s-t (x‘^(Z) :Y,s)) I  3 


for  each  Z  €  35  • 
s 


Choose  Z  €  3B  :  since  t(x  (Z);Z,s)  -  0,  (1.3.16.1)  shows  that 

s  s 

t(x"^(Z);X,s)  -  t(X~^(Z);X,s)-t(x"^(Z);Z,s) 
s  s  s 


i  ^  {f  *  ®s}- 


and,  similarly, 


t(X^^(Z);Y,s)  IZ-YI3  <  ^  diam  o^. 


t  — 

0  c 


JT  +  max  diam  6,  ■, 

t,  <  C  <  t., 


•1  -  "  -  "2 


Then,  (29)  and  (30)  imply  that  s— r(x„  (Z);X,s)  €  K  and 
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s-t(X  (Z);Y,s)  €  K  for  each  2  €  35  -  Appealing  to  hypothesis  (ii) 
s  s 

C  I  ^  — 

X,^|  SRxK  is  Holder  continuous:  there  exist  A  >  0  and  a  G  (0,1] 


such  that 


whenever  ^l’^2  ^  ^1*^2  ^ 


In  view  of  (28),  (31)  leads,  with  (1.3.16.1),  to  the  estimate 


(31) 


^  a|t(x"^(Z);X,s)-t(x‘^(Z);Y,s) |“ 
s  s 


(32) 


<  - - — :■  6°*,  for  each  Z  €  38  ; 

(c-c*)“  ® 

it  is  evident  from  the  derivation  just  given  that  (32)  remains  valid 
whatever  the  originally  chosen  s  6  K,  Y  6  38^,  and  X  6  L^(Y,s) 

(X  €  L^(Y,s)],  with  6  satisfying  (10). 

Consider  next  |v.„  tv  ^  I  •  Supposing  first 

that  Z  €  38  (^{Y}',  we  have,  by  (IV. 14. 11), 
s 

l'^ks)<">-'^(Y,s)(^>l3 


t(x"^(Z);X,s) 


{X(X~^(Z),s)-X(x'^(Z),  s-t(x"^(Z);X,s))} 
s  s  s 


t(x"^(Z) ;Y,s) 


{X(X~^(Z),S)-X(X"^(Z),  s-t(x"^(Z);Y,s))}| ; 


temporarily  writing,  for  brevity,  Z  ;■  X  ^(Z),  :■  t(X  ^(Z);X,s), 

8  S  As 

and  :■  t (X^^ (Z) , Y,s) ,  the  latter  expression  is 
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<  - — ^  6°,  for  each  Z  €  5B 

(14^)(c-c*)“  ® 

((34)  was  originally  derived  for  Z  €  but  the  continuity 

of  V  shows  that  it  is  also  valid  for  Z  ■  Y) .  We  remark  that  (34) 
can  be  improved  for  Z  S  38^nc^(y,s) ' ,  and  without  a  local  Holder- 
continuity  condition  on  X,^;  such  an  improvement  will  not  help  us 
in  the  subsequent  computations,  so  we  shall  not  develop  this  inequality. 
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Let  us  turn  our  attention  to  lr,„  v  (Z)  i  ,  for 

,  (a,s)  (Y,s; 

Z  €  3B^'^{Y}':  with  X  denoting  either  X  or  Y,  we  have,  from 
(IV. 14. 29), 

2.il/2,-3 


(35) 


where 


[X?J 


4^(X,s)°^s 


-1 


.  c 


(Z)-{l-V^’<.  „s(Z)-[X^,].^  ,0X~\z)} 


(X,s) 


4'(X,s)""s 


(36) 


(X.s) 


•v::.  .(2)}, 


by  (IV. 14. 28).  Now, 

i-;. 


(37) 


where 


and 


cj  {l+(c*/c)^}'^{l-(c*/c)}^ 


c*  l+{l-(c*/c)^}'^-(c*/c)-{2+(c*/c)^}. 


the  first  inequality  in  (37)  following  from  (IV. 14.57),  the  second  being 
an  easy  consequence  of  (36)  and  the  bounds  Ivj^  ^  c*,  ^  c*. 
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Noting  that 


Is'’*''' 


we  can  write 


3c*^  c 


l^‘i“(Y.s)«>-“(X.s)«>l3 

Q 

+  i  {l-(c*/c)2}'^^^|{(rY^j(Z)-vjY^gj(Z))^+(l-|v^Y,s)^^^i^^ 
<'x,t®  •''(L)«»'*‘'-'''(X.s)«>  l?>' I ' 

3c*2 

i-^<i"(Y.s)«>-“(X,s)«>l3 

‘l 

*l|V(v,,)«)lrlvJx.s)®l3l>> 


l“<Y,,)<«-“(X.s)'^>i3 

*2 

*-4r  •»-<c*/c)2rl'^.(c‘/c)(2|v'  ,(Z)-v'^_^)(Z)l3 

*=1 

+(c*/c)  I  grad  Ty^Z)  -grad  rjj(Z)|3}. 


Now,  from  (36),  a  short  computation  yields 
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+{l-(c*/c)^}'^{l+3(c*/c)^+(c*/c)^.| 


Upon  combining  (38)  and  (39) ,  we  can  assert  that  there  exist  positive 


numbers 


C3,  c*,  and  c*,  depending  only  on  the  ratio  c*/c,  such 


+C2|grad  r^^CZ)  -grad  rY(Z)|3, 
whence,  in  view  of  (21),  (32),  and  (34), 

in  which  >  0  and  depends  only  on  M  and  K,  while  k2  >  0  and 
depends  only  on  M. 


In  our  final  preliminary  estimation,  we  shall  examine 

^ ^(X  s) ^ ’  where  X  again  denotes  either  X 

or  Y,  while  ze3Bn{x}»  (^.e.,  Z  €  3B  if  X  -  X,  Z  e  SB  n{Y} ' 

s  s  s 

if  X  ■  Y) :  we  begin  by  observing  that 
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.C  ,  -1, 


,  *  *2 
I+C2+C2 


w: 


=-u- 


C 


s)  «>  1 "x.  t «)  •*» ' 


^  +(l-|xf^(x“^(Y).s)|3)}^^^I 

1+C2+C2^ 

^  ,2^3/2  ‘l”(X,s)^^^l3 


*3J, 

Cl 


(42) 


.  ,  *.  *2 
I+C2+C2 


‘I  •''Is)  .s))' 


l+Cj+C*^ 


2(1+C2+C2^)  r-*'\ 


*3 


2-v2 


•I''ks)<“-’''4'’‘s'<’'>'*>l3  = 


C,  U-  — 


from  (36),  It  Is  easy  to  see  that 

2 

l“(X..)  «>  I3  i  •  l''ks)  «>-l’<‘4'  (X.s)”;''^'  I  3- 


A  A 

so  that  there  are  positive  numbers  and  c^,  depending  only  on 

the  ratio  c*/c,  such  that 
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+c5lX^^(x‘^(Z),s)-X?^(x‘^(Y).s)|3 

•4l(x,s)«;'<^''3' 


Since  s-t(x“^(Z) ;X,s)  is,  with  s,  in  K,  we  can  write 
s 

l^«4^^g  (Z)  ,s)-[X,^]^j^^g)OX^  (Z)|3 

-  |xf^(x‘^(Z),s)-X?^(X*^(Z),  s-T(xJ^(Z);X,s))|3 
<  At(x"^(Z);X.s)“  -  A{t(x‘^(Z);X,s)-t(x"^(Z);Z,s)}“ 


(44) 


T  1Z-X| 


lO 


/  '  '3* 

(c-c*) 

Now,  the  function  (Z,s)  l-*"  Xg^(Z)  is  in  C  (9E;]R  )  (because  the 
function  (Z,s)  H-  X*"^(Z,s)  -  (xr^(Z)  ,s)  is  in  C^OB;®*)),  and 

9 

thus  is  Lipschitz  continuous  on  the  compact  subset  X*ORxK)  ■ 

U  OS  x{5}}  of  3B,  by  [1.2.13]:  there  exists  a  positive 

for  which 


Xg^(Z2)“X^  (Z3)  13  ^  Ajjl  (Z2 , S2) “(Z3 , s^)  i^i 


-1 


(45) 


whenever 


Thus,  from  (31)  and  (45), 
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(xf^(x'^(Z),s)-X^^(X^^(Y),s)|3  £  A|X^^(Z)-X^\y)|^ 

<  aaJ|2-y|“. 


Since  V.'  ,(Z)  -  - -  {X(X'^(Z)  ,s)-X(x"^(Z)  ,s-t (X~^(Z)  ;X,s) ) } , 

T(x;^(Z);X.s)  « 

the  mean-value  theorem  shows  that,  for  each  i  €  {1,2,3},  there 
- 1  -1  * 

exists  t  €  (s-t(X^  (Z);X,s),s),  depending  on  Z,  s,  and  X,  such 


1^  -1  -i 

We  obviously  have  t^  e  K  and  Is-t^l  <  t(X  ^(2);X,s),  so 

s 

C  C 

lV^^,s)(2)-X^^(x'^(Z),s)|  £Als-t^|“  <  A-t(X'^(Z);X,s)“ 


(c-c*)“ 


(z-xl^ 


Using  (44),  (46),  and  (47)  in  (43)  produces  the  desired  inequality 


i  |2-x|»+c;.a4|x-y|“«J 

(c-c")  (c-c  ) 


i  |Z-Xl“  (48) 


kjIZ-Xlj+k^lz-Yl®,  for  each  Z€3Bg^{X}’, 


wherein  k^  and  k^  are  positive  and  depend  upon  only  iM  and  K. 


Returning  to  the  main  line  of  argument,  recall  that  our  task 
is  the  demonstration  of  the  existence  of  A(j)  >  0  and  X(j)  E  (0,1], 
depending  on  only  hi,  and  K,  such  that  £  A(j)o^^^^  (no 
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1 


! 


sum)  for  j  *  where  s  €  K,  Y  £  and  Xe  L^(Y,s) 

[X  €  L~(Y,s)],  with  6  :»  jx-Yj^  s'atisfying  (10),  have  been  selected. 

All  of  the  just-derived  estimates  are  uniformly  valid  for  such  s, 

Y,  and  X. 

1^:  If  Z  6  3Sgnc^(Y,s) it  is  clear  that  r^CZ)  ^  d, 

|rY  i(Z)*Vgg  (Z)|  <  1,  and  Z  €  3S  (Y.s)’  (so  that  (27)  is 

®  03 

valid).  Let  M  denote  an  upper  bound  for  both  T  and  for 

X€]R^,  iG-R^  with  (C(3ic*/c  (cf.,  (IV.14.59)  and  (VI. 69. 4)). 

Then,  using  (25),  (27),  and  (41),  we  can  write 


hi 


k-  k-  I  i  /pO’ 

2  ^X,i‘  2  h,ij^38  *^hx,s) 

A  Y  * 

38nc^(Y,s)' 

s  a 

-rjj{x®^(x“^(Y),s)}}  dXgg 


<  2M 


1_  i  ,,.03  -03  , 

^2  h,i''3Bg^^‘  (X.s)"'  (Y,s)^ 

3Bgrx:^(Y,s)' 

-{rjj<X^^(X^^(Y),s)}-rY{X^^(x‘^(Y),s)}}}  dX^- 

h,r  '^1  h,iK 


3Bgr.c^(Y,s)' 


j  2  '‘(X,s)  ‘(Y, 


3B. 


s)'  **^8 


dX 


3B 


36^.-.c’(Y.s)- 


^  •|rjj{x';^(x’hY),s)}-rY{x?^(x;hY),s)}!  dx,g 


38^nc’(Y,s)' 
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f  "■It  \ 

—  ^  {k-5“+  6}+  k,*6l"  sup  (3B  )  , 

where  kj  is  the  coefficient  appearing  in  (25).  Since  6^6°,  it 
is  clear  from  (49)  that  Ij^  satisfies  an  inequality  of  the  desired 
form,  with  X(l)  ■a. 


12^  Proceeding  initially  as  for  we 


find 


^2^ 


C^(Y,s)rc2j(Y,s)' 


{  2  ^X,i'  2  ’"y.iKb, 


f  1  I  i  I  /Ir03  ,.03 

J  2  •’^Y,i"’3Bj’^l^(X,s)’^(Y,s) 

«N  *«»  S 


C^(Y,s)nc^^(Y,s)’ 
.c  .^-1 


+lrjj{x^^(x“-^(Y),s)}-rY{x®^(x‘^(Y),s)}l}  dx^g  . 


Use  of  (27)  and  (48)  in  the  first  integral,  and  (25),  (41),  and 
(1.2.37.7)  in  the  second  produces 

f  86 


'2^ 


J  ^3  *^^36^ 

c2(Y,s)nc|.(Y,s)'  ^ 


c2(Y,s)nc^g(Y,s)’ 


J.2  ’Vy  ({'^l'^  ■*■^2  r.y}'*''^5  r^} 


(49) 
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^^^3^  3  *^^36 

C^(Y.s).-:C^^(Y.s); 


+8k ,  6 
4 


—  dX, 


^3-5  “"3Sg 
C®(Y.s)nc^^(Y.s)'  ^ 


(50) 


dX, 


2-a„  “''3B 

a  %  r  ^  ® 

cJ(Y,s)nc°^(Y,s)’  ’^Y 


+aj^(k2+k^)6 


c’CY.sjnc’jW.s)'  'y 


5^ 


note  that,  from  [1.2.37.111.3,4], 


depends  only  on  M  and  K,  -t.e. ,  is  independent  of  the  s,  Y,  and 
X  chosen  as  specified,  because  uniformly  Lyapunov. 

Using  (26),  for  each  Z  €  aS^'^C^gCY.s)  ’ , 


rx(Z)  1  j  rY(Z) , 


so 


3  ^X  ‘*^3B  - 

C^(Y,s)nc^^(Y,s)' 


^  ‘'^38 

C^(Y,s)nc2^(Y,s)’ 


shoving  that  we  can  estimate  the  integral  in  the  first  term  on  the 
right  in  (50)  by  estimating  the  integral  in  the  second  term.  Now 
suppose  that  a  €  (0,1]:  then 


I 


-84- 


dX,, 


^  r» 

-Qt  ob 

C^(Y,s)nc“^(Y,s)’  ^ 


<  <5 


dX, 


a  a  (rv°^v^  ® 

C"(Y,s)nc“^(Y,s)'  ^  ^ 


j  .  -1.3-a  ^^  2 

a  ^  a  (r„on  Oh  ) 

h^(q(Y,s)<"C2^(Y,s)’) 


.  .  (r„ov 

3(YonY(C“(Y,s)nc“.(Y,s)’)  ^ 


1 _  Tu-1  ^• 


(52) 


Bj(0)nB2j(0)*  ^ 


-  f  ■^VS' 

2  ^  2  I«‘l2 

B^(0)nB2^(0) 


-  23/^6 


r  1 


.2-a 


dC 


->3/2  ,  , 

,  6{(26)  -d  }  < 

i-a 

o3/2 

2  IT  ,a 

1-0  ^  ’ 

if 

O  e  (0,1), 

->3/2  ,  ,  d 

2  u*6  in  ,  if 

0*1. 

In  connection  with  the  case  a  ■  1  In  (52) ,  since  lim  in  ^  - 

;  -  0 

0  for  any  positive  X,  there  exists,  for  each  X  >  0,  an  >  0 
such  that  5^*  in  ^  ^  M’  for  0  <  t  <  d/2.  Consequently,  choosing 
any  a  6  (0,1),  we  have 
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6  In  -srr  “6*6  £n  -st-  <  M'  5  . 
26  26  —  1-a 


(53) 


Following  the  reasoning  employed  In  deriving  (52) , 

1 


dX. 


2-ajj  - 

c2(Y,s)nC2g(Y,s)’  ’^Y 


<  2^^^it6“ 


26 


1  •Cl 

r  K 


dC 


,3/2^/k  - 

<  2 - ZA-  6“. 

-  a.. 


(54) 


From  (50),  in  view  of  the  inequalities  (51)-(54),  it  is  evident  that 
I2  satisfies  an  estimate  of  the  required  form.  Note  that  0  <  >. (2)  < 
1,  even  if  »  a  *  1,  because  of  (52)  and  (53). 

First,  since  C2g(Y,s)  C  C^(Y,s)  C  (Y)  (because  d  e 

K 

(0,  (7/9)dj^) ;  cf.,  [IV.lS.c]),  we  may  use  (8)  to  conclude  that 

1  ^  ^  11  1 
rJTzT  "  rj^(z)  *  ^  '  7^[(ri^U)T  ^  ^  '  i^Oi^Tzrr 


(55) 


for  each  Z  €  C2g(Y,s)n{Y} ' , 


The  second  inequality  following  from  the  obvious  fact  that  rjj(nY(Z))  > 

r„(Il„(Z))  for  Z  €  38  hBj  (Y).  Another  application  of  (8),  with  X 
Y  Y  s  dj^ 

replaced  by  Y,  gives 


for  each 


1C 

Z  €  C25(Y,s)n{Y}’. 


(56) 


^Note  that  the  second  of  these  inclusions  has  already  been  used  tacitly 
in  justifying  the  computations  in  (52)  and  (54). 


obtaining 
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ajj(k3+k^) 


r 


d>.. 


2-(d-ta^)  “"3B 

^  *  K  S 

C2^(y.s) 


_<  ^(k3+k^)-2 


(3/2)+d+c«^ 


1  /-^K 

g  • 


a-hx 


(5J 


I3 :  We  begin  by  splitting  the  integral  in  (17)  into  three  terms: 


^5^ 


{  {  2  '^X,±~  2  ^Y.iK 


,03 


3S_  (X,s) 


38oc5(Y,s)'  ^ 

s  a 


2  'Y,i''3B^^^  (X,s)"^(Y,s)^ 
a  ’^v  ® 

3Snc®(Y,s)'  ^ 

s  d 


^2  'l,l'’3S^’’^(Y.s)  ■**(X,s)°’‘s  ■*(Y,5)°*s  * 

3S^ncJ(Y,s)'  ^ 

s  d 


•Jx'^dA 


38, 


Using  (27),  and  observing  that  r^(Z)  ^  d,  Ir^  ^  ^ 

a  ® 

for  each  Z  €  3B  ncUY.s)', 
s  d 


-88- 


T  8M  . 
a 


3B  nc°(Y.s)‘ 

s  a 


1_ 

.2 


38  nc^(Y,s)' 
s  a 


7  f  inx.s) 

38  r'c5(Y,s)’ 

s  a 


From  [I.2.17.V],  we  have 


JX“^(Z)  -  {JX-(X:^(Z))}‘^  -  {JX(x:^(Z),i)}"\ 

9  9  S  S 


for  each  (Z,s)  €  3B. 


Since  JX  Is  continuous  and  positive  on  3Rx]R,  while  3R*K  is 
compact,  there  exist  positive  numbers  and  such  that 

£  jx(p,c)  ^  for  each  (P,^)  €  3RxK. 


Thus,  from  (60)  and  (61), 


(M^)-^  <  Jx:^Z)  <  (m^)-\ 

J  ®  J 


for  each  (Z,s)  ^ {3B^x{i;}}. 


Now,  set 


I 
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max  {|<>^j^^.^ox:^(Z)-Jx:^(Z)l  s  €  K,  Z  €  BE^, 


dist  (X.3S-)  <  d/2}, 
s  — 


and  observe  that,  by  (iii),  since  6  <  dj,  <  n^,,  we  have 

g 

l*(X,s)°^s^^^^"‘^(Y,s)°’^s^^^^l  -'"l^  ^  for  each  Z  €  38^ ,  (64) 

where  ic^  >  0  and  ^  (0*1]  depend  upon  only  <}> ,  K,  and  M. 

With  (41),  (62),  (63),  and  (64),  inequality  (59)  leads  to 

5  —  (}>  4i  ^2  i}(  ()i  1  d 

M  ®ll 

+  -y  y  ’<,5  >  •  max  x  j,  OB  ) , 

d^mj  ^  i  C  6  K  ^ 

with  which  it  is  clear  that  can  be  estimated  in  the  required  manner. 

1^:  Decomposing  the  Integral  in  (18)  just  as  we  did  that  in  (17), 


C^(Y,s>^C^^(Y,s) ’ 


/!_  I  1 

1  2  ’^X,!'  2  ’^Y,ij'^3i 

*  V 


3Bgl  '  (X,s) 


^  V 

C^(Y,s)nc^^(Y,s)’  ^ 


.  i  I  ir03  -03 
2  '’^Y,i''3B  '  *l^(X,s)“^(Y,i 
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^  1  ,  i  I 

C^(Y,s)nc^^(Y,s)’  ^ 


r°^  1 

'  (Y,s) 


I/Y  d>. 

(X,s)  s  ^(Y,s)  s  '  s 


38 


(65) 


<  8M5 


C^(Y.s)rC2^(Y.s)'  ^ 


C^(Y.s).'iC2g(Y,s)’  ’^Y 


+ajjM*  (m.  6 


{-i^S  I;} " 


38. 


dX. 


cJ(Y,s)nc“g(Y,s)’  ’^Y 


2-a„  “"38  ’ 

K  S 


the  second  inequality  holding  in  view  of  (27),  (1.2.37.7),  (41),  (62), 

(64),  and  the  definitions  of  M,  M^,  and  1^.  Now,  according  to 

9  9 

hypothesis  (ii),  there  exist  A  >  0  and  a  €  (0,1],  depending  only 
on  K  and  M,  such  that 


|Jx(P2,i;)-jx(p^,?)l  <  AIP2-PJ3 
whenever  Pj^,P2  €  3R,  and  ;  € 


K. 


(66) 


Combining  (60),  (61),  (66),  and  (45), 

|JX*^(Z)-JX~^Y)|  <  (ni^)'^|Jx(x"^(Z),s)-jx(x‘^(Y),s)| 
1  (n.^)’^A.|x;^(Z)-X;\Y)|“ 
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Upon  referring  to  the  computations  (52),  (53),  and  (54),  we  can 
conclude  from  (70)  that  Ig  satisfies  an  inequality  of  the  desired 
form. 


The  analysis  here  can  be  carried  out  using  estimates  already 
prepared:  by  (69),  with  X  ■  X, 

I,  iM  (  ij 

.  I  {ki  ^  r^2.k ' 

C^,(Y,s)  ^ 


where  the  positive  numbers  k^,  k^j  and  k^  depend  upon  only  l>, 
K,  and  M.  Recalling  (55)  and  (56),  we  can  write  further 


Upon  referring  to  the  calculation  performed  in  (57),  for  each  a  G 
(0,1]  we  have 


cjja.s) 


(r^on^) 


(3/2)+a 

y-  dX_  <  ^ ^  6“. 
2-a  3B  —  a 


In  view  of  (72),  it  follows  from  (71)  that  Ij  possesses  an  estimate 


of  the  required  form. 
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Igt  Since  (69)  is  valid  with  X  »  Y,  it  is  easy  to  see  that 


from  which  the  desired  result  for  Ig  follows,  with  (72)  and  the 
inequality  r“^(Z)  £r"^(nY(Z)),  holding  for  Z  £  (Y,s)n{Y} ’ . 

The  proof  of  the  first  assertion  of  the  theorem,  -i.z. ,  that 
accompanying  (3),  is  now  complete.  The  second  assertion,  concerning 
(4),  is  an  obvious  consequence  of  the  first. 


Now,  suppose  that  u:  31B  -*■  K  is  locally  Holder  continuous, 
as  specified  in  hypothesis  (iv):  we  wish  to  show  that  statement  (iii) 
is  true  when  either  “  AJ{u}.  Recall  that,  from 

(IV. 14. 33)  and  (IV, 14. 46), 


{{l-|(X?4](^,s)OX;^Z)l2)v^Z,s)+{v-^Z,s).[x^^](X,s)OX;^(Z)} 


l^’4J(X,s)°^s  .c  .c  . 


and 
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for  each  (Z',s)  e  SB,  X  £  IR  , 

where  S  *  yX*.  We  shall  give  the  proof  for  it  will  be  clear 

that  the  proof  for  Aj^{u}  requires  no  essential  modification.  Then, 
let  K  C 1R  be  compact;  once  again,  it  suffices  to  suppose  that 
K  ■  a  compact  interval.  Choose  n  >  0,  and  set 


c-c*  ( 


n+  max  diam  S 
C  e  K  ^ 


By  hypothesis  (ii),  3RxK  and  Jx|  3RxK  are  Holder  continuous. 

Moreover,  X*j  3R'<K  is  Lipschitz  continuous  (since  X*  £  C^(5R*]RiR^)) , 
while  ul  X*(3RxH)  is  Holder  continuous,  so  pj  3R><K  ■ 

(yoX*) I  3R*k  is  Holder  continuous.  Thus,  there  exist  positive 
k',  k",  and  k'",  and  6',  6",  and  B'"  €  (0,1]  such  that 

|x?4^(P2.S2)-X?4(Pi,Si)|3  ^  I4  ,  (75) 


13x(P2,S2)-JX(P^,S3)|  1  k"1(P2.S2^-(Pi.Si)!®  • 

lS(P2.S2)-°(P2.S2)l  l-c’"l(P2.S2^‘^^l*®l^ir"' 


whenever  ^1*^2  ^  ^ 


4 
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where  k",  6',  and  6"  depend  only  on  n,  and  M,  while 

ic and  6'"  depend  only  on  y,  n."  K.  and  M.  Using  reasoning 

like  that  of  (29)  and  (30),  it  is  clear  that  t(X  ^(Z);X,s)  <  t„ 

s  —  u 

and  so 


s-t(x“^(Z);X,s)  e  K,  for  s  6  K,  Z  e  3B  , 
s  s 

and  dist  (X.SB^)  <  n. 


(78) 


Consequently,  just  as  (34)  was  derived  from  (31),  we  can  deduce  here 
from  (75)  that 


(X.s) 


(Z)-V 


(Y,s) 


(Z)l3  £ 


S' 


whenever  s  €  K,  Y,Z  e  38  ,  and  X  €  B  (Y) , 

s  n 


(79) 


Now,  since  8  and  Jx  are  bounded  on  SR^K,  c*/c,  and 

^  c*/c,  it  follows  from  (73),  v^ia.  a  trivial  computation,  that 
there  exist  positive  kj^,  k^,  and  k^,  dependent  upon  only 

w,  n<  K,  and  M,  such  that 


- ’'i*  h’'’4^(X,s>°’‘s  ^^^^3 


Y,Z  €  3B  , 
s 


X  e  B^(Y), 


for 


s  6  K 


and 
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whereupon,  in  view  of  (78),  we  can  use  (75),  (76),  (77),  and  (79)  to 
conclude  that 


<  k’<' |t(x‘^(Z);X,s)-t(x"^(Z);Y,s) 1®' 
—  X  s  s 

+k^<"|T(x'^(Z);X,s)-T(X^^(Z);Y,s) I®  ' 
+k^<  "'! t(x“^(Z) ;X,s)-t(x"^(Z) ;Y,s) I ^ 


f  ]  , 

+k^<  0  H  X-Y I  3  +  —  -  — gT, 


k^ic" 


(c-c*)' 


(c-c*)' 


k;<”’  g... 

+ - ttm  |x-y|®  , 

(c-c*)®  ^ 


whenever  s  €  K,  Y,Z  €  aS  ,  and 

s 


From  the  latter  Inequality,  it  is  apparent  that 
the  first  property  required  in  (iii) . 


|X-Y 


8" 

3 


X  e  B^(Y) . 

Aji{p}  possesses 


Observe  next  that  we  can  write,  for  any  choices  of  s  e  K, 

Y  and  Z  €  38  ,  and  X€  B^(Y) , 
s  n 


i  '‘'il '*'4'<X,s)°’'s  *^'"l’'’4'(Y.s)'”‘s  *'''*3 

*'‘2l''(X,,)«>-''(Y,,)<’'>l3 


(80) 
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for  certain  positive  numbers  depending  on  only  p ,  n, 

K,  and  Ai.  Since  t(X  ^(Y);Y,s)  *  0,  it  follows  that 

s 

and  [Jx]/v  ^°X  ^(Y)  ■  Jx(x  ^(Y),s).  Supposing  that  Z,  (IV. 14. 11) 

(Y,s;  s  s 

shows  chat 

c  i 

for  some  t^  depending  on  s,  X,  and  2,  and  lying  in  the  interval 
(s-t(x“^(2);X,s),s),  so  that  Is-t^j  t  (X  ^(2)  ;X,s)  .  If  we  set 
Cq  :■  s  for  X  ■  2,  it  is  clear  that  (82)  remains  valid.  Of  course, 
since  is  uniformly  Lyapunov, 

®ir 

|v(2,s)-v(Y,s)l3  i  aj^l2-Yl3  ,  for  s  €  K,  Y,2  e  36^, 

where  >  0  and  ^  (0»1]*  Also,  the  function  (2,s)  I-*-  X^^(Z) 
is  Llpschitz  continuous  on  X*<3R>‘K) ,  so  that  Inequality  (45)  is 
valid.  Upon  combining  all  of  these  facts  with  (75)-(78),  (81)  leads 
to  Che  estimate 
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£  k^<  '  I  (Xg\z)  ,s-t(xJ^(2)  ;X.s))-(Xg^Y)  ,s)  |  ® 


6' 


+k^{  I  |x7^(x;^(z).4)-x^^(x;^(y).. 

'•1“1 


)!' 


1/2 


+k"aj2-Yl3^ 

+k^K"l(x"^(Z) ,s-t(x"^(Z);X,s))-(X^^(Y),s) I® 

1  1  —1  ft  *  ** 

+k''K"’l(x"^(Z),s-T(X„  (Z);X,s))-(x/(Y),s)l“ 

OS  S  5  H 

2®'^\^K:’{|Xg^(Y)-x"^(Z)|3’+T(x‘^(Z);X,s)^’} 

+3^^^k^ic’{|X~^(Y)-X’^(Z)|®'+T(x'^(Z);X,s)®’} 

+k”aJZ-Y|3^ 

+2®''^\"k"{  I  x'^(Y)-x"^(Z)  !  ®"+T  (X"^(Z)  ;X,s)  ^  } 

H  S  SOS 

+2®"''^^k^<  "'{ I  x“^(Y)-x‘^(Z)  |3"’+t(X^^(Z)  ;X,s)®  } , 

whenever  s  €  K,  Y,Z  S  38  ,  and  X  €  B^(Y) . 

s  n 

Finally,  using  (45)  and  the  inequality  t (X^^(Z)  ;X,s)  ^ 
it  follows  from  (83)  that  aJ^{u}  satisfies  the  second  estimate 
required  in  (iii). 


To  verify  (5)  and  (6),  let  (Y,s)  €  SB,  -t.e.,  let  s  €  IR 

and  Y  €  35  :  then  t (X  ^(Y);Y,s)  ■  0,  so  [X?,],-  =\°X  ^(Y)  * 

S  S  ^  \l fS)  s 

X^4(Xg^(Y),s),  but  also  “  X^^(X^^(Y) ,s) .  Recalling  the 

definition  of  the  normal  velocity  u,  (73)  and  (74)  then  give. 


(83) 
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respectively, 


{{l-lX?^(x;^(Y).s)|^}v^Y,s)+{^;J(Y,s)•X^^(X^^(Y),s)} 


4\ 

s 


•Xt^(Xg-"(Y)  ,s)  }  -“(X^^CY)  ,s)  -JXCX^^CY)  .s)  .JX^^(Y) 


{{l-|X?^(x“^(Y),s) l3}v^(Y,s)+u‘'(Y,s)-x:^(X^"(Y),s)} 


and 


•u(X*(x/(Y)  .s))  -JX  (X/(Y))  -JX/CY) . 
s  s  s  s 


{vJ(Y,s)*xJ^(x"^(Y),s)}-S(x'^(Y),s)-3x(x'^(Y),s).JX“^ 


(Y) 


u'^CY.s)  •u(X*(X'^(Y)  .s))  -JX  (X‘^Y))  -JX'^Y) 
s  s  s  s 


To  obtain  (5)  and  (6)  from  these  equalities,  we  have  but  to  point 

out  that  X*  ^(Y,s)  ■  (X  ^(Y),s),  so  X*(X  ^(Y),s)  *  (Y,s),  and 

s  s 

that  JX^(X"^(Y)).JX'^(Y)  -  1  (cf.,  (60)). 

s  s  s 

Finally,  suppose  that  M  €  ]M(2) :  then  v  6  C^OB;®^),  hence 

is  Lipschitz  continuous  on  any  compact  subset  of  3B.  In  particular, 

whenever  KCR  is  compact,  then  vj  { 3B  x{?}}  is  Lipschitz 

C*=K.  i; 

continuous,  so  certainly  the  collection  {B°}  2-regular 

domains  is  uniformly  Lyapunov  (for  which  we  need  only  know  that 
v(*,c)  is  Holder  continuous  on  3B^,  uniformly  for  c  ^  K) .  Thus, 
hypothesis  (i)  is  satisfied.  To  see  that  (ii)  holds,  let  (R,X)  be 
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a  reference  pair  for  M  with  the  properties  listed  in  [1.3.25]  for 
q  -  2.  Then  X  €  C^( 3Rx]R;]r3)  ^  so  x,^  €  C^ORx]R;]R^)  and  is 
therefore  Lipschitz  continuous  on  3RxK  for  any  compact  K  in  ]R. 
Similarly,  we  shall  be  able  to  conclude  that  JX |  SRxic  is  Lipschitz 
continuous  for  each  such  K  (and  hence  that  (ii)  holds)  by  showing 
that  JX  6  C^ORxR);  we  have  already  noted  the  validity  of  this 
inclusion,  in  [I.3.26.d].  □. 

[IV. 23]  REMARKS.  (a)  Let  us  emphasize  the  implications  of  the 

inclusion  M  €1M(2)  which  were  established  in  the  closing  paragraph 

of  the  proof  of  [IV. 22]:  supposing  this  condition  to  be  fulfilled, 

•  1  3 

we  then  have  v  €  C  (3B;3l  ),  so  that,  for  any  compact  K  C  ]R, 
v|  {38  x{5}}  is  Lipschitz  continuous;  in  particular,  it  is 

obvious  that  {8°}  _  is  a  uniformly  Lyapunov  family.  Moreover, 
letting  (R,X)  denote  a  reference  pair  for  M  as  in  [1.3.25]  with 
q  ■  2,  X,^|  3RxK  and  JX|  3RxK  are  Lipschitz  continuous  whenever 
K  is  compact  in  IR.  These  facts  will  be  used  on  a  number  of  occasions 
in  the  sequel. 

(b)  An  inspection  of  the  proof  of  [IV. 22]  reveals  that  certain 
of  the  conclusions  drawn  there  actually  remain  valid  under  hypotheses 
which  are  somewhat  less  stringent.  For  example,  the  first  assertion 
of  [IV.22]is  true  if  it  is  known  only  that,  for  each  compact  K  C IR, 
JX(*,?)  is  Holder  continuous  on  3R,  uniformly  for  each  ?  e  ]R 
(cf.,  (IV. 22. 66));  we  have  required  the  local  Holder  continuity  of  JX 
on  3Rx]R  in  [IV.22.ii]  as  a  convenient  and  simple  hypothesis  serving 
to  provide  for  the  proofs  of  all  conclusions  of  [IV. 22].  Remarks  of 


a  similar  nature  apply  to  various  upcoming  statements. 

(c)  The  locally  uniform  existence  of  the  limit  (IV. 22. 4)  can 
be  established  if  only  $  £  C(3Rx!R^),  by  a  simple  modification  of  the 
proof  of  [IV. 22].  The  estimate  (IV. 22. 3)  need  not  hold  under  this 
weakened  hypothesis. 


If  a  complete  analysis  of  the  scattering  problem  is  to  be 
carried  out  by  means  of  the  program  being  set  up  here,  it  is  essential 
to  have  available  a  collection  of  results  concerning  the  integral 
operators  pi-*  } } ,  u  H-  and  corresponding  ones 

constructed  from  acting  in  spaces  of  functions 

on  3B.  As  a  first  step  in  this  direction,  v;e  offer  the  following 
result. 


(IV. 24]  THEOREM.  L&t  M  be  a  mction  in  Wd).  Su.v.ccic 
tlicut 


’‘itnongly  tccaZZy  uniicnmlu  Lijapuncv" : 
wheneve-i  ic  c  n  d  compact,  then  v] 
i4  Hbider  continucui,  60  -that  the/ie  exi-it  a^  >  0  and 
€  (0,1],  depending  on  M  and  (pet/iapi)  on  K, 
iJoA  a'hich 


|v(Y2.S2)-v(Yj^,s^) 

idieneveA.  ^ 


3  - 

Y,  €  3B  ,  and  Y.,  €  58  ; 

1  s^  2  S2 


(1) 


lii)  there  exiiti  a  reference  pair  (R,x)  Qcr  M  lehich 
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poi-iei-ici  p'iopcAM.^i  C'^  [1.3.25]  and  li  aX-ic  buck 
that  X,^  tb  localtif  Hcldci  ccntcnucub  on  af^lR, 
t.e..,  ^01  each  corr.pact  ic  c  k,  x,^1  oR^K  Hcidc' 
conttnucui ; 


[lU]  (P,Y,s)v-  -..(P)  l6  a  function  in  C(5Rx3B)  which 

ti  atbo  toccUitij  HVtdei  continuoub  on  3B,  untie wlij 
-in  -Ltb  dR-afigwmcnt,  t.z. ,  whenevzx  K  c  K  i-i  ccir.pact, 
thexc  cxi-it  <  >  0  and  6  6  (0,1],  depending  on 
(ji  and  I  pel  haps]  k,  iot  which 


(2) 


iox  each  P  e  aR,  s^,s2  «  K,  6  38^  ,  and  Y^  e  38^  . 


Then  the  iuneticn  SB -►  K,  comtructed  ixerr  $  and  x  cw 

in  [iv.20],.c4  Lccallij  H'dtdex  continucui  on  31B.*  whenevex  kck  i-b 
compact,  thexe  exiit  >  0  and  €  (0,1],  depending  on  M, 
akid  (pexhap-i)  K,  ■buck  that 


|a'*{0}(Y2,S2)-W*{0}(Y^,s^)|  <  £j.1(Y2,S2)-(Y^,s^)|^ 

whenever  s,  ,s_  £  K,  Y  e  38  ,  and  Y-  e  38  . 

±  ^  XS. 


(3) 


li  it  ib  obbumed,  mexeevex,  that 


(-tv)  whenevex  k  i-b  compact  in  tr,  then  Jx(P,-)|  K 
ib  Hoidex  ccntinuoiLb ,  uniicxjmiij  in  P  6  3R, 


and 
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(f)  u:  oB  -<•  K  -Li  tccxitZu  HcZdCyX  cciitinucLLi  [f.'iiCiicvzr 

ic  -t-i  a  comyact  Subict  R,  then  u|  *■!;;} 

■ci  HeZder  cctttinuou.i ) , 

thm  hypcthc.-i>Zj>  [■LLL]  Zi>  ^uZ^ZlZad  by  tatiiig  c-ct.'i£*t  $  »  ^'‘’‘ 

<f>  «  aJ{u}  (Ci^.,  (IV, 14. 33)  and  (IV, 14. 46)1,  a'ZXh  tliz  nw’tcti  <  and 
B  dayziiding  on  u,  M,  and  (pct/iap4)  K,  w/iencc  u} }  i^nd 

oaz  ZocaZly  HoZdar  ccntZiiuciii  on  3E. 

FZnaZZy,  Z^  M€l-i(2),  then  hypothdiCi  IZI,  [ZZ] ,  and  iZv) 
ate  ^uZiZZZ&d. 

PROOF.  Observe  that  is  indeed  defined  on  cB,  since 

8°  is  a  Lyapunov  domain  for  each  ^  €  ]R,  by  (i).  Choose  a  compact 
interval  K  «  [tj^.t^];  it  suffices  to  prove  the  first  conclusion  of 
the  theorem  for  such  a  compact  set.  According  to  hypothesis  (i), 
vl  {3S^’<{4}}  is  Holder  continuous,  with  coefficient  and 

exponent  a^;  in  particular,  is  a  uniformly  Lyapunov 

family,  for  which  a  set  of  Lyapunov  constants  is  (aj^,aj^,dj^) ,  wherein 
dj^  >  0  and  1/2. 

Now,  to  verify  that  the  first  claim  of  the  theorem  is  correct, 
it  is  enough  to  prove  the  existence  of  >  0  and  ^  (0,1], 
depending  on  only  <t,  M,  and  K,  such  that 

X 

|W*{<fc}(Y2.S2)-Wj{<f}(Y^,s^)|  4^|(Y2,S2)-(Y^,s^)1^ 

whenever  s, ,s_  €  K,  Y  6  ?S  ,  Y  €  35  ,  (4) 

and  I  (Y2,S2)-(Yj^,Sj^)  <  A, 
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for  some  positive  number  A.  For,  once  this  has  been  established, 

the  continuity  of  on  the  compact  set 

i  i, 

follows,  with  which 


|a;*{$}(Y2.S2)-W*{*}(Y^,s^)l 


1(Y2.S2)-(Y^.s^>1^'" 


(V2.S2>-(Yj,Sj)|^- 


whenever  s,  ,s-  €  K,  Y,  €  38  ,  Y,,  6  38  , 

and  !  (Y2.S2^“^^1*®1^  U  1. 


having  written 


Mji  :•  max  } (Y,i)  j  5  S  K,  Y  €  38g}; 

then,  (3)  results,  with  ij,  :«  max 
secure  an  inequality  of  the  form  of  (4),  with 


2mJ// 


K, 


Our  aim  is  to 


A  «  d^/ 4 1 , 

where 


and 

and 


i  {l+(c*)^}^^^. 


To  begin,  fix  any  d  € 
(Y,s)  denote  points  of  u 
Y  €  38 ■) ;  we  write 


id  1~  A 
2  K’  12  °K_ 

,€K 


Throughout,  (Y,s) 
(so  s,s  e  K,  Y  6  36 


Ik 


(5) 
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For,  once  this  has  been  accomplished,  an  inequality  of  the  form  of 
(4)  will  follow  directly.  We  proceed  to  the  estimation  of  the  expres¬ 
sions  given  in  (10)-(17) . 


By  hypothesis  (iii),  we  know  that  there  exist  <  >  0  and 
6  €  (0,1],  depending  upon  only  4i  and  K,  for  which 


(Y 


-s(P)-(ji.  ^(P)|  £<6®,  for  each  PG  dR. 

,s;  tijSj 


(19) 


For  the  continuous  function  (Z,s)  '->•  JX-^(Z)  on  3B,  set 


:■  max  {JX-^(Z) |  s  €  K,  Z  G  • 


Write 


=.  I 


1+ 


*)  2^1  3 


1- 


by  (IV. 14. 59),  is  an  upper  bound  for  the  positive  function  7^^, 

Since  we  clearly  have  rY(Z)  ^  d  if  Z  G  38g^j(Y,s)',  and 


^Y  1  1  2  ^  38^'^{Y)', 


(20) 


(10)  leads,  with  (19),  to  the  inequality 


In  1  ^ 
d 


dX 


SB 


38  nCj(Y,s) ' 

s  a 


<  1-^  max  X^„  (3B-)|i^, 


-  V 


s  G 


(21) 


a  relation  of  the  form  of  (18),  for  j  -  1. 


I2:  Here,  we  shall  first  develop  a  Holder-type  estimate  for 
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^^(1  3B^n{Y>'ri{x.^(Y) } ' ,  which  is 

also  to  be  used  in  the  examination  of  I,;  note  that  if  Z  €  3B 

5  s 

but  Z  #  X-  (Y),  then  X  *(2)  #  Y  (since  X  -  «  X-  ),  so 
ss  ss  ss  ss 

^ (Y  s)°^ss^^^  defined.  By  retracing  the  steps  in  the  derivatic 
of  (IV.  22. 40),  muidtCi  mLLta.ncU.i ,  it  is  routine  to  check  that 

+c||grad  r^(Xg.(Z))  -grad  rY(Z)|2, 

for  each  Z€  38n{Y}’n{x,  (Y)}', 
s  ss 

Cj,  c*,  and  depending  on  only  the  ratio  c*/c,  x,.e.,  on  '! 

We  now  investigate  each  of  the  differences  appearing  on  the  right 
in  (22). 


Define 


*=0  {a^ diamB.}, 


C  I  *  ■* 

Now,  by  (ii)  ,  ^»4l  is  Holder  continuous:  there  exist  A  >  0 

and  a  €  (0,1),  depending  on  only  M  and  K,  with 
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|x?^(P2.S2)-X^^(P^.sp ! 3  1  a! (P2.S2)-(P3,S3) !“ 


for  ®i’®2  ^  ^  ^l’^2  ^ 


(23) 


Whenever  Z  €  36^,  [I.3.16.iv]  allows  us  to  write 

t(X“^(Z);Y,s)  -  |t(x"^(Z);Y,s)-t(x"^(Z);Z,s)| 
s  s  s 

1-^  {lZ-Yi3+c*|s-s|} 

1.-^  {|Z-Y|3+;y-y13+c*|s-s|} 


(24) 


and,  similarly. 


<  - r  {diam  8  +i6} 

—  c-c*  s 


_1 _ / 

<  - 5F  <  max 

U  €  K 


1 

's  ■  4 


diam  8,  +  —  d^^ 


'o- 


,(x;'(Z)iY.s)  U-Vlj  <  t(,, 


so  that  s-t(X  ^(Z);Y,s)  and  s-t(X  ^(Z);Y,s)  lie  in  K.  This 
s  s 

fact,  along  with  (23),  implies  that 


(25) 


I  ^^’4^(Y,s)°’^s  ^^^■^^’4^(Y,s)°^s  ^^^^3 
“  1^^4(%^(Z)  ,i-T(X”^(Z)  ;Y,i))-X^^(X^^(Z)  ,s-t(X^^(Z)  ;Y,s))  | 


4'  s 


1  A-l  (s-s)+(T(X"^(Z);Y,s)-T(x‘^(Z);Y,s))r 

1  A{|s-s!+  ^  {|Y-Y|3+c*|s-s|}}“ 
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- ^  {|Y-Y],+c|s-s|)“  <  - •{“ 

(=-c*)“  ^  -(c-c*)“ 


for  each  Z  €  SB  . 

s 


Suppose  that  Ze  SB^nly} •n{X,^(Y) } ' :  (IV. 14. 11)  gives 


-  - - - i - {X^  (Z)-[X"]('  -(Z))} 

T(x:\x  .(Z));Y,S)  ® 

s  ss 


-  —  {x‘=(x"\z),S)-[x‘=]  -  .  ox"\z)}, 

t(X'\z);Y,s)  ®  ® 


t(X^"(Z) ;Y,s) 


For  brevity,  let  us  temporarily  write  Z  :»  X  (Z) ,  t 

s  s 

t(x"^(Z);Y,s),  and  t t (X"^(Z) ;Y,a) .  Then 
S  V  X  ,  s  ^  s 


(Y,s)  ' 


T  -  -  ^X  (Z  ,s)-X  (Z  ,s-T." 

^(Y,s)  ®  ®  ^ 

-  7^ —  {X<=(z  ,s)-x‘=(Z  S-T  )} 

^(Y.s)  ®  ^  ^  3 


‘^Y,s) 


X?  (Z  ,G)  da  -  - 

®  (Y.s) 


X?^(Zg,a)  d: 


(Y.s) 


(Y.s) 


^X%(Z3'®^(°'1)^Y.s))-X'4(Zs-=-^(-1)^(Y,s))'  3 


0 


<  A-{|i-sl+|T(X~^(Z);Y,i)-T(x‘^(Z);Y,s)|}' 
s  s 


i  A*{|s-s|+  {  |Y-y12+c*|s-s1}}“ 


(c-c*)“ 


^  {|Y-YL+cU-slr  < 


a  A 


(c-c*) 


for  each  Z  €  38  ; 

s 


In  this  computation,  we  have  used  (23)  and  the  obvious  Inclusions 

s+(a-l)T-*  *,  €  K,  s+(o-1)t.„  v  €  K,  for  each  .  a  £  [0,1].  While 
vY,s;  (.1,3) 

originally  derived  under  the  assumption  that  Z  €  3B^^{Y} 'n{X-^(Y) } ' 
(29)  must  hold  for  every  Z  S  36^,  In  view  of  the  continuity  of  V. 


Observe  that 


X^.(Z)-Z|2  -  |X(X“^(Z),s)-X(X”^(Z),s)|,  1  c*|s-s|,  if  Z  e  35, 


Consequently, 


[grad  -grad  rY(Z)|2 


Z-Y 

ry(x35(Z))  "^(2)13 


|^((X^,(Z)-Y)-(Z-Y)}^^ 


,  f  1  1 

lr^(x  -(Z))  -  r,,(: 


1  r4zy  {!Y-Y!3+1x^-(Z)-z|3}+:^-^  •  |rv(X„;;(Z))-r,(Z)  | 


2 


-  t,(z) 


ri./_*\2il/2  ,1*  „|2.|,  i2,l/2  2i5 

■tl+(c  )  }  •{  (Y-Ylj+ls-sl  }  TJz)  » 


Z  €  38  n{Y}’o{X.  (Y)} ' . 
s  ss 


Returning  to  (22),  we  can  state,  with  (26),  (29),  and  (31), 
that  there  exist  >  0  and  k2  >  0,  depending  on  Ai  and  K  alone, 


for  which 


whenever  2  €  38  '"'{Y} 'nCX.  (Y)}'. 

s  ss 


Having  (32),  it  is  easy  to  obtain  for  I2  an  inequality  of  the 
desired  form:  setting 

max  {lq^^^gj(P)l  I  P  €  3R,  (Y,s)  €  { 38^*  { C) } ) 


from  (11)  we  find 


'2  ^7  r«}- 


38  .'X:^(Y,s) ' 
s  d 


<  {k-  max  X^j,  (38-))€  , 
“  ^  s  €  K  "®s  ® 


wherein  k^  depends  upon  only  q,  M,  and  K. 


I^:  To  develop  a  suitable  estimate  for  the  difference  appearing  in  the 
integrand  in  (12),  we  appeal  first  to  hypothesis  (i)  ,  according  to  which 
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'(Y2jS2)-v(Yj^,Sj^)j2  ^  (Y2.S2)~(Y^,S2^)  |  ^ 


whenever  (Y^,s^),  (Y^.s^)  6  {SS^xf;}}, 


(34) 


a„  >  0  and  oiv  ^  (0,1]  dependent  upon  M  and  K  onlv.  Thus, 

K.  N 

recalling  (30), 

“v 

lv(X^,(Z),i)-v(Z,s)|2  <  aj^|(X^.(Z),s)-(Z,s) 

*  ^n^3-(z)-zl3+!s-s!2} 

aj^{  (c*js-sl)  +ls-s|  } 


2 


,  ay/2 

aj,-(l+(c*)^)  ^ 


•  J  s-s  I 


for  each  Z  €  oB  , 
s 


(35) 


kj  depending  only  on  M  and  K. 

% 

Suppose  next  that  Z  €  3B  '^■C-  .(Y,s)',  so  that  rv(Z)  >  2i5, 

S  ^  1 0  1  *— 

or  \6/rY(Z)  £  1/2:  since,  again  using  (30), 


r^(Xs*(Z))-rY(Z)l  ^  | (Y-Y)+(X^^(Z)-Z) 1 ,  1  1 Y-Y j ^+c* | s-s | 


ss 

.Vx2a/2. 


<  (l+(c'')") 


{lY-Y|^+ls-ii^}^'^“ 


(36) 


it  follows  that 


1- 


\5 

r^(.Z)  ~ 


r-(X^.(Z)) 

T^iZ) 


< 


1+ 


1  5 

rY(Z)  ’ 


and  so 
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4-  <  — — -  <  4-  for  each  2  6  35  ,(Y,s)  '  . 

S  41  f 


2  -  r^CZ)  -  2 


(37) 


Now,  whenever  Z  €  38  i^C.CY.s)',  (30),  (37),  and  the  inecualitv 

s  a 

rY(Z)  ^  d  show  that  (note  that  I.  3  ^ 

by  (37)) 

X.,(Z)-Y  I 

‘  I 

3 


ss 


r|(Xs-(Z))  r^(Z) 


^  •  {(X  .(Z)-Y)-(Z-Y)}+ 

J  /  *7  \  SS 

r^(Z) 


1  1 


(X  .(Z)-Y) 


ir^(Xs3(2))  r;; 


r^(Z)r'^=  3 


<  {1Y-Y13+|X^.(Z)-Z|,} 


rY(Z) 


,  1  r„(Z)  rY(Z)  ) 


(38) 


<  •{  |Y-Y|  ,+  lX  -  (Z)-ZL}  1  -r^  {  1Y-Y|  -+c*1s-s:  :• 

V  /  m  \  J  ss  “* 


rY(Z) 


3'  —  3 

^  r^(Z) 


8i  X 


Accounting  for  (35)  and  (38),  we  finally  arrive  at 


^  rc,  ,  lox  .(Z)-  r„  ,.(Z)v'^^  (Z) 


2  ‘Y,k''38j''  35'“^  2,_,  ‘Y,k'‘"''8B. 

s  T^\^/ 


lr„  ,(Z){v*'(X  .(Z),s)-v‘'(Z,s)ll 

rY(Z) 


ffl 


2  ^Y  kr^ss^^^~  2  ‘Y  k' 

r^  Y,lcj  ss  ^2^2) 


r„  ,  (Z)  v‘'(x  .(Z)  .s)  j 


ss 


1-5 -  -IvCX  -(Z),s)-v(Z.s)l, 

r^CZ)  ^ 


-5 — -  {X  -(Z)-Y)-  —  {Z-Y} 

r-(X^.(Z))  ==  r^(Z)  3 


O,  5 

1  ^  6  +  -^  6  ,  for  each  Z  €  3B  nc®(Y,s)  ' 


Direfftly  from  (39),  can  be  estimated  in  the  required 


manner : 


38  nc”(Y,3)’ 

s  a 


1  {k^*  max  Xgg  08-)}*6  , 

i  e  K  °s 

with  dependent  upon  (fi,  M,  and  K  only. 

I^:  Recalling  (19)  and  [I,2.37.1ii.4],  and  manipulating  the  integral 
in  the  usual  manner  (cf.,  (IV. 22. 52)),  from  (13)  we  find 


I4  1 


C^(Y,s)nC2^^(Y,s)  '  ’^Y 


1 


2i6  c 


,  d  ,3/2  --  ^03^^  .B 


the  positive  number  aj^  can  be  found  from  [I. 2. 37 . iii. 4] ,  in  terms  of 

0 

a  .  The  coefficient  of  6  on  the  right  in  (41)  clearly  depends  upon 

Iv 

only  4,  M,  and  K. 
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We  can  ube  here  the  previously  prepared  inequality  (32).  Pro¬ 
ceeding  from  (14), 


I5  1 


Cd(Y,s)nc^^^(Y,s)’  ’'y 

d 


<  M^-a  •2^'^^Tt|k,  - —  •6“+k  6 
-  (^  J  K  i  ^  “k  ^ 


1  ..1  . 


2-a 


2i6  ; 


(42) 


now,  if  Oj^  e  (0,1), 


2-a. 


d; 


1-0. 


2i6  ^ 


K 


3-“a„  1— a„ 

(2i6)  d 


1-a. 


(l-aj^)(2i) 


whereas  Oj^  =  1  implies  that 


d 

r 


2i6  ; 


1  X  ,  d  x“k  /"“k  d  “k 

^dc  .  6  in^  =  6  .6 


with  a'  chosen  in  (0,1),  and  M  ,  >  0  such  that 
K 

C  In  -r— -  <  M  ,  for  each  i;  €  (0 ,  (L./ 4 1 )  . 

2xC  -  -K 

In  either  case,  (42)  leads  to  an  inequality  of  the  required  form 
for  Ij. 

I,:  Now,  we  must  be  especially  careful  in  developing  a  Holder-type 
o 

inequality  for  the  difference  appearing  in  the  integrand  on  the  right 
in  (15).  Suppose  that  Z  €  3S^nc2^^(Y,s)';  (37)  shows  that 


-2  ^Y^^^  ^  i5  >  0.  We  write 
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r|  r^CZ)  °°s  ' 


t-^-^ -  {X^.(Z)-Y*"}v^(X  -(Z),s)-  ~—  (Z^'-Y^v^CZ.s) 

>r|(X  ;(Z))  ""  r^(Z) 

Y  ss  I 


--i~  {{X*^.(Z)-y’^}v*^(X  .(Z),s)-{z'"-y’"}v'^(Z,s)} 

4(Z) 


J-y-i -  .-^|.{X^  (2) 

(r|(X^-(Z))  rJ(Z)J 


-y’^}v’"(X  .(Z),s) 
ss 


1^5^  {(Z^-y’^Xv'^CX  .(Z),i)-v^(Z.s)} 

!r^(Z) 

-K(x’'.(Z)-z’")-(X^-  (Y)-Y^)}v^(X  .(Z),S) 

SS  ss  ss 

+(Y’'-X^(Y)){v‘'(Xg.(Y),s)-vNxg|(Z).S)}-(Y''-Xg-(Y))*v''(Xg.(Y),s)} 

+  -s - - - ((X^-(Z)-y’^)*v’'(X  -(Z),s)}.{rY(Z)-rA(x  -(Z))} 

3/^\  /V  /-rw  SS  ss  IX  SS 


r^(Z)  r^(Z) 

'^Y^’^ss^^^^  rhx  -(Z)) 
Y  ss 


<  -3^—  -{TyCZ)  •  1  v(x  -  (Z)  ,s)-v(Z,s)  1  3+1  (X^- (Z)-Z)-(Xg- (Y)-Y)  1  3 

r^(Z) 

+lY-X^^(Y) 1 3* 1 v(Xg- (Y) ,i)-v(x^- (Z) ,s) | 3+] (X^- (Y)-Y^) •  v>(X^- (Y) ,s) 


+7.  |r^^,^(Xg-(Z))-v’'(Xsg(Z),s)l  •  irY(Z)-rY(Xs-(Z))  1  >. 


having  used  (37).  We  shall  estimate  the  various  expressions  on  the 


right  in  (43). 


Observing  that  xj  3RxK  is  Lipschitz  continuous,  along  with 
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the  map  (Y,s)  I-+  on  {36^«{;)),  we  know  that  there  are 

positive  numbers  a^  and  depending  upon  A!  and  K  alone,  for 

which 


|X(P2,C2)-X(P^,C^)l3  1  a^l (P2,C2)-(P3,C3);^ 

whenever  ^1*^2  ^  ^  ^1’  ^2  ^ 


(44) 


and 


whenever  ^ 

These  produce,  in  combination  with  (34), 

|v(X^.(Y).g)-v(X^.(Z),i)|,  <  a^|x^^(Y)-X^-(Z)|,^ 


3  -  ^ss'‘"'3 

-  aj^|x(x“^(Y),s)-X(x"^Z),s)l3’^ 

iv?ix;'(Y)<(z)r3" 


“k  “k  |_  „|“k 
-  Vl  ®2  •'^■^'3 


for  each  Z  €  8B 


(45) 


(46) 


Next,  from  (23)  and  (45), 


|(X^-(Z)-Z)-(X^.(Y)-V)|3 

-  |{X(x'''(z),s)-X(x‘‘(Z),s))-{X(x‘^(V),i)-X(x'^(Y),s))|, 

S  S  S  S  J 

s 

-  {X,  (x‘^(Z),o)-x,,(x"^(Y),o)}  da! 

J  **  s  *♦  s  1 2 

s 
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-t.e.,  X  .(z)  £  aB.rB;"  (y)  .  Since  {B°}  is  a  unifomly  Lyapunov 
ss  s 

family  with  uniform  constants  (aj^.Uj^.dj^) ,  (50)  allows  us  to  write, 

recalling  [1.2. 37. iii.4] ,  and  using  (37), 


for  each  Z  €  c^(Y,s)nc^^^(Y,s) ’ . 


“k  “k. 


(51) 


Finally,  suppose  that  Y  i  since  (48)  clearly  implies 


3 

that  X  -  (Y)  £  (Y) ,  we  may  reason  as  in  the  derivation  of  (51), 

SS  S  dj,^ 


obtaining,  with  (48), 


(x\(Y)-Y^)-v^(X^*(Y),i) 

SS  SS 


|x^j(Y)-t|3.|r^_k(X..CO).v‘‘(x^.(Y),l) 


<  ,«.a^.r/(X^.(Y)) 

^  a^* \  *6 


(52) 


The  resultant  ineo.uality  is  certainly  true  even  if  Y  •> 


Collecting  up  the  results  (46),  (47),  (48),  (49),  (51),  and 
(52),  and  using  (35)  as  well,  (43)  leads  to  the  inequality 


^  >ox  -(Z)-  r  .  (Z)v  -  (Z) 

^2  Y.k  3B.|  ss  ^2^2)  ^^s 


1  «  n 

£“2 -  *rY(Z)+cA*a2*<5*rY(Z)+aj^aj^  a^  (Z) 


+a^M  .6 


-  ®lf 

•+7.aj^-(3/2)  '^M6-r^'"(Z)} 
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l+ct„ 


1^3 


r^CZ) 


+k 


+k 


^  rY(Z) 


for  each  Z  e  c^(Y,s).'^2^^(Y,s)  '  , 


(53) 


wherein  a'  :«  min  {Oj^.a},  and  the  positive  k^  and  k^  depend 
(with  k3)  upon  M  and  K  alone.  In  turn,  (53)  can  be  used  to 
estimate  1^: 


I,  < 

O  —  h)  J 


I 

k..6  k,5  k,6 

-J - +  -A—  +  -5 _ 

2  3-a'  3 


<■  d 

d 

( 

r3^ 

• 

~  dH  +k, 6 

C  4 

(54) 

^  2i6 

2i6 

The  first  two  terms  within  the  brackets  on  the  right  in  (54)  were 
essentially  examined  during  the  analysis  of  for  the  third  term, 
we  have  simply 


1+a., 


2\f> 


14U 


K  fj_ 

l2i6 


-  tV  <  ^  5 


On  the  basis  of  these  computations,  we  can  assert  that  I,  satisfies  an 

o 

inequality  of  the  required  form  described  at  (18) . 


I^:  To  study  this  term,  it  is  probably  easiest  to  transform  back  to 
an  integral  over  a  subset  of  this  is  easily  effected  v-ca  (7), 
(8),  [1. 2. 26. a],  and  the  fact  that  «>  Indeed, 


^|no 
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J  ^  2  Y,k  oo*  (Y,s)  (Y,s)  s  s  j  ss  ss  | 

a  ®  ® 


Ik  _03  ,  „v“l  Tv“l  ji 

2  ’^Y,k''38-‘^(Y,s)'‘^(Y,s)  ‘  's  *^^38-  (55) 


<  M°W- 

—  <tl  J 


2  l''Y.k''38J  ‘^^38,- 

a  s  s 

X,j(C2,j(Y.s)) 


We  claim  that 


^  SVi'^CY).  ( 

The  second  inclusion  here  follows  from  (6),  of  course.  To  verify 
the  first  inclusion,  let  Z  e  C^^^CY.s):  then  ry(Z)  <  y  TydlyCZ))  < 


‘2i6,  so 


|X^.(Z)-Y|.,  1  |Y-Y|3+!Xg-(Z)-zi3+|z-Y|3 


1  |y-y!3+c*|s-s|+|z-y|3  <  i6+  I  .2i5  <  4i6, 

3 

whence  X  -(Z)  C  38-nB.  x(Y).  We  can  therefore  proceed  further  with 

ss  S  41 0 

the  computation  begun  in  (55),  in  view  of  (56)  and  the  uniform 
Lyapunov  condition  on  {8°}  gir’ 

aS,nB^.,(Y) 


while 


-c.e. ,  a  relation  of  the  form  of  (18)  is  fulfilled  by  Ig. 


As  we  have  pointed  out,  these  computations  effectively 
complete  the  proof  of  the  first  assertion  of  the  theorem,  viz.,  that 
is  locally  Holder  continuous  on  3B. 

Let  us  suppose  now  that  hypotheses  (iv)  and  (v)  are  in  force; 
we  shall  prove  that  (iii)  is  true  when  the  verification 

of  the  corresponding  statement  with  (}>  »  being  quite  similar. 

Recall  from  (IV. 14. 33)  that 


+'vl(X^<P)  .t).  (P) )  •  lx!  J  (W  ) 

_ I  .,5.5x,,. 


for  each  (X,t)eiR^,  peaR. 


It  does  no  harm  to  suppose  that  the  compact  subset  K  C  ]R  is  again 
an  interval  ltj^,t2l,  as  we  shall'.  Set 


cl  - 1-  max  dlam  B- , 

0  c-c*  ~  ^  v  s 

s  €  K 


K  Uj-tQ,  t^]. 


Then,  whenever  P  €  3R,  s  €  ic,  and  Y  G  38- , 
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T(P;Y,s)  -  |T(P;Y,i)-T(P;X-(P),i)  I  1  —  •iX-(P)-YL 

a  C“C  S 


<  - X  diam  8,  <  t*. 

—  c-c*  s  —  0 


This  shows  that 


s-t(P;Y,s)  G  K  whenever  P  €  8R,  s  €  K,  and  Y  €  38*.  (61) 

Now,  by  (ii) ,  3RxK  is  Hb-lder  continuous;  by  (iv) , 

jxCI’j*)!  K  is  Holder  continuous,  uniformly  in  P  £  3R.  X*  |  SR^ic 
is  Lipschitz  continuous,  while  u]  X*(3RxK)  is  Holder  continuous, 
so  S|  SRxK  »  (uox*) I  is  Holder  continuous.  Thus,  there 

exist  positive  numbers  <2*  '^3»  numbers  6^^,  62, 

and  6^  ^  (0,1]  for  which,  in  particular. 


I  (P » ^2)  ""X » ^  (P  t^l^  i  3  ^  * 

62 

I  Jx(P,S2)-Jx(P,Sj^)  I  ^  <2*  ls2"®ll  * 

6., 

|S(P,S2)-S(P,Sj_)  j  £  <2*  l®2“®ll  ’ 

whenever  P  €  3R  and  S2,S2  ^  K  , 


<1,  <2f  63 >  *nd  62  depending  on  only  M  and  K,  <2 

depending  only  on  u,  W,  and  K.  Certainly,  x|  3RxK  is  Lipschitz 
continuous,  and  (i)  says  that  v|  {38  x{c}}  is  Holder 

continuous,  whence 


jx^  (P)  I  3  1  ^  ^  ®1’®2  ^ 


and 
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“k- 

-(Y2,S2)-v(Y^.s^)l3  <  a^|(Y2,S2)-(Y3,s^)!^'^ 


for  (Y3.S3),  (Y2.S2)  €  {3B^x{;}}, 


ic^  >  0,  aj^  >  0,  and  ^  (0,1]  depending  upon  W  and  K. 


Let  us  also  establish  an  estimate  for  the  expression 

|V^  .  ->(X  (P))-V^  .(X  (P))L,  supposing  that  s  ,s  €  K, 

*2  '^I’^l'^  ^1  ^  ^ 

Y.  €  3B  ,  Y-  G  38  ,  and  P  €  3R,  proceeding  as  in  the  derivation 

i  s ,  ^  s 


of  (29):  temporarily  write  :*  t(P;Y^,S3)  and  T2  :=  t(P,Y2,s^), 
and  suppose  first  that  Y^  ^  X(P,S2)  and  Y2  #  X(P,S2).  From  (IV. 14. 11), 


( X' (P , sp-x' (P ,s (P-.y J ,,p ) ) 

■  i<PiY^,Sj)  **  (P.Sj)-*  (P,Sj-T(P;yj,Sj))) 

®2  ®1 

1  f  C  1  f  c 

^  X?  (P,o)  do  -  ^  X^  (P, 

^2  J  ^  ^1  J 


c)  do  I 


S2-T2 


{X=^(P,S2+(o-1)t2)-X^^(P,s^+(o-1)t3)}  do 


'  f  1  I®1 

^  I  {s2-Sj^)+(t2-Tj^)  (0-1)  I  do 

0 

B 

_<  1s2-S3|  +  [t(P;Y2,S2)-t(P;Y3,Sj^)  ! } 

<  {|Y2-Y^l3+c*:s2-sJ}}^^ 
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(c-c*) 


S,  ^  ^''^2  ^ 

Xv  1 


^  1 

/  *\  1 
(c-c  ) 


1  2  S, 

^  -{l+c  } 


having  appealed  to  (62)  and  the  inclusions  S2+(--1)t2  S  ic, 

Sj^+(0-1)t^  €  K,  for  each  a  €  [0,1].  From  the  continuity  of  V, 
it  is  clear  that  (67)  is  true  even  if  =  X(P,s^),  or  Y2  =  X(P,S2). 


or  both. 


0  ^  2  c 

Now,  u  and  JX  are  bounded  on  SRxK,  while  Ix,^!^  1. 

c*/c  and  Iv^j^  ^  c*/c.  Consequently,  it  is  easy  to  see  from  (59) 

that  there  exist  positive  numbers  kj^,...,k2,  depending  on  u  *  M, 

and  k,  such  that 


■^“iUj’OcYj.s^) <”>13+41  I°'(Y2.S2)"’>-'“>(Y2.S2)<'’)!3 

for  P  G  3R^  s,  ,s_  €  k,  Y,  £  35  ,  and  Y»  €  38  ; 

*  “  X  "  ^2 

noting  (61),  and  using  (62)-(67),  the  latter  expression  is 

6,  “if 

<_  k{-<^-iT(P;Y2,S2)-T(P;Y^,s^)|  +4-3^!  (^32^^^ ’®2^"^^s 

6  /2  3 

+kj - •{1+c^}  ^  •  1  (Y2,S2)-(Yj^,Sj^)  ! 

(c-c*)  1 
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+k^-<2-  |t(P;Y2,S2)-t(P;Yj^,s^)  |  ^+k’ •<  3- i  ^  (P:Y2 .S2) (P;Y^  ,s^)  '  ^.(68) 


while 


t(P;Y2,S2)-t(P;Y^,s^)  I  {  |  Y2-Y  J  3+c*  1 S2-S3  I  } 


<;^^*1(Y2.S2)-(Y^.Si)|,. 


and 


(Xs2(P).S2)-(Xg  (P),Si)l^  =  {|X^  {P)-X^  (P)l3+|s2-S3r} 

1  {1-hJ2}1/2.|^^_3J 


2,1/2 


1  {1+^2j1/2,|(Y2.S2)-(Y^.s^)|^. 


(69) 


(70) 


Upon  combining  (68)-(70),  it  follows  easily  that  $  ■  ‘li^’^^ 
possesses  the  property  demanded  in  hypothesis  (iii). 


Finally,  suppose  that  M  €11(2):  the  proof  of  Theorem  [IV. 22] 
contains  the  reasoning  required  to  show  that  M  fulfills  hypotheses 
(1) ,  (11),  and  (Iv):  cf.,  also.  Remark  [IV. 23. a].  □. 


[IV. 25]  REMARK.  Let  M  be  a  motion  satisfying  the  hypotheses 
of  [IV. 24].  If  (P,Y,s)  H'  (J)^^  s)^^^  merely  continuous  on  3RxE^, 
then  the  proof  of  [IV. 24]  can  easily  be  modified  to  show  that 
is  continuous  on  9B. 

The  facts  to  be  secured  in  the  next  statement  will  be  crucial 
in  the  analysis  of  the  functions  W2^{({i}:  the  first  part  of  this 
statement  will  allow  us  to  define  a  kind  of  "direct  value"  for  such 
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functions,  while  the  second  part  of  the  statement  plays  a  role  which 
is  similar  to  that  performed  by  [1.2.44]  in  the  examination  of  the 
functions 

[IV. 26]  L  E  M  M  A.  Lzt  W  be  a  motion  in  ]M(1) . 


(^)  Suppae  tlwLt,  iJoA  icme  s  6  R,  B°  i^  a  Lijapunov  do¬ 
main,  icitk  Lijapanco  cemtanti  (a,o,d).  Suppo-iz  that 
1(1  e  ]R^  icltk  Ulj  <  1,  Let  ve  58^. 

Then,  n'henzoex  0  <  <  |-  d,  it  (^ctiaci,  that 


^Y.q  Y 


cl  (Y,s)''cJ  (Y,s)' 
2  ^1 


s  s 


l-ii}  Suppose  tiiat  Y.  ti  a  compact  iub^zt  oi  R,  and 

{8^}  -  it  a  aixiio-'mty  Lyapunov  ^artty  oj  demaim,  icct/i 
uni^ow  Lyapunov  comtants 

T  denote  functions  on  u  {dS  x{i;}}  with  vaCuei 
2 

in  ]R  iach  that 


.,d^).  Let  ip  and 


i;(Y,s)l2  1  X*  <  1  w'kenevex  s  e  ic  and  Y  e  38^,  (2) 

white  T  it  bounded,  with 

T^(Y,s)v^(Y,s)  -  0  whenevex  s€  k  and  Ye  38^,  (3) 


i.e.,  T(Y,s)  €  Tjg  (Y)  icx  sCK  and  Y  e  38^. 
s 

15  i(/(Y,s)  ^  0  ^cx  iome  iuch  s  and  Y,  let  0^(Y,s) 
denote  the  angle  in  [O.ir]  ^exmed  by  v(Y,s)  and 
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R(Y.s)  : 


v(Y,s);  li  tlizn  alio  0^(Y,s)  9  {0,^}  and  T(Y,s)  ¥  0, 

Ze.t  G^(Y,s)  dcncte.  thz  angZz  Zn  [O.ti]  idUck  -ci 

^ovrtzd  bij  T(Y,s)  and  tliz  crthcgonal  p-rojzcticn 

iJ;(Y,s)  onto  Tgg  (Y) .  h'-itk  thz^z  notatZcni,  dz^-inz 
s 

R(Y,s)  iox  each  s  €  k  and  Y  e  38  fay 


f  0,  <P(Y,s)  -  0,  T(Y,s)  -  0,  0^  e 

|T(Y,s)|2  cos  0^(Y,s)  •  iv(Y,s)  I  ^  sin  O  (Y,s)  -cos  3  ,  (Y,s) 


„  i- 

{l-|i/;(Y,s)  !2}*{l-!it'(Y,s)  cos^  S^(Y,s)} 


othzAi'.'-UtZ. 


(4) 


Tlizn,  gZvzn  n  >  0  and  A  e  (0,  (7/9)dj^) ,  thz-xz  cx^i  ti 
a  poiZti\.'Z  numbzA  <Q(A,n),  dzpznding  xtio  on  X*,  dj^, 
and  thz  numbcA  sup  {|t(Y,s)L|  s  e  k,  y  6  38  ),  iuch 
that,  w/ienev-e^t  s  e  k,  y  e  38  ,  and  x  e  l'*’(y,s) 

S  V 

[X  e  L"(Y,S)]  icUh  (0  <)  |x-yL  <  n, 


«>"38  '*>56 


Y,s) 


(5) 


-{  (tjRCY.s)} 


1  KqCi,’^)  •  i'x-yI^, 


40  that,  uni^cAfliZij  jjo-t  (Y,s)  ^  u  {38  ><{;}}, 
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lim 
X  ->■  Y 

X  e  l;I'(y.s) 
[X  e  l;(y,s)] 


qCY.s) 


oHy-T^CY.s) 


(6) 


'k 


W^ir,  dX 


4 


.  33 

S  S 


[-]R(Y,S) 


J(t  (R,x)  ^  a  xz^eAdncz  paiA  {^ox  W  a-i  -cn  [1.3.25],  tkoAZ 

’4  s 


Cii^ZAtioiu  axe.  \iatid  when  tj^(Y,s)  -  X^,  (x”^(Y)  ,s)  and, 


^ox  iome  le  {1,2,3},  t'^Cy.s)  -  t^^’cy),  ^cx  (y,~)  e 
u  08  x{5}};  ^ox  tkeie  clwxeei,  it  ^ctCcwi  that 

4 


R(Y,s)  -  j  • 


^  u‘'(Y,s){u‘'(Y,s)v^(Y,s)-xf^(x‘^(Y),s)} 


{l-|X^^(X’^(Y),s)l^}{l-(u‘'(Y,s))^} 


(7) 


iox  each  (Y,s)  e  OB^x{;}}. 


PROOF.  We  begin  by  developing  certain  results  to  be  used  in  the 

proofs  of  both  (i)  and  (ii)  .  We  have  M  €]M(1).  Suppose  that  s  G  ]R 

and  5°  is  a  Lyapunov  domain,  with  constants  (a,a,d).  Choose  Y  € 

38^.  Let  0  ^  ^2  ^  ^  suppose  that  g  is,  say,  continuous 

and  bounded  on  C?  (Y,s)ncII  (Y,s)'  C  Y+T,„  (Y)  (where  (Y.s)  :=  0 

a.  ao  A, 

2  1  s  1 

if  ■  0)  .  According  to  [I.2.37.ii],  we  have 

Jh-^  -  ^^^-^38  h^(38^nB^(Y)), 


so  that 
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cl  (Y,s)ocJ  (Y,s)’ 
^2 


*‘>-4-'sb  '’'>“ss  '^'sb 

S  S  S 


h„{cj  (Y.s)ncJ  (Y,s)’} 


s  s 


(8) 


goJf"’-  dX^. 


bJ  (OrsJ  (0)’ 

A2 


Next»  suppose  that  X€  L^(Y,s),  A  6  (0,(7/9)d),  and  B^(0): 

since  ^ 

s 

r?0K-^(O  -  r?(Y)+rY03f’\b  “ 


(9) 


Further,  assuming  that  C  #  0  in  case  X  ■  Y,  whenever  I;  €  IR"’  we 
can  compute,  using  (9), 


^  **1  ^  c  1 

r  Y  _  ( C )  *  W  *  7  '-  *)  T  /  7  ’  Y 


(?r:\c)-X)V. 


(10) 


^-1  * 
nr  A  /  ^  ' 


,7-1,; 


I  :< 


-Y-(X-Y)  - 

3CY^(b-Y-irj^(Y)Vgg  (Y) ,  where 
s 

-1. 

if 

X  €  L~(Y,s), 

+1, 

if 

X  e  l‘*’(y,s)u{y}, 

(11) 


and  we  know  that  “  A^^(bo),  while  A^v^g  (Y)  ■ 

s 

(3) 

,  and  preserves  inner  products,  equality  (10)  can  be 


rewritten  as 
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<?-q 


’^X,q°^Y  “  2.  .  ,;|2,l/2  W  “  55 

{r^CY^+iCl^}  s 


{r?(Y)  +  U|2}l/2  X  3  ^ 


(12) 


*  r  2,vv  .  );|2,1/2  -ir-(Y).(AY:.)  ; 

{r^{Y)+|5j2} 

^3 

Finally,  recall  that,  whenever  (//  €  E  with  defined 

r^{^}  :=  {(l-|il3)+(tj;^r-^^)^}’^^^  on  ]R^n{x}', 

so  that 


(13) 


where  (  #  0  if  X  *  Y. 

We  now  proceed  to  prove  the  assertions  made. 

(i)  With  notation  as  set  down  in  the  hypotheses,  we  can  use 
(8)  and  (13)  to  write  first 


cl  (Y,s)ncJ  (Y,s)' 

ti 


2  ^Y.q^Y^'*'^  j°^Y’“  '"aB  ‘^^SB 

;_r  *  j  s  s  s 


(14) 


u)‘’-r„  oX~^ 
Y  ,q  1 


dX,. 


2  2  r^0Jc'^{(l-Ul2)+(/.r  ^ 

b;;  (o)rB;^  (o)'  ^  ^  ^  ^ 

^1 


Recall  that  we  required  to  be  a  linear  isometry  taking  v.g  (Y) 


to  ®3  »  to  ^2  to  ®2'*^*  where  {£3^,e2^  is 


.(3) 


(3) 


-136- 


some  selected  orthonormal  basis  for  (Y) .  Clearlv,  we  can  choose 

such  a  basis  for  which  ■  (<;•£,  )ei+(i</*v.  (Y))v  (Y) ,  i.t.  ,  for 

i  1  o6„  30 

S  B 


which 


“  0,  so  that,  for  the  corresponding  Ay*  we 


have 


2  (31 

(Ay'I)  “  (AYiii)«e2  -  (AYii<)*(AYe2)  “  <('•£2  “  0.  Then,  taking  X  =  Y 

and,  successively,  i  ■  ui  and  i  ■  4)  in  (12),  and  using  (9)  with 
X  ■  Y,  (14)  produces 


(Y,s)ncJ  (Y,s)’ 

^2 


—  r  {ij;} 

Y,q  Y 

Y 


(Y)vJj 

s  s  s 


1  C  l2^^^^(AYw)^+^^(AYii))^} 


(0)08;  (0) 
A2 


2  ^  Ul2Hl-j4*l3)+(lcl2^-C^-(AY4')^)"} 


1,2, 3/2 


(15) 


^  {(A^w)^  cos  9  +(AyU))^  sin  6} 

i  p{(l-(4/|^)+((AY'i)^)^  cos^  0}^^^ 


d9dp  ■  0, 


the  latter  equality  holding  because,  as  it  is  easy  to  check, 
2ir  2-n 


h 


sin  0 


J.U  2  ^,3/2 
a+b  cos  9} 


de 


cos  9 


{a+b  cos^ 


dS  »  0, 


(16) 


for  a  >  0  and  b  >  0.  This  completes  the  proof  of  (i) . 

(ii)  Let  n  >  0  and  a€  (0,  (7/9)  dj^) .  Select  first  s  €  K, 
then  YS  38  ,  then  X€  l'^(Y,s)  [X  €  L^(Y,s)],  with  |  X-Y  ]  ^  <  n 
(note  that  X  Y;  in  fact,  X?  C^(Y,s)).  For  brevity,  let  us  write 
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I,(Y.s;X)  :» 


C^(Y.s) 


*'^38  ‘^^as  * 

s  s  s 


(17) 


Then,  again  using  (8)  and  (13), 


I^(Y,s;X) 


1^ 


T'^(Y,s)-r  03f 

X,q  Y 


dX.. 


2  4°jfY^-Ul-k(Y,s)|n+(4-^Y,s)T  ox-1)2}3/2  2 

b;(0)  ^  ^  ^  x,a  Y 

A 


(18) 


Now,  because  T(Y,s)  €  T  (Y) ,  it  is  clear  from  the  properties  of 

OO 

s 


chat 


(AyT(Y,s))^  -  (AYT(Y,s))*e^^^  -  (AyT(Y,s) )• (A^v (Y) ) 

°s 


-  T(Y,s)*v._  (Y)  -  0, 


so,  using  (12), 


,1.:2, 


rx,q05fY^(b*T'’(Y,s)  -  -p-^4j2^Y72  V ^ ^ ^ ‘ 


having  written 


6  IX-Ylg. 

Now,  obviously,  we  may,  and  shall,  suppose  that  T(Y,s)  ^  0, 
for  otherwise,  I^(Y,s;X)  ■  R(Y,s)  ■  0.  Assume  next  that  ii(Y,s)  » 
{i>(Y,s)«v(Y,s)  }v(Y,s)  (which  includes  the  possibility  that  tj;(Y,s)  « 
0) .  Then  AY’i;(Y,s)  -  {il»(Y,s)»v(Y,s) }eg^\  whence,  with  (12), 
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X.q  Y 


•?  ^  ?  W7  {f+l5-aY,-;)*v(Y.s)},  C  e  B  (0) 


Using  the  latter  equality,  (9),  (18),  and  (19),  we  compute 


bJ(0) 

a 

{C^(AyT(Y,s))^+C^(AyT(Y,s))^} 

{6^+Ul2}^^^Ul-|»(Y,s)|3)+  -  3  •{5.4^(Y,s).v(Y,s)}^}^^^ 


J  {(l-li>(Y,s)|3)(5^+p")+(6-iKY,s)*v(Y,s))^}^^^ 


C  n 

{(A^T(Y,s))^  cos  e  +(A^T(Y,s))^  sin  0}  d6  -  0, 


so  that  I^(Y,s;X)  again  vanishes  along  with  R(Y,s) 


Finally,  we  consider  the  case  in  which  ii)(Y,s)  ^ 
{4i(Y,s)»v(Y,s) }v(Y,s)  (and,  of  course,  T(Y,s)  ^  0).  Then,  also, 
4i(Y,s)  ^  0,  and  the  angle  0  (Y,s)  €  [0,tt]  which  is  determined  by 


the  requirement 


T^Y^s-n:''- 


is  neither  0  nor  tt,  so  R(Y,s)  is  to  be  computed  from  the  quotient 
appearing  in  (4).  In  the  latter,  G^(Y,s)  €  [0,:t]  is,  by  hypothesis. 


determined  by  the  condition 


T(Y,8)*Cj^(Y,s) 


“  |T(Y,s~)1 
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where 


e;^(Y,s) 


(22) 


{i^(Y.s)-{;(Y,s)»v(Y,s)}v(Y,s)}/]4-(Y,s)-{ii/(Y.s)*v(Y,s)}v(Y.s)  !  , 


ip(Y,s)-{iJ-(Y,s)«v(Y,s)  }v(Y,s)  being  the  orthogonal  projection  of 

i|;(Y,s)  onto  T,g  (Y) .  Now,  setting 
s 


e2(Y,s)  {v^g  (Y) x£^(Y,s) }  /  (Y,s) x£^(Y, s) | 

=  (Wgg  (Y)xiKY,s)}/  |vgg  (Y)x<J;(Y,s)  1^, 


(23) 


it  is  clear  that  {ej^(Y,s),  £2(Y,s)}  is  an  orthonormal  basis  for 
Tjg  (Y) ,  and  we  shall  suppose,  as  we  may  without  loss,  that 


^^^(Y.s) 


for  i  ■  1  and  2 . 


(24) 


We  can  write 

i;/(Y,s)  -  {'t(Y,s)*\)(Y,s)  }v(Y,s)+{iii(Y,s)-{ip(Y,s)«v(Y,s)  }v(Y,s) } 
-  lii;(Y,s)|2  cos  9^(Y,s)  v(Y,s)+Ii;/(Y,s)-{i/;(Y,s)*v(Y,s) } 
•v(Y,s)  i  2  Gj^(Y,s)  , 


and 

|;|/(Y,s)-{4/(Y.s)*v(Y,s))v(Y,s)|3  -  { |<|;(Y,s)  |  3-{.>(Y.s)*v(Y,s) 

-  |U;(Y,s)  13{1-  cos^  e^(Y,s)}^^"  (25) 

-  |iJ<(Y,s)  I  3  sin  9^(Y,s)  , 


1. 

I 


SI 


v(Y,s)  “  I  ij/ (Y,s)  I  cos  G^(Y,s)  v(Y,s)  +sin  0^(Y,s)  £^(Y,s)}, 


producing 


Ay'KY.s)  -  |iij(Y,s)  1  ^{cos  0^(Y,s)  +sin  0|^(Y,s) 


With  this,  (12)  implies  that 


lo(Y,s)l 


4-‘’(Y,s)r^  -  -  2'~~~2~1~2  cos  £  (Y.s)}, 

{6  +kL> 


for  each  C  ^  • 


Since  T(Y,s)  €  (Y) , 

s 


T(Y,s)  -  {T(Y,s)eCj^(Y,s)}c^(Y,s)+{T(Y,s)ee2(Y,s)}e2(Y,s) 
-  1t(Y,s)  I  ^{cos  0^(Y,s)  Cj^(Y,s)+i^  sin  0^(Y,s) 


with  •  1,  whence 


A^T(Y,s)  -  |T(Y,s)|3{cos  0^(Y,s)  sin  0^(Y,s)  ; 

once  more  using  (12) ,  it  follows  that 

.  ,  !T(Y,a)|  o 

T‘’(Y,s)r^  o^yUa - o - U  cos  0_(Y,s)  +C  i  sin  G  (Y,s)}, 

^  (2 

for  each  C  ^  B?(0) . 

a 


Having  (26)  and  (27),  (18)  becomes 
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.  ,  f  _ sin  e _ 

-2  2  3/2 

%  {a+(3  sin  9  -y)  ]  ' 

-■nil. 

■nil 

.  ,  f  _ Sin  9 _  ,, 

2  2  3/2 

{a+(6  sin  0  +y)  } 

-■nil 

(28)  can  be  rewritten  as 

it/2  L 

I^CY.SiX)  -  (i,  i;-  ITI3  cos  Oi  I 

-■nil  0 

(29) 

- - dcde. 

{(l-lij/|2)(i5^+p^)+|i|'l3(p  sin  sin  9  +6  cos 

The  inner  Integral  in  (29)  can  be  evaluated  in  an  elementary  manner: 
Introducing  the  notation 

-  U(Y,s)l^  sin^ 

li;:(Y,s)  -  ,  with  ^.(YoS)  i  0,  (30) 

l-|i(;(Y,s)  I  2  cos"^  0^(Y,s) 


aQ(9;Y,s)  {l-|o(Y,s)  |  3}{l-liJ>(Y,s)  i  3  sin^  ®^(Y,s)  -cos^  9},  (31) 

6q(9;Y,s)  |ij)(Y,s)|3  sin  0^(Y,s)  -cos  0^(Y,s)  "sin  9,  (32) 

Yq(6;Y,s)  {l-|’i(Y,s)  I3  cos^  0^(Y,s)}{1-ijq(Y,s)  cos^  9},  (33) 


and  once  again  omitting  the  arguments  (Y,s),  the  integrand  in  (29) 
can  be  rearranged  to  give 
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I^(Y,s;X)  -  [+]  -1^  ItJ^  cos  cos^ 

7r/2 

»2  2  3/2 

•  sin  S  ‘(I-Uq  cos  8)  (34) 

-it/2 

^  2 

•  - 2 — - rm 

j  {q.  (0)*6^+(YQ(e)p+6 


Now,  for  a  >  0,  y  >  0,  and  6  €  ]R,  (IV. A. 1)  implies  that 
A 


2  , 
p  do 


{a+(YP+B)^}^^^  Y 


V  ^ 


tn 


(YA+S)4-'/{a4(YA+3)  ) 

6+/{a+6^} 


-ll (vA+B)+26 


/{a+(YA+6)  } 


-  i  ./{a+en 

2,  a 


(35) 


Using  inequality  (2),  it  is  clear  that 


{1-(X*)^}^  1  «0  -  ^ 


(36) 


and 


2  % 

^  l-ll|<l^  cos^  0 


<  (x*)^ 


(37) 


so  also 


{1-(X*)‘}^  1  Yq  - 


(38) 


Since  6  >  0  and  X*  <  1,  (36)  and  (38)  show  that  we  may  use  (35)  to 
evaluate  the  Inner  Integral  in  (34) ,  producing 
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|T(Y,s)!  3  cos  -^.(Y.s) 


2tt{1-|v(Y,s)1^  cos’  e  (Y.s)}^'^^ 


(39) 


•{l3(Y,s)+l2(Y.s)+l3(Y,X)+i;(Y,s;X)+I^'(Y,s;X): 


wherein 


fT/2 


Il(Y.s) 


2"^^  2 - JTY  {SQ(e)+*''{ciQ(0)+£Q(9)} )  dc  ,  (40) 


-t,/2  ^^‘^0 


l2(Y.s)  := 


„  e.(e)  , 

- ■  - -  —2 -  (5) +2^  (a)’.  (Jc  (■/]■) 

-2  2  .,3/2  a.(e) 

-Tr/2  ^^-"0  ° 


l3(Y,X)  -Hn  5* 


Tr/2 

r 


sin  0 


r,  -2  2  ^,3/2 

.^n 


de , 


(42) 


i;(Y,s;X) 


sin  0  'itn  { (yQ(0)4+SQ(0)6)+/{aQ(0)c  ^+(YQ(0)ii+BQ(6)6)^} } 


(43) 


-n/2 


,,  ,2  2  „,3/2 

{1-Uq  cos  0} 


de, 


and 


tt/2 


sin  0 


i;’(Y,s;X) 


'65(8)  ] 

^  -1  ;,„(e).+3„(9)SH26o(8)« 


,,  -2  2  ^,3/2 

.tt/2  ^^-^0 


/{aQ(e)6^+(YQ(e)4+SQ(e)6)^} 


(44) 


de . 


Obviously,  l3(Y,X)  “  0.  Moreover,  l3(Y,s)  and  l2(Y,s)  can  be 
explicitly  evaluated,  as  follows:  first,  a  short  manipulation  shows 
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and 


l2(Y,s) 


(52) 


sin^  6 


sin^  0^  'cos^  6} 


do 


Now,  if  0^(Y,s)  *  ff/2,  it  is  clear  that  Ij^(Y,s)  “  I^CY.s)  =  0, 
since  then  u^CY.s)  -  0.  Otherwise,  -t.e.,  for  0^(Y,s)  i  Tf/2,  ' 
the  Integrals  appearing  in  (51)  and  (52)  can  be  obtained  from  (IV. A. 22) 
and  (IV. A. 21),  resoectively ,  whence 


Il<V.s) 


"l'"2  j, 

^  4o  ! 


43(1 


3  Id-klj)^^^  ‘'ij 

^  •{4^.U2-(l-kl^3)^^^-(l-ki^)}. 


and 


l2(Y,s) 


(i«hl3) 


^  dUi*U2“d-|4'l3)^^^*y2^ 
‘'a 


43(l-kl3) 


2^  ♦{u^*y2-d-kl3)*4i’42^’ 


so 


^Recall  that  we  have  already  supposed  that  {i|>(Y,s)|.  f  0  and 

%(Y,s)  ^  to,.}. 
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Next,  for  each  6  e  [~-nl2,  ff/2]  and  (Y,s)  €  U  OS  *{;;)).  define 
f^(*;e,Y,s)  and  g^(’;9,Y,s)  on  IR  by 
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f^(P:SiY,s)  :> 


(6^(6;?, i)  ]  ,  ^ 

^0^(6  ;^,s)  “1|Wq(9;Y,s)a+Sq(8  ;Y,s)p}+2:Q(r  ;Y,s); 


{aQ(0;Y,i)pMYQ(e;Y,i)A+BQ(9;Y,s)p}n^^^ 


,  (5*4) 


and 


g^(p;0,Y,s)  In  g^(p;e,Y,i), 

wherein 


(55) 


g^(p;9,Y,i)  { Yq(6 ;Y.s)A+fiQ(e ;Y,i)p } 


(56) 


2  '  -  '-21/2 
+{aQ(e;Y,s)p  +{yq(6;Y,s)A+6q(9;Y,s)p}^}^'^. 

We  are  using  here  the  fact  that  Uq  and  Yq  are  bounded  below  by  the 

A  A 

positive  number  }  (cf.,  (36)  and  (36)),  so  that  the  denom¬ 
inator  in  (54)  and  the  function  are  positive  for  all  values  of  the 

variables  Involved.  Indeed,  simple  reasoning  shows  that  the 
inequalities 


aoP^+(Yo4+SoP)^  >  Oq 


2 

(Oq+Bq)^ 


2,2 

•YqA 


1  {1+(X*)*}~^-{1-(X*)^}®A^  >  0, 


(57) 


and 
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IAp)  >  g. 


J 

L 

pVo^i 

2 

J 

I'i 

“o^^o 

! 

J 

1 

ro'^  2 

1 

f 

'  j 

Yq^- 


“0^®0 


2 


2a  Y 
0  0 

“o'"®o 


(58) 


1  2^1+(X^‘^}"^•{l-(X*)-}'^.A  >  0, 


hold  for  each  p  €  IR  and  all  pertinent  values  of  9,  Y,  and  s 
(which  have  not  been  explicitly  displayed);  in  these  derivations,  we 
have  made  use  of  (36),  (38),  and  the  obvious  bound 

|Sq!  1  (X*)^.  (59) 

Upon  computing  the  derivatives  of  f^  and  (with  respect  to  their 

principal  arguments)  and  recalling  the  positive  n,  we  obtain  the 
estimates 


|f^(o;0,Y,s)[  - 


{aQ0^+(YQ&+6QP)^)^^^ 


1  {1+(X*)^}^-{1-(A*)^}"^^- {2(x*)^dj^+(l+(X*)^)n}- 

-  <^(n,X*.dj^)-  ^  , 


1  (60) 


and 
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g^(p;9,1f,s) 


<  ^  •{1+(X*)^)-{1-(X*)2}"^ 


(61) 


•{(X*)2+{1+(X*)^}-{1-(X*)^}“'^4  {n+(X*)^{d  +(X*)^n}}} 

u  lx 


A 


for  |p|  £  n,  e  ^  [-t^/2,  it/2],  and 


(Y.i)  e  {38^X{;}}. 


having  applied  (36),  (38),  and  (57)-(59). 


We  can  now  derive  an  estimate  of  the  required  form  for  the 
right-hand  side  of  (53).  Recall  that  we  have  Imposed  the  requirement 
6  :»  |x-y|j  <  n.  Upon  referring  to  (31)- (33),  it  is  clear  that 
f^(0;9,Y,s)  -  {3Q(9;Y,s)/aQ(9;Y,s)}-l  and  g^(0;9,Y,s)  - 
in  {2^*Yq(9;Y,s) }  are  even  in  the  variable  9,  so  that,  from  (43) 
and  (44),  applying  the  mean-value  theorem  and  using  (60)  and  (61), 
we  can  write 


|i;(Y,s;X)| 


it/2 


-tt/2 


sin  9 


-2  2 
(I-Uq  cos 


9} 


^  {g^(6;9,Y,s)-g^(0;9,Y,s)}  d? 


^  i*5*  sup  { I g^(o ;e,Y,s) I 
(Y,i)  €  {35^x{U}} 


D  e  [0,n] , 


9  6  [-tt/2,  tt/2]  , 
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<  I*<,(r,,X*,d  )•  -=•  *6, 


(62) 


and 


Tt/2 

i;’(Y,s;X)|  -  I  - ^  {f  (6;e,Y,s)-f  (0;?,Y.s)}  de| 

-W2 


^  I*6*  sup  { i f2(p;9 ,Y,s)  I 
(Y,s)  €  {3B^x{i;}}} 


p  e  [o.ri] ,  9  e  [-w/2,  tt/I]  , 

(63) 


in  which 


il-'l'"'*  .V  "2  •*• 

A 


^/2 


-Tt/2 


sin  6 


{1-(X*)^  cos^  0}^^^ 


de 


(recall  that  Uq  <  (X*)^;  cf.,  (37)).  Combining  (62),  (63),  and  (57), 


'X«> 


Now,  the  latter  inequality  clearly  holds  not  only  in  the  present  case, 
but  also  if  either  T(Y,s)  ■  0  or  tj((Y,s)  -  {ti;(Y,s)#v(Y,s)  }v(Y,s) , 
when,  as  we  have  seen,  I^(Y,s;X)  ■  R(Y,s)  »  0.  Consequently,  the  first 
assertion  of  (ii),  ut:.,  inequality  (5),  has  clearly  been  proven. 

The  existence  of  the  limit  in  (6),  uniformly  for  (Y,s)  € 
follows  directly  from  (5). 
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c  *1 

Finally,  consider  the  choices  iJ/(Y,s)  “  (Y),s)  and, 

for  some  ie  {1,2,3},  T^(Y,s)  »  T^'^(Y)  -  v^(Y,s)v*^(Y,s)-6^‘^,  for 

each  (Y,s)  €  {38^x{c}}:  since 


and 


Tg‘’(Y)v‘’(Y,s)  -  v^(Y,s)-v^(Y,s)  -  0, 


it  is  easy  to  see  that  the  hypotheses  of  (ii)  are  fulfilled  with  these 
selections,  so  (3)  and  (6)  hold,  as  well.  We  wish  to  show  that  R 
is  now  given  by  (7).  Then,  fix  s  6  IR  and  Y  e  38^.  We  assume  first 
that  T(Y,s)  4  0.  In  case  we  have  either  (X^^(Y) ,s)  “0  or 

0|^(Y,s)  €  then 

X®^(Xg^(Y),s)  -  {X®^(X’^(Y),s)#v(Y,s)}v(Y,s) 


u''(Y,s)v(Y,s), 


whence  it  is  clear  that  the  expression  on  the  right  in  (7)  vanishes 
along  with  R(Y,s),  so  the  equality  in  (7)  is  valid  in  these  instances. 
Suppose  next  that  (X~^(Y),s)  ^  0  and  S, (Y,s)  G  (0,n),  which 

4  S  V 


imply  that 


X?^(X'^(Y),s)  ^  u‘'(Y,s)v(Y,s). 


By  (20). 


[v(Y,s)|2  cos  0^(Y,s)  -  X^^(X^^(Y)  ,s)»v(Y,s)  -  u‘^(Y,s), 


(64) 
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and,  by  (21),  (22),  and  (25), 


|t(Y,s) cos  0^(Y,s) 


T(Y,s)»e^(Y,s) 


{v^Y,s)n;'’(Y,s)-<S^‘J}{X^^(X“^(Y),s)-u‘'(Y,s)v‘’(Y,s)} 
|1'(Y,s)-{i//(Y,s)«v(Y,s)  }v(Y,s)  I 


U(Y,s)|3  sin  0^(Y,s)  ^ ^‘'(Y,s)v^Y,s)-u^Y,s)v\y,s) 
.c 

-X^^(x"^(Y),s)+u‘^(Y,s)v^(Y,s)} 


r*n.s)l3  siaO^(Y,s)-  N'(Y.s)v‘(Y.s)-x;'(x;lm.s)) 


(65) 


Upon  using  these  equalities  (64)  and  (65)  in  (4) ,  we  find 


R(Y,s) 


c 

,  u‘^(Y,s){u‘^(Y,s)v^(Y,s)-xi,(x"^(Y),s)} 

—  •  ^  s 

^  {l-|X^^(x‘^(Y).s)|3}{l-(u'^(Y,s))^} 


which,  again,  is  just  (7). 

Finally,  we  must  account  for  the  possibility  that  T(Y,s) 
but,  if  this  should  hold, 

0  -  {v^(Y,s)v‘’(Y,s)-5^‘’}{X^,(x'^(Y),s)-u*^(Y,s)v‘’(Y,s)} 

4  S 
C 

-  {u‘'(Y,s)v^(Y,s)-xf,(x"^(Y),s)), 

4  S 


which  clearly  shows  that  (7)  is  true,  since  R(Y,s)  -  0.  □. 


When  we  attempt  to  define  a  "direct  value"  for  a  function 
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as  in  [IV.15.ii],  we  encounter  a  difficulty,  because  the 
Integral  appearing  in  (IV. 15. 2)  fails  to  exist,  in  general,  for 
(X,t)  S  3B,  even  under  the  conditions  imposed  on  the  motion  and 
in  [IV. 24].  We  find  that  we  must  define  this  direct  value  in  terms  of 
a  "Cauchy  principal-value"  integral.  The  next  statement  provides 
sufficient  conditions  under  which  this  is  permissible. 


[IV. 27]  PROPOSITION.  Lzt  M  bz  a  motion  in  ]M(1). 
Suppose  iuAthc.t  that 


{8°}  ^  -ii  tocattij  uni^O'imti/  Lyapunov:  ahcnevzr 
K  c  ]R  compact,  then  {B°}  t6  unt^cnjnlii 

S 

Lyapunov; 


[tt]  thzAc  CKliti  a  KcizAzncc  pavi  (R,x)  ion.  W  icIUch 

pci^zi-ici  the  pKopetitiei  o^  [1.3.25]  and  ii  aZic  iuch  that 
x,^  and  Jx  a/ie  locaZZy  Holdea  continuca^  on  sRxE: 
M)/:eneveA  K  -is  compact  -in  n,  then  X,^|  and 

Jx|  3RxK  aae  HoldeA  continuous; 


(-cii)  (P,Y,s)  I-*  0,0  -.(?)  -is  a  function  -in  CORxSlB)  uiUch 
(Y,s; 

atso  satisfies  the  ^otioicing  local  HoldeA.  condition: 
wheneven.  K  c  m  is  compact,  the-xe  exist  <  >  o  and 
6€  (0,1],  depending  on  0,  k,  and  M,  aci  ti'hich 


and  Z  €  35- . 

s 


uihcnevcx  s  €  ic 


V  e  SB-, 


(1) 
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Then,  u.'he.nzve.’i  K  c  R  compact,  the  timit 


W*{$}(Y,s)  ^  ^  -T/v  dA.j, 

2i  47t  2  (Y.s)  s  Y.q  (\.s)  s  s  ob 


J  2  (Y.s)  s  "Y.q  ^(Y.s) 

38  ’^Y 

s 


A  -►  0 


L  I 

+  4ii  J  2‘'(Y,s)‘s  Y.q 

38  ncJCY.s)’  ^ 

s  A 


’/•V  dX,„ 

(Y.s)  s  s  38 


cxJj)tj,  uiUQcnjniij  ^ct  (Y.s)  e  ^  {58  x{;}};  in  ^act, 

there  exi.it  a  >  0.  A*  >  0.  attd  x  e  (0.1],  depend¬ 
ing  on  (J),  K,  and  M,  Auc>i  -t/tot 


lW*^{$}(Y,s)-  I;- 


2  '(Y.s)  s  ""Y.q 

•v 


3BrcJ(Y,s)’  ^ 

S  A 


s 


wheneven.  0  <  a  <  a*.  s  e  k,  and  y  e  sB 


AAAtune,  mo-reovex,  that 


Uv)  y:  3B  -*  K  ^  tocatZtj  HoldeA  continuOLui :  a'licnevcA 

R  c  K  i4  compact,  then  y|  u  -  (38, >'{;}}  4i  HcCdex 
centinuoai . 


Then  hypotheiii  [iii]  -ci  ^uZ^ilied  by  taking  $  to  be  A2{u}, 

0^  A2j{y},  aiience  the  anenXictu  made  above  hold  (Jet  any  cj  thae 
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chciczi  <>. 

finally,  i^  M€]M(2),  thzn  M  -iatli^^izi  Azqu-orcntenti  li) 
and  iii] . 
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C^(Y.s)OC^(Y,s)  ' 


—  •T^‘^(Y)r 
Y 


(4) 


T^*^(Y) 

s 


C^{Y,s)nc^(Y,s)’ 


'i^r,,,-VX%(x;^Y).s))loII, 


•"is  f  ‘^^8 

s  s  s 


-fe  L  '«}• 


wherein 


:«  max  -,oxr^(Y)  •  JXr^(Y)  |  s  6  K,  Y  €  36^}, 

tp  V^|S^S  s  s 


(5) 


=• 


^2  (Y,s)  s  ^Y,q 

C^(Y,s)r.c^(Y,s)'  ^ 


(6) 


^2 


1  _03  ,Viq  Viq 

^2  (Y,s;  s  s  Y,q  dbg 

C^(Y,s)nc^(Y,s)’ 


(7) 
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^3  • 


^  —  •T^'’(Y)r 

2  s  Y.q 

r 

C^(Y,sriC®(Y.s)’  ^ 


I 


3B. 


(8) 


^4  =■ 


C^(Y,s)nc^(Y,s)' 


r,,,-Vx?4(x;*m.s)) 

■’^Y 


(9) 


and  we  have  used  the  equality 


C^<Y,s)nc^(Y,s)' 


°n. 


(10) 


(flvJ  d» 

s  s  s 


0, 


which  clearly  follows  from  [IV. 26. i] .  We  now  examine,  in  turn,  I^, 
I^,  and  obtaining  for  each  an  appropriate  estimate  which 

is  uniform  for  (Y,s)  € 


03 


I^:  Let  M  denote  the  upper  bound  for  the  positive  function  F 
which  is  obtained  from  (IV. 14. 59).  Using  (IV. 15. 3),  we  have 

lTi'’(Z)r„  (Z)\  -  lv^(Z,s)v‘’(Z,s)rY  AZ)-v  (Z)  | 

<  lv^(Z,s)I-N'’(Z.s)rY^q(Z)i  +  |rY^^(Z)!  <2,  (11) 


Z  €  3B  '^{Y}'. 
8 


whenever 
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Now,  the  relations  (IV. 22. 45,  60,61,  and  66)  clearly  remain  valid 

^  K 

in  the  present  setting,  the  exponent  a,  Che  bound  m^,  and  the 
positive  coefficients  and  A  depending  only  on  K  and  M. 

Thus,  (IV. 22. 67)  is  also  valid:  there  exists  a  positive  a^^, 
depending  only  on  K  and  M,  such  that 

1JX‘^(Z)-JX~^(Y)1  aj^lZ-Yj®,  for  ZeaB^. 

Using  (1),  (12),  and  (IV. 22. 62), 


<  (mJ)"^.<rY(Z)4Mj.aj^r“(2),  for  Z  £  38^, 

where  <  >  0  and  6  £  (0,1]  depend  only  on  6»  K,  and  M.  Let 

-  A  g 

6  :■  min  {6, a}.  Then,  if  Z  £  3B  and  rv(Z)  <  1,  we  have  rv(Z) 

SI  I 

and  r^(.Z)  each  £  rY(Z),  while  if  rY(Z)  ^  1,  then 

4(Z)  -  {r®(Z)/r®(Z)}rj(Z)  {  max  diam  B  }Tj(Z), 

C  6  K  ^ 

with  a  similar  Inequality  for  r°(Z) .  It  follows  then  from  (13) 
that  there  exists  a  positive  a^,  depending  only  on  it>,  K,  aid 
M,  such  Chat 


for  Z  £  38 
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In  view  of  (11),  (lA),  and  a  calculation  like  that  of  (IV. 22. 52),  we 
obtain  the  estimate 


d\. 


C^(Y,s)nc|(Y,s)' 


:•  1 


-3/2  „  s-lrj  .6, 
2  iTMa2*B  lA  -6  } 


(15) 


^  2^^\Ma2S"^*A®. 


I-:  Using  the  fact  that  (S  }  _  is  uniformly  Lyapunov,  with 
^  b  sfeK. 

Lyapunov  constants  first  that 

|{T^‘l(Z)-T^'^(Y)}r„  (Z)\  -  !{v^(Z,s)v‘’(Z,s)-v^(Y,s)v‘^(Y,s)}r  (Z)  ] 

ssx^q  1,4 


lv^(Z,s){v‘’(Z,s)-v‘’(Y,s)  )r  (Z)\ 

^  >4 

+l{v^(Z,s)-v^(Y,s)}v‘’(Y,s)r„  (Z)  | 

*  >4 


(16) 


Thus, 


_<  2|v(Z,s)-v(Y,s)  1 


<.  2aj^r.y  (Z),  for  ZedBJ^iY}'. 


l2i2Ma^ 


dX. 


C^(Y,s)nCg(Y,s)’  ’^Y 
^  2^^^TrMaj^-a"^{A  *^-6 


2-“k 


-3/2  „  -1  “k 

<  2  TtMaj^'Oj^  ’A 


(17) 
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An  estimation  almost  identical  with  that  carried  out  in  (11)  gives 
|Tj'’(Y)r  (Z)l  ^2  for  Z  e  5B  '-{Y}  ’ .  (18) 

S  I  y  C]  s 

Further,  it  is  an  easy  exercise  to  check  that  the  derivation  of 
(IV. 22. 48),  with  X  ■  Y  in  that  inequality,  can  be  effected  here  as  well, 
since  the  hypotheses  on  M  in  the  present  case  are  the  same  as  those 
imposed  in  [IV. 22].  Thus,  there  exist  a  positive  a^  and  a  £  (0,1], 
dependent  upon  only  K  and  M,  for  which 

Ze58^-'{Y}'.  (19) 

Using  (18)  and  (19)  with  (8), 

I3<2a3  I  1  2^^‘TTa3-r^.4“.  (20) 

C^(Y,s)^.C^(Y,s)’ 

3 

Observe  that,  whenever  C  €  IR  , 

|¥^‘^(Y)4‘i|  -  lv^(Y,s)v'’(Y,s)c'’-C^|  I2.ICI3,  (21) 

so 

1;^  'y.,  <«  •  "y<  .  s) )  <Z) 

Ty  ’  ' 

<  2ll-vJ(Y,s)vJ(Z,s)|-  r„{xf,(x"^(Y),s)}(Z) 

r^iZ)  ^  ^  ® 
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+2lv^(Y,s)v^(Z,s)  I 


•r„{x?,(x"^(Y),s)}(z) 
rJ(Z)  ^  ® 


n  (Z)-Y 

Ty^X.^CXs  (Y),s)}onY{Z) 


TyCHyCZ)) 


(22) 


1  2|l-v^(Y.s)vJ(Z.s)l*  •r„{x^,(x‘^(Y).s)}(Z) 

T^iZ)  ^  ® 

+2*  •lrY{x?^(x“^(Y).s)}(z)-rY{x^Jx‘^Y)-s)}=nY(z); 


r‘(2) 


+2-rY{X?^(Xg^(Y),s)}onY(Z)' 


Z-Y  "y 


T^iz)  r^iT.^iZ)) 


for  each  Z  €  aS  (Y)n{Y}’. 

®  ‘He 


Let  us  examine  the  differences  appearing  in  the  latter  expression. 
First, 


! l-v^(Z,s)v^(Y,s) 1  -  I (v^(Y,s)-v^(Z,s))v^(Y,s) I 


(23) 


^  Iv(Z,s)-v(Y,s)  I  2  ^  aj^rY^(Z) ,  for  ze  35^ 


Next,  since  | xf^ (X^^(Y) ,s) [ ^  ^  c*/c,  an  argument  which  is  quite 
similar  to  that  which  produced  (IV. 22. 24)  results  in 


( r^fx^^Cx'^CY) ,S) } (z)-rY{x^^(xJ^(Y) ,s) }on^(z) | 


Q 

I  {{X^  (x"^(Y) ,s) -r^  , (Z) }  V:i-; X?, (X’^(Y) ,s) 1 1} 


’A'^'s 


Y,i 


4  5 


-{{x!^(xJ^Y),s).r^  /nY(Z))}^+{l-|x?^(x"\Y),s)|J}}'^^^ 


‘Y,e'  Y 


4  S 
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<  3- 


rc*'|2r  ro*'i2i-7/2 


1- 


Igrad  rY(Z)  -grad  rY(nY(Z))|2, 


(24) 


whenever  Z  €  3B  •''Bj  (Y)'^{Y}', 


Meanwhile,  appealing  to  [1.2.37.111.3], 


I  grad  rY(Z)  -grad  r^(n^(Z))l 


nY(z)-Y 


r^(Z)  r^(n^(Z))  3 


rjz)  "  rY(4(2>). 


(nY(2)-Y) 


iTJzT  |Z-nY(2)l3+74^  |r^(Z)-r,(n^(Z))l 


(25) 


i-TpzT  T,  '‘(z)  ■  zv'v  «>• 


for  Z  €  as  (Y)'^{Y}', 

®  ‘He 


where 


^  7  ’V 


49 


,1 

•d+Oj^)  .  Thus,  (24)  and  (25)  give 


I  rY{x^^(x'^(Y) ,s) }(Z)-rY{X?^(x’^(Y) ,s) }c2y(Z) 


1  eij^-  (c*/c)^-{l-(c*/c)^}"^^^-rY‘^(Z) , 


(26) 


for  each  Z  €  aS  (Y)'^{Y}'. 

=  ‘He 


Finally,  again  using  [1.2.37.111.3],  and  also  noting  that 


rv(Z)  « 

<  ^  <  2 


rY(nY(z))  7 


Z  €  SB  (Y)'{Y) ' , 

®  ‘He 


for  each 


(27) 
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which  follows  from  (I. 2. 37. iii. 5] ,  we  obtain  the  estimate 


—  (2-Y)-  i 


r^CZ) 


r^CnYCz)) 


(11^(2) -Y) 


3~ 


r^(Z) 


<  12-15^(2)13 


r^CZ) 


1  f  r  (2)  rhz)  1 


ryCnYCZ))) 


(28) 


Y^^^  (2) 


whenever  2  e  bb  ob;:  (Y)'^{Y}  ' . 

®  ‘St 


Since 


irY{X^^(x"^(Y),s)}l  <  {l-(c*/c)^} 


*/-n2x-3/2  ]rV{y}’ 


(cf.,  (VI. 69. 4)),  (22) ,  (23),  (26),  and  (28)  can  be  combined  to  give 


I4  1  2aj^-{l-(c*/c)^}’^^^.  I 


dX. 


C^(Y,s)nCg(Y,s)’  ^Y 


+12ij^-(c*/c)^-{l-(c*/c)^}"^^^- 


dX., 


C^(Y,s)-C^(Y,s)’  “"y 


2-a..  “  o5^ 

K  S 


+16aj^-{l-(c*/c)^}"^^^- 


(29) 


dX, 


.®K 
<  a^&  , 


C^(Y,s)nc^(Y,s)'  ’^Y 


2-K  ^^s 
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the  positive  coefficient  depending  upon  only  K  and  Ai. 

Collecting  up  our  results  in  (4),  (15),  (17),  (20),  and  (29), 
it  is  clear  that  there  exist  a  >  0  and  X  €  (0,1]  (in  fact  X  >• 
min  {3,ct,a^}  will  do),  depending  on  only  4),  K,  and  M,  such 
that 


4ir 


^2  (Y,s)  s  Y,q  ’^(Y,s)  s  s  38^ 

38ncJ(Y,s)'  ^ 

S  A 


--  f  - 

ccUy.s)’ 

S  Q 


’?v  xOX"^*JX"^  dX 

(Y,s)  s  Y,q  (Y,s)  s  s  oS 


(30) 


<  aA 


whenever  s  €  K,  Y  €  38^,  and  0  <  6  <  A  <  (7/9)dj^. 


By  the  Cauchy  criterion,  it  follows  Immediately  from  (30)  that  the 
limit  indicated  in  (2)  exists  for  each  (Y,s)  €  u  (38  x{c}}. 
Moreover,  choosing  s  €  K,  Ye  35^,  and  A  €  (0,  (7/9)  dj^) ,  we  can 
allow  6  -►  0^  in  (30):  this  produces  the  inequality  (3)  (with 
A*  “  (7/9)dj^) ,  which,  in  turn,  obviously  verifies  that  the  limit  in 
(2)  exists  uniformly  with  respect  to  (Y,s)  e  U  {38, >'{4}}. 


Now,  suppose  that  w :  31B  K  is  locally  Holder  continuous,  in 
the  sense  specified  in  hypothesis  (iv).  Observing  that  hypotheses  (1) 
and  (ii)  here  are  the  same  as  (IV.22.i]  and  [IV.22.ii],  respectively, 
and  noting  the  similarity  in  form  of  the  functions 


considered  here  ((IV. 14. 34,  35,  and  47))  and 


A^{y}  considered  in  [IV. 22]  ((IV. 14. 33  and  46)),  it  should  be  clear 


that  we  can  prove  that  (Hi)  holds  when  4>  is  replaced  by  any  one 


of  A2{u},  A^jj^ly},  or  by  the  same  reasoning  used  to  show 


that  (IV. 22. 2)  is  true  when  (p  is  replaced  there  by  either 


-.1, 


or  A^{u}.  We  omit  the  details. 


Finally,  if  M  €n(2),  it  was  shown  in  the  proof  of  [IV.  22]  that 
M  satisfies  (1)  and  (li);  cf.,  also,  [IV. 23. a].  □. 


The  next  theorem  is,  for  the  functions 


the  counter¬ 


part  of  [IV. 22],  which  concerned  the  functions  That  is,  we 


now  examine  the  limiting  values  of  ( •  ,s)  and  ( • , s) , 


for  s  6  R,  as  their  arguments  approach  a  point  Y  6  sB  along 

s 


L^(Y,s)  and  L^(Y,s),  respectively. 


[IV. 28]  THEOREM.  Let  M  6e  a  mction  in  ]M(1).  Suppcie  jutt/iet 


'hat 


U) 


{8°}  ^  ib  ZocaiZy  uni^o-vniy  Lyapunov:  idicmvzr 


K  i&  compact  in  m,  then  {B°}  -  i&  uni^crmCy 

Lyapunov; 


(ii)  theac  cKciti  a  Ac^eAcnce  pai-t  (>?,  x)  ^dUch 

poaeMCi  the  pfiopeatie^i  ci  [1.3.25]  and  Ci  at^c  inch 
that  x,^  and  Jx  ate  Iccatiy  Holder  ccutcnucui  on 
3R>R:  jjot  each  compact  K  c  r,  x,^(  aRxK  and 
3x1  3R>«K  ate  HoZdex  continuoui; 


(Y,s)  e  x(c}}-  TaaX 

g-cven  e  >  0,  -t/ie/ie  e5tc6'ti  i5q(£)  >  0,  deptncUng 
aCio  on  4i,  K,  and  M,  -iudt  thaX 


uhcn&ven  s  €  k,  Y  e  aB  ,  and 


X€L^(Y,s)  tXeL~(Y,s)]  |x-y|  ^  <  figCe) , 


Aiiume  ^uAtkcA  that 


(^u)  y:  3B  -►  K  -Li  tocaJLLy  Hdtctzn.  conttmous:  ^ca.  eac/i 
compact  k  c  K,  yj  u  -  OB  *{c}}  ts  HoZdax 
coit-ttnuoai.  Than  hypctheAts  (-ceil  -u  ^ut^-LCZzd  tc/icn  ; 
A&plac&d  by  A^lu}, 

( IV.  14. 34,  35,  and  47),  AtipZCtiocZy) ,  io  that  tliz 
coneZuiton  above  hoZdi  ^OA  any  o^  theie  choices  ^oa  s- 
In  this  connection,  we  have 

A2{u}(y^5jOX~^(Y)-Jx^^(Y)  -  {l-lx?^(x'^(Y),s)l3}-y(Y,s),  (6) 

c  c 

-  X^^(x"^(Y),s)-x’j^(x"^(Y),s)*y(Y,s),  (7) 


-  xJ^(X^^(Y),s)-u(Y,s), 
^OA  each  (Y,s)  €  aB. 


finatZy,  ii  M€ii(2),  then  M  4o-tciatCi  Acqiiixemcnts  ft) 
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Oiid  i'U.I . 

PROOF.  We  observe  at  the  outset  that  the  hypotheses  of 
Proposition  [IV. 27]  are  fulfilled  here  by  M  and  <?,  [IV,27.iii] 

clearly  following  from  the  present  hypothesis  (iii).  Thus,  the  limit 
function  3B  K  exists  (locally  uniformly).  We  shall  suppose 

that  the  compact  set  K  C IR  is  an  interval  [tj^,t2],  as  we  can 
without  loss  of  generality.  By  (i),  {B°}  ^  is  uniformly  Lyapunov; 

let  (aj^.Qj^.djj)  be  Lyapunov  constants  for  B°,  for  each  5  e  K. 

As  in  the  proof  of  [IV. 22],  we  shall  suppose  that  the  positive  dj^ 
is  so  small  that  d^^  ^  nj^,  and  there  exists  a  number  ^  (0,1), 
depending  only  upon  a^^, 

\  rjj(I4(2)) 

whenever  s  €  K,  Y  €  dB~ ,  X  6  L  (Y,s),  (9) 

s  V 

and  Z  €  38,nBj  (Y)n{x}' 

®  ‘Sc 

(cf.,  also.  Lemma  [1.2.38]).  Let  A  denote  a  number  such  that 
2A  G  (0,  (7/9)dj^) ;  A  is  to  be  chosen  more  precisely  later.  Through¬ 
out,  we  suppose  that  s  €  k,  Y  €  36^,  and  X  €  L^(Y,s)  [X  S 

L”(Y,s)],  with  Ix-yI^  <  A.  We  begin  with  the  inequalities 
0 

lll'jJl{^}(X,s)-{[tjR^(Y,s)-<>^Y  5)°X"^(Y)-JX"^(Y)-K<,'*.{$}(Y,s)}| 

0 

<  wjJ^{e}(X,s)-{  [-]R^CY,s)-<t>^Y,s)‘’’^8^^^^’^^s^^^^^ 


,  and  d^,  and  such  that 
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4ti 


Att 


K  r„  .vOx'^-Jx"^  d>.. 


^2  ‘Y,q  s  ‘(Y.s)  '*'(Y,s) 

38^0c|^(Y.s)' 


s  oB 


,  ’^Y  ® 


-W*^{0}(Y.s) 


-  471 


I  {7'x.,"s''T?L)-nx.s)«;' 


36,nc”^(Y.s)' 


-7'Y.,^,“'-f?i,)-»(Y.,)«;'}-'’':' 

Y 


dX 


38. 


1  f  1  r03  *  nv“l  Tv’l  ,17 

4ir  J  2  ^X.q^s  *^(X,s)*'’’(X,s)  ‘-^^s  ^^38, 


C®^(Y,s)  * 

-<,tl8‘(Y.,).*(^_^,ox;l(Y).Jx;l(Y)) 


477 


^Bncl^(Y,s)’ 


r^rv  N°x"^*Jx"^  dx.„ 

2  Y,q  s  (Y,s)  (Y,s)  s  s  so 

Ty  s 


,  5 

I  Ij(Y,s,X;A)+Ig(Y,s,X;il)+l7(Y,s,X;A), 


in  which  the  Ij(Y,s,X;A)  ■  Ij  are  given  by 


I 


(10) 
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”>“is  } 

r,,  '  s  s' 


j  1 


36. 


(15) 


^6 


Aw 


c 


2 


onY-Tj‘’(Y) 


(16) 


cl(Y,s)  ^ 


Hb  ''■'■'is  ‘*’96  -!lt)s‘<^.s)) 

s  s  s 


and 


^7  =■ 


Air 


^  Viq  03  ^  .^-1  ,^-l  .. 

— :r  r„  T  •"/„  \*^/u  ‘JX  dX., 

2  Y,q  s  (Y,s)  ^(Y,s)  s  s  3£ 


38^.1C’^(Y,S)'  ’' 


(17) 


-U-*^{0}(Y.s) 


i 


Now,  let  e  >  0.  In  view  of  (10),  in  order  to  prove  the  first 

assertion  of  the  theorem,  it  suffices  to  show  that  there  exist 

numbers  A(e)  and  6(e),  with  2A(e)  €  (0,(7/9)dj^)  and  6(e)  e 

(C,A(e)),  each  independent  of  (Y,s)  e  U  {38  xCc}}  and  XG 

CcK  C 

L^(Y,s)  [X  G  L^(Y,s)],  but  perhaps  depending  upon  some  or  all  of 
1$,  K,  and  M,  as  well  as  r,  such  that 


Ij(Y,s,X;A(e))  <  e  if  |x-Y|^  <  6(e), 
for  each  j  G  {!,... ,7}. 


(18) 


We  shall  carry  this  out  presently. 
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Let  us  sunmarize  various  estimates  which  we  shall  require  in 
the  subsequent  reasoning.  For  the  most  part,  the  derivations  of  these 
inequalities  are  effected  by  proceeding  as  in  the  proof  of  [IV. 22], 
to  which  we  shall  refer  wherever  possible. 
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f, ,  ,  'i»i] 

l< 


8  tI 


1-^? — ^  •|X-YL,  for  each  Z  €  r)cl(Y ,s) ' . 
r^CZ) 


(22) 


Writing 


0  ■  c-c 


max 

h  <  ^  1  t2 


diam  B 


U’ 


and 


K  J*  ^^1~^0*  ^2^’ 

it  is  easy  to  check  that  s-t(x“^(Z) ;X,s)  and  s-t (x“^(Z) ;Y, s)  lie 

s  s 

in  K  whenever  ZS  33  (cf.,  inequalities  (IV. 22. 29)  and  (IV. 22. 30)). 

s 

Now,  by  hypothesis  (ii) ,  xf^j  3RxK  is  Holder  continuous:  there 
exist  A  >  0  and  a  €(0,1]  such  that 

|xf^(P2,i:2)-X?^(P^,i:^)l3  <  Aj(P2,?2)-(Pi,?i)l4 

(23) 

whenever  Pi»^2  ^  ^l’^2  ^ 


Therefore,  just  as  in  (IV. 22. 32), 


(c-c  ) 


X-Y 


(24) 


for  each  Z  €  35  . 

s 

Having  (23),  the  reasoning  used  to  obtain  (IV. 22. 34)  can  be 
carried  through  here,  whence 
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(l+u)(c-c*)“ 


|X-Y|“. 


for  each  Z  6  38  . 


Proceeding  to  examine  .(Z)-r^3  \(Z)|  for  Z  € 

iA,sj  Qi,s; 

38g<^{Y}',  it  is  easy  to  check  that  the  inequality  (IV. 22.40)  remains 
valid,  so  that,  using  (19),  (24),  and  (25),  we  can  assert  that  there 

m 

exist  ^2  >  0  and  >  0,  k2  depending  only  upon  Al  and  K,  k^ 
depending  only  upon  Al,  for  which 


for  each  Z  €  38  n{Y}’. 


Finally,  consider  | (Z)-rjj{X^^(Xg  (Y) ,s) } (Z) | ,  where 
Z  €  38^:  since  (Z,s)  !-♦  xr^(Z)  is  in  C^(3B;R^),  it  is  Lipschitz 
continuous  on  the  compact  subset  X*(3RxK)  of  3B; 


'  3  -  (Z2.S2)-(Z^,s^)  1^, 


whenever  s, ,s-  €  K,  Z,  €  3B  ,  and  Z-  6  3B  , 

^  s  ^ 


with  A  >  0  depending  only  on  K.  Therefore,  in  view  of  (23), 


lX?^(X^^(Z)  ,s)-X^^(X~^(Y)  ,s)  I3  <  a1x"^(Z)-x'^Y)  1“ 


AA- 1z-y1",  for  each  Z  €  38^. 


In  fact,  all  of  the  computations  required  to  prove  (IV. 22. 48)  can  be 
carried  over  to  the  present  setting.  In  particular,  taking  X  ••  X 
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in  (IV, 22. 48),  we  have 


.s)} (z)  \  <  k^|z-x|3+k5|z-Yl“, 
for  each  Z  €  38  , 


(29) 


for  certain  positive  numbers  k^  and  k^,  depending  upon  only  M 
and  K. 

We  return  now  to  the  analysis  of  the  Ij(Y,s,X;A),  for 
j  ■  1,...,7,  developing  various  estimates  prior  to  showing  that  we  can 
produce  A(e)  and  6(e)  with  the  desired  properties. 


From  (11),  we  begin  with  the  estimate 


^1^ 


(Y.s)' 

s  2A 


s 


1 


1-r  } 

2  ’^Y,q  s  ^^(X.s)  ^(Y.s)^ 


38  nc;  (Y,s)’ 
s  ZA 


(30) 


dX-„ 

(X,s)  s  s  3o 


L-  r 

1  ’^Y.q  s  (Y.s) 

38^nc5^(Y,s)- 


(X,s)  s  (Y,s)  s  s  38 


Let 


{l+(c*/c)^}^*{l-(c*/c) } 


then,  by  (IV.  14.59)  ,  we  have  ^  Since  (Z,s)  Jx-^(Z)  is 
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continuous  on  3B,  and  {3S^x{^}}  c  3B  is  compact, 

max  {JxI^CZ)!  (Z.s)  €  {38^x{5}}}  <  =c, 

(P,X,s)  I-*-  ~j(P)  being  continuous  on  3Rxii^,  it  is  clear  that 

(Z,s,X}  ifri-a  s\OX-^(2)  is  continuous  on  3BxR^.  Then 
(X,s;  s 

max  ^  1  |  (Z.s)  «  {3B^x{i;}},  dist  (X,38-)  <  d} 

is  finite,  since,  as  it  is  easy  to  check,  the  set 

{(Z,s,X)|  (Z,s)  €  {38^x{5}},  dist  (X,38-)  d) 

is  compact.  Recall  that 

¥g**(Z)  ■  v^(Z,s) for  each  (Z,s)  e  3B, 
so,  if  C  € 

|«:*^Tg‘’(Z)  I  _<  |c|3+U^|  1  Zjcl^,  whenever  (Z,s)  e  3B.  (31) 

For  example, 

|r^  ^(Z)Tg‘*(Z)  (  ^2  whenever  (Y,s)  e  3B  and  Z€  3Sgr{Y)'.  (32) 

Suppose  that  Z  €  38^'^iC2^(Y,s)  ' :  then  estimate  (22)  is  valid. 

Moreover,  it  is  easy  to  see  that  r„(Z)  >  2L,  since  38  fY)  C 

I  —  s  2A 

C2^(Y,s). 

Using  hypothesis  (ii),  we  know  that  there  exist  >  0  and 
€  (0,1]  such  that 
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whenever  s  €  K,  Y  €  3B-.  Z  €  3B- ,  and  (33) 

s  s 

X  €  L  (Y.5)fV  (Y); 

V 

since  we  demanded  that  d^^  £  the  latter  obviously  holds  if 

X€  L  (Y,i)nB^  (Y). 

‘He 

Upon  using  all  of  these  facts,  along  with  (26),  in  (30),  we 
find  that 


9  J 


38nc5(Y,s)'  * 

s  Za 


||i  -  1  Uiq 

112  x,q  2  Y,qJ  S 


d\ 


3B 


JL  Ij.03  _03  I  .. 

^2  •^(X,s)"Uy,s)I  “Sb^ 


+2M 


,03 


•35 


< 

—  a  J 


16 


(2A)' 


ix-y| 3.1,8  08^) 

S 


+2M 


M 


* 


A'  8  €  K 


(34) 
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where  a'  :*  min  and  depends  upon  only  4>,  A!,  K, 

and  dj^ . 


I.:  Suppose  that  Z  €  38  : 
_2  s 


then 

|r  (Z){v^(Z,s)v‘’(Z,s)-v^(Y.s)v‘’(Y,s)} 

A, 4 


£  |v^(Z,s)v(Z,s)-v^(Y,s)v(Y,s) I3  (35) 

ji  2|v(Z.s)-v(Y.s)  I3  <  Zaj^lZ-Ylj'", 


the  latter  inequality  following,  of  course,  from  the  uniform 


Lyapunov  condition  on  {8°} 


;^c€k- 


Whenever  Z  6  C2^(Y,s)n{Y}  ’ ,  then  Z  €  38gnB^(Y)n{Y}  ’ ,  and 


two  applications  of  (9)  give 


^  1 


rjj(Z)  Yj^  rjj(nY(Z))  Yj^  r^Cn^CZ)) 


(36) 


(it  is  obvious  that  r^Cn^CZ))  >  rY(nY(Z))),  and 


r^(Z)  <-;-r^(n^(Z)) 

iN 


(37) 


Thus,  using  (35) -(37)  in  (12),  and  estimating  the  resultant  integral 
as  in  the  computations  (IV. 22. 52  and  57), 


—  A  J 


98 


4(Y.s)  ^ 


<  2 


1_  “k  .. 
;  2  ’'y 

C2^(Y,s)  ’^X 
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24a 


-  dX. 


2-“k 


2A 


K 


0  ; 


_ „  .“k 


(38) 


the  positive  M,  depending  only  on  if,  M,  and  K. 


Iji  According  to  hypothesis  (lil). 


whenever  s  €  K,  Y  €  38.,  Z  G  38.,  and 

8  S 


(39) 


X  €  L  (Y,i)nB^  (Y), 

where  <2  ^  *^3  ^  \  ^  ®2  ^  (0fl]»  *““*  6  (0,1]  depend 

only  on  M,  and  K.  Further,  by  (il) ,  Jx|  SR^K  is  Holder 
continuous,  so  that  there  exist  A  >  0,  o  G  (0,1],  depending  only  on 
M  and  K  such  that,  in  particular, 

|JX(P2t?)-JX(Pj^,?)  I  1  a|P2-Pj^|3  for  P^,P2  G  aR  and  ;  G  K.  (40) 


Now,  having  (39)  and  (AO)  ,  It  is  a  simple  matter  to  check  that  the 
derivation  of  (IV. 22. 69)  can  be  carried  through  here,  whence  there 
exist  positive  numbers  and  ky,  depending  only  on  41,  M,  and 

K,  for  which 
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“1 /«\ . Tv”l ! 


for  each  2  €  sB  , 
s 


in  which  S'  :■  min  {0,62}*  With  (41),  recalling  (32),  (36),  and 


(37),  (13)  leads  to 


I3  i  2M'' 


1_ 

4(Y,s) 


{kgr^  ^  *^^33 


.03  ^6 


2-63  J  2-B3  *^^63 

\  C2^(Y,s)  <VV 


^7  f 

d«'  ,  1  >8, 

4«.s) 


’  tf  24  k 

3/2  03  *^6  dc  .  *^7  _ds _ 

]  2-6,  2-6,  ^2+6'  r2“6’ 

\  i  ^  K  0^ 


<  M,A“  , 


where  6"  :■  min  {63,8'}  and  M3  depends  only  upon  41,  M,  and  K, 


I^:  Having  prepared  (29),  we  can  write  directly  from  (14),  once  more 
taking  note  of  (36)  and  (37), 


*4  i  f  h 

ir« 


^r^}  dAgg 


4(v.„  * 
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<  ^<^{4  ^41  { 


2-5  ‘*^35 


C2^(Y.s) 


1  v“‘ 


depending,  as  usual,  only  upon  M,  and  K. 

1^:  Here,  we  must  first  develop  an  appropriate  estimate  for  the 
difference  appearing  In  the  Integrand  In  (15).  For  this,  we  employ  a 
variant  of  the  argument  carried  out  In  analyzing  a  similar  difference 
In  the  proof  of  Proposition  [IV. 27]:  as  in  (IV. 27 . 22),  we  find,  for  each 
Z  €  38  ObJ  (Y) , 

X 

■(^  onY(Z)-v4Y,s)v-'’(Z,s)| 

<  2|1-v4y.s)v4z,s)1-  •r„{X^,(x‘^(Y),s)}(Z)  (44) 

r^(Z)  X  « 

+2'  -5^  •lVx?,(x'^(Y),s)}(z)-r  {x?.(x’^(Y),s)}on  (Z)| 
r;(Z)  A  ^  s  X  4  s  I 

A 

r  1  7  Y  n  (Z)-X 

+2-r„{xTi(x‘^Y),s)}on  (z)-  r2 - . 

®  r^(Z)  r^(nY(Z))  3 

Obviously,  (IV. 27. 23)  remains  valid  here: 

|1-v4z,s)v^(Y,s)  I  <  a^r  ^(Z),  for  each  Z  €  38  .  (45) 

We  indicated  that  (IV. 27. 24)  Is  obtained  In  a  manner  quite  similar  to 
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that  producing  (IV. 22.24)  ;  with  no  essential  modification,  we  can 
also  show  that 


rx{x?^(x^^(Y)  ,s)}  (z)-rjj{x^^(x~^(Y)  ,s)}on,^(z)  | 
^kglgrad  r^CZ)  -grad  rx(nY(Z))lg, 


whenever  Z  G  3g  <~B  (Y) , 

having  written  kg  :•  3- (c*/c)^{l-(c*/c)^}  Further,  recalling 

inequality  [I. 2. 37. iii. 3] ,  and  using  (36), 


I  grad  ^^(2)  -grad  rx(ny(2))lg 


2-X  I 

■  tjj(2)  ■  rjj(n^<2))|  3 

■  7^ 


I  - 

^(zTr  *Vy 


Yjj  ry(Ily(Z)) 


®jr  3 

Ty  (ny(Z)),  for  each  Z  e  3B3nB^(Y), 


o  ffiS*  ^  -»1 

where  :■  y  ‘ax*  -(l+ax)  •  Combining  (46)  and  (47), 
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r^t >  (z)  -r^{ (x;^(Y) , s)  }on^(z)  ]  < 


“k 


X'  '4'  s 


for  each  Z  €  38  nB;;  (Y)  . 

®  ‘Sc 


•r^  (nyCZ)), 


Proceeding  as  in  the  derivation  of  (47),  and  using  (9), 

I  Z-X 


nY(z)-x 


Ir^(Z)  r^Cn^CZ)) 


4(Z) 


(z-n^(z))+i 


(-i _ i _ 

^rJ(Z)  r^CnYCZ))-* 


(nY(z)-x) 


Iz-n  (Z)|  •|rY(Z)-ry(n„(Z))| 

rJ(Z)  ^  ^  rJ(Z)  *  ^  ^ 


.{l.- 


r^(Z)  ^  rJ(Z) 


^(n^CZ))  rJ(n^(Z)) 


} 


(2+  i.  +  U.  i _ 1 


K  'K  r^  ‘'(n^CZ)) 


for  each  Z  e  (Y)n{Y}’. 


(48) 


(49) 


Upon  using  (36),  (37),  (45),  (48),  and  (49)  with  (44),  and  observing 
that 


|rjj{xf4(x‘^(Y),s)}|  Ji  Mj,  {l-(c*/c)^}"^^^  on  ]R^^{X} 


(cf.,  (VI. 69. 4)),  the  definition  (15)  leads  to 


HC 
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I  < 

0  —  4)  J 


raj^Mp  2kgaj, 

•r„  +  - 


c2,(Y.s) 


2  Y 


1_  .  “k 

2  *^Y  °^*Y 


+M^ 


2+^  +  ^ 


\  a„ 


2-a 

K  on^ 


y  dx 


38. 


.  f^K^T  ^*^8^  ,f-,  1  ,  1  1 


(50) 


2 -a. 


dX 


38 


cL«-=> 


"on 


VI  A  K 

i  MgA  , 


depending  solely  upon  4),  M,  and  K. 

1^:  Here,  we  can  appeal  to  Lemma  [IV. 26].  It  is  easy  to  check  that 
the  hypotheses  of  [IV. 26.11]  are  fulfilled  In  the  present  setting;  as 
noted,  we  may,  and  shall,  take  ij'CY,  s)  -  xf^(x”^(Y),s)  and  T°(Y.s)- 
^^(Y).  Then,  comparing  (IV. 26. 7)  with  (3),  we  can  assert  that  there 
exists  a  positive  <(£i),  depending  only  on  A,  c*/c,  and  dj., 

■L.t.,  only  on  A,  M,  and  K,  such  that' 

Ig  ^  M^*<(A)*  (X-yIj.  (51) 

1^:  Proposition  [IV. 27]  provides  an  estimate  for  this  term.  Obviously, 
the  present  hypotheses  imply  that  those  of  [IV. 27]  are  fulfilled.  Since 
an  inspection  of  the  proof  of  [IV.  27]  reveals  that  we  may  set 

^In  the  statement  of  [IV.26.ii] ,  we  have  chosen  n  “  A. 


.^D-A141  747  ON  THE  SCATTERING  OF  ELECTROMAGNETIC  WAVES  BY  PERFECTLY 
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UNCLASSIFIED  RADC-TR-84-9'PT-4  F30602-81 -C-0 169  F/G  12/1 
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A*«(7/9)dj^  in  Che  statement  of  that  proposition,  we  can  immediately 
conclude  that  there  exist  a  >  0  and  X  €  (0,1],  depending  only 
on  A),  and  K,  for  which 

Ij  i  aA^.  (52) 

For  emphasis,  we  point  out  that  the  Inequalities  (34),  (38), 
(42),  (43),  (50).  (51),  and  (52),  involving  Ij(Y,s.X;A)  for 
j  ■  1,...,7,  respectively,  are  valid  whenever  2a  €  (0 ,  (7/9)  dj^) , 

(Y,s)  e  and  X€l^(Y,s)  tX€L'(Y,s)]  with 

jx-Yjj  <  A.  Having  these  estlc  tea,  it  is  quite  simple  to  demonstrate 
the  existence  of  A(e)  and  5(e)  with  the  properties  described  at 
(18);  first,  from  (38),  (42),  (43),  (50),  and  (52),  we  can  surely 
find  A(c),  with  2A(c)  €  (0,(7/9)dj^) ,  depending  only  upon  e,  (^, 

M,  and  K,  and  such  chat 

lj(Y,s,X;A(e))  <  e  for  J  -  2, 3, 4, 5,  and  7, 

whenever  (Y,s)  ^ and  (53) 

X€L^(Y,s)  (X€l~(Y,s)],  with  lx-Yl3<A(c). 

Now,  fix  A  ■  A(e)  in  (34)  and  (51).  From  the  two  resultant 
inequalities,  it  is  clear  that  we  can  find  6(e)  €  (0,A(c)),  depend¬ 
ing  only  on  c,  Al,  and  K,  for  which 

Ij(Y,s,X;A(e))  <  c  for  J  ■  1  and  6, 

(Y,s)  e  {3B^x{i;})  and 


whenever 


(54) 
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X  €  L^(Y,s)  tX€L~(Y,s)],  with  |X-Yl3<6(e). 

Because  of  (10) ,  the  first  assertion  of  the  theorem  is  implied  by 
(53)  and  (54)  (obviously,  (53)  holds  if  [X-yI^^  6(e)).  for  we  can 
replace  A  by  A(e)  in  (10). 


Next,  suppose  that  p:  3B  K  is  locally  Holder  continuous, 
as  in  hypothesis  (Iv) .  Because  of  the  similarities  in  form  exhibited 
by  A2{u},  A2j{u}  and  A^^{u},  aJ{u}.  it  is  plain  that 

the  proof  of  the  contention  that  hypothesis  (ill)  is  fulfilled  by 
taking  4i  to  be  any  one  of  the  former  triple  of  functions  differs  in 
no  essential  from  that  of  the  corresponding  claim  in  Theorem  [IV. 22], 
concerning  the  latter  pair  of  functions.  Consequently,  we  shall  omit 
the  details  of  the  proof  of  this  statement. 


To  see  that  (6),  (7),  and  (8)  are  correct,  fix  s  €  IR,  then 
Y  €  38g.  Now,  T(Xg^(Y);Y,s)  -  0,  so  “ 

X®  (x”^(Y),s)  -V®  .(Y).  Thus,  (IV. 14. 34,  35,  and  47)  lead, 

H  S 

respectively,  to 


-  {l-lX=  (X"^(Y) ,s) 1^} •S(X"^(Y) ,s) •jx(x"^(Y) ,s) •Jx"^(Y) 

^  S  J  s  s  s 


-  {l-lX?^(x‘^(Y),s)(3}*u(X*(xJ^(Y),s))-JXg(Xg^(Y))-Jx“^Y), 


X^^(Xg^(Y) ,s) •X*J^(X‘^(Y) ,8) •U(X"^(Y) ,s) •JX(XJ^(Y) ,s) •Jx'^(Y) 
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(Y).s)-X" 


(Y)  ,s)  •li(X*(x'^(Y)  ,s))  -JX^CX’^CY))  -JX^^CY)  , 
s  s  s  s 


and 


{u} 


(Y) 


-  xJ^(X-^(Y),s)-°(X;^(Y),s)-JX(x“^(Y),8)-JX^^(Y) 

C 

-  (X“^(Y) ,s) -V (X*(x“^(Y) ,s)) ‘JX^CX'^CY) ) -Jx'^CY) . 

Since  X*(x“^(Y),s)  •  (Y,s)  (recall  that  X*‘^(Y,s)  -  (x"^(Y),s)), 
s  s 

and  JX^(X^^(Y) ) • JX^^(Y)  ■  1  (cf.,  [I.2.17.1v]) ,  the  latter  three 

equalities  give  (6),  (7),  and  (8),  respectively. 


Finally,  let  M€ii(2):  the  proof  that  M  satisfies 
hypotheses  (i)  and  (ii)  is  contained  in  tIV.22];  cf . ,  also, 
(IV. 23. a].  □. 


Under  hypotheses  on  ^  and  M  of  the  sane  sort  as  those 
already  Imposed  in  Theorem  [IV. 24]  in  order  to  obtain  a  statement  of 
local  Hdlder  continuity  for  on  3B,  we  can  prove  a  similar 

result  for  Unfortunately,  the  verification  is  significantly 

more  Involved. 


[IV. 29]  THEOREM.  Lei  M  be  a  motion  in  11(1).  Suppose 
^uAth&x  that 


U) 


tb  ^tA-ongly  locxitty  uni^onjnty  Lyapunov,  i.z. , 


uihzmvzx  K  c  K  compact, 
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HotdtK  contcnuOLU) ,  4>o  tiuit  thciz  zx^t  >  0 
and  ^  (Ofl],  depending  on  M  and  (pZAhap-i)  K, 
Audi  thcU 


|v(Y2.S2)-v(Y^.Sj)l3  <  a^| (Y2,S2)-(Y3.S3) 


(1) 


whznzvzA  ®j»®2  ^  ^ 


and  Y-  €  38  ; 

2  S- 


(ii)  tkzAZ  zxAJitA  a  A.z^zAzncz  pain.  (R,x)  ({on  M  uikich 

poAAZAAZA  the  pnopeniiei  o^  [1.3.25]  and  is  alio  Audi  that 
X,^  and  Jx  one  locally  HoldzA  continucuA  on  3??xli, 
i.e.,  ^on  Zjach  compact  k  c  r,  x,^1  sRxr  and 
Jxl  aRxic  one  HoldzA  continaouA; 


(iii)  (P,Y,i)  ®  ({unciion  in  CORxsr)  w/iic/i 

oiso  4aii4({ie4  i/ie  ^ollouUng  local  HdldzA-typz 
condltlonA:  whzmvzA  K  Ia  a  compact  AubAzt  o^  R, 
thzAZ  exlit  poAltlvz  numbzAA  <2*  ^3 

numbcti  82^  and  §3  €  (0,1],  depending  on 

^  and  pzxhapA  on  K  and  M,  Auch  that 


(2) 

(3) 


and 
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w 


w/ieneueA  Sj^,S2  ^  K,  €  3S^  ,  e  38^  , 


and  Z  €  dB  . 

®1 


Th&n  the  function  (i/*^{(>};  3B  -►K,  con4>tA.ucted  ^A.om  41  and  x 
04  tn  [IV. 27],^  ZocaJLty  HSZdeA  continuom  on  31B:  uilienei'eA.  K  c  tr 
t6  compact,  thefie  exi^t  ^  0  ^  depending  on 

(P,  M,  and  Ipeahap-i]  K,  Auch  that 

.  X 

(5) 

idteneveA.  Si»s-  €  k,  y,  €  38  ,  and  Y,  €  38  . 

X  ^  X  ^ 

tt  t6  aiiumed,  moaeoveA,  that 


Itv]  u:  3B  -►  K  ^  ZocaZty  HdtdeA  continuous ,  i.e.,  ioA 
each  compact  iubiet  K  OjJ  K,  p|  {38^x{5}} 

is  HdZdeA  continuous, 

then  hypothesis  [iii]  is  ^ul^itZed  by  taking  ■  A^^u),  il>  ■ 

OA  (P  •  A2j{u}  (c^.,  (IV. 14. 34,  35,  and  47)),  whence  W2^{A2{w}}, 

and  t'^^{A2j{u}}  OAe  tocaiZy  HbldeA  continuous  on  3B. 

finaiiy,  i^  A(€k(2),  then  hypotheses  ii)  and  Oil  oAe 
^ui pitied. 


PROOF.  The  present  hypotheses  (i),  (ii) ,  and  (2)  clearly  imply 
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(6) 


that  those  of  Proposition  [IV. 27]  are  satisfied.  In  particular,  it 
follows  that  is  defined  on  3B  by  (IV. 27. 2).  It  is  enough 

to  prove  the  first  assertion  of  the  theorem  for  K  ■  [t^^.t^],  a 
compact  interval,  which  we  shall  do.  By  (1),  we  know  that 

|v(Y2.S2)-v(Y^,s^)|3  <  aj^|  (Y2,S2)-(Y3,S3)  |  ^ 

for  ^  ^  ^2  ^  ^^s  ’ 

1  2 

a^^  >  0  and  ^  (0.1]  depending  on  M  and  K.  Choosing  d^  >  0 
“k 

such  that  *  1/2,  it  is  evident  that  ®  uniformly 

Lyapunov  family  of  domains  in  K  ,  with  uniform  constants  (a^,aj^,d^). 

To  demonstrate  that  Wt.{4i}|  *-^w=v  (35  ><{5}}  is  Holder 

<.1  t 

continuous,  it  suffices  to  choose  a  positive  A  and  show  that  there 
can  be  found  >  0  and  S  (0,1],  depending  on  (]>,  M,  and 
K,  with 

*  h 

|W*^{^}(Y2,S2)-W5j{*}(Yi,S2)|  <  i^|(Y2,82)-(Y2,S2)l^'" 
whenever  Si.s-  €  K,  Y,  €  3B  ,  Y,  e  3B  ,  (7) 

12  1  S3  2  $2 

and  I (Y2,S2)-(Y3,S3) 1^  <  A; 


the  existence  of  an  >  0  with  the  required  properties  and  for  which 
(5)  holds  can  be  subsequently  deduced  easily,  as  in  the  proof  of 
[IV. 24],  Fixing  a  number  d  satisfying 


0  <  d  <  min  ji  dj^,  aj^j. 


(8) 
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we  shall  provide  reasoning  which  leads  to  an  Inequality  of  the  form 
of  (7) ,  with 

l/a„ 

L  ■  min  {1,  (d/6i)  ,  , 


In  which 


{l+(c*)"} 


*^2^1/2 


and  Is  a  positive  number  specified  In  (132),  ^n^AO.. 

the  argument,  (Y,s)  and  (Y,s)  denote  points  of  u 

(so  that  s,s  €  R  Y  £  38  ,  and  Y  £  38.),  we  write 

s  s 


Throughout 

{3B^x{C}} 


6  l(Y,s)-(Y,s)|^, 


and  suppose  that 


0  <  5  <  min  {1,  (d/6\) 


1/a, 


\  Ajj}. 


(10) 


Clearly,  we  have  3\6  ^  3i6  <  d<  (7/9)dj^,  so  C2^g(Y,s)  and 

g 

C^(Y,s)  are  well-defined  subsets  of  36^,  the  former  lying  within 
the  latter. 


Select  and  fix  any  number  n  such  that 

0  <  n  <  x6.  (11) 


Ue  then  begin  by  writing 
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U/*^{<>}(Y 


3B.ric^(Y,s)  ’  ^ 

s  n 


•jx:^  dx_ 
s  30- 
8 


xOX"^*JX~^  dX^„ 
(Y,s)  s  s  3B 


Air 


J.2  ‘’^Y.q^S  '^(Y.s) 

3Bnc®(Y,s)’  ^ 

s  n 

L.  r  T^°-  r°? 

2  '^'Y.q's  ‘'(Y,s) 

33-<''C^(Y,s)  ’ 
s  n 


(12) 


'(Y,s)°’^8^‘^’^s^  ‘^^3B- 


1  ^  viq  03 

2  Y,q  s  (Y,s) 


3B  r^^(Y.s)’ 
s  n 


>/„  .OX'^-JX”^  dX^, 

(Y,s)  s  s  3o. 


Now,  recalling  Proposition  [IV. 271 ,  there  exist  a'  >  0  and  X'  € 
(0,1],  depending  upon  M,  and  K  only,  such  that^ 


W2i{<'HY,8)-  4^  I  2  ‘’^y. 


q  s  ^  (Y,s) 


3B,nc®(Y,s)’  ^ 

s  ri 


,.oxr^*jxr^  dx,- 

(Y,s)  s  s  3B- 
s 


I  X'  ,  x’,x' 
<  a  n  <  a  \  6 


(13) 


for  s  €  K  and  Y  €  38- . 

s 


Thus,  each  of  the  first  two  terms  on  the  right-hand  side  of  (12)  is 


Note  that  we  can  take  A*"(7/9)d^  in  the  statement  of  [IV. 27],  as 
an  inspection  of  the  proof  reveals;  here,  n  <  i6  <  (7/9)dj^. 


majorized  by  a’l  • ) (Y,S)-(Y,s) | ^  . 


Turning  to  the  third  term  on  the  right  in  (12),  we  use  the 
-1  3 

1- imbedding  X  -  X-oX  :  38  -*•  IR  ,  taking  38  onto  38-,  and 

S6  S  S  S  S  S 

the  relations 


X"^oX  .  -  X“^, 
d  ss  s 


(Jx7^)oX  .‘JX  .  -  JX~^ 

s  ss  ss  s 


(cf.,  (IV. 24. 7  and  8)),  in  conjunction  with  [I. 2. 26. a]  and  the  equality 


X.  (38.ncJ(Y.s)')  -  38  n{x-  (cJ(Y,S))}', 

ss  8  n  s  ss  n 


to  produce 


f  1  ''iq  -03  ^  TV-1 

J  2  **'^,q’^s  *^(i,s)'‘^(Y,s)  s  '-^^s 

a  -  . 


38.nc®(Y,s)'  ^ 

S  T\ 


J  2  Y*q  s  (Y,s)  (Y,s)  s  s 


r 

3S^rx:J(Y,s)' 

9  n 


38gn{x.s(cJ(Y,S))}’  ^ 


T-  -.loX 

I  2  Y,q  s  (Y,s)J  ss  (Y,s)  s 


■K''  “‘ss 


38'V(Y,s)’  ^ 
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viq  03  1 


Cj(Y,s)n{x.  (c^(^,s))}'  ^ 

*  SS 


I—  T- 

1  2  ""y,-  - 


»q  s 


(Y.s)| 


s 


C^(Y,sK.C^(Y,s)’ 


H 

I  I,(Y.s;Y,s) 
J-1  ^ 


7  ",6 

Ty  s 


I  {(7 

•«* 


■‘♦(Y..)»C-‘(y,s)«. 


^(Y)}|*JX‘^ 


dX 


38. 


C^^^(Y.s)0{x  (CJCY.S))}- 


/l  :i|iq  p03  \ 

17  ’^t,qV-^Y.s)h^ss 


.-1 


Y-i 


35 


(17) 
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3BOc2(Y,s)'  ^ 

s  d 


(18) 


•JX  ^  dX 


as 


I, 


«\  ir^ 


aSgnc^CY.s)'  ^ 


(19) 


•JX'^  dX 


38, 


and 


aBg<X:^(Y,8)' 


({7  -'y.,}”*.;-  7  •'Y.,}-^i'' 


oX  , 
s  ss 


(20) 


■r°?  -,0X  ..d,  -  ,  ox"^.JX’^  dX,- 
(Y,s)  ss  (Y,s)  s  s  as. 


The  inclusion 

X-  (C^Y.s))  C  ,(Y,s)  (21) 

ss  n  Jio 

has  been  used  in  the  derivation  of  (16),  and  is  quite  easy  to  verify: 
if  Z  €  cJ(Y,s),  then  rY(Z)  <  j  r^(n^(Z))  <  y  n  <  y  i6,  so 

’'y^^Y^’^ss^^^^^  -  ’'y^^ss^^^^  -  |Y-Y|3+lXgg(Z)-Zl3+lZ-Y|3 

(22) 

^  |Y-Y|3+c*|s-s|+|Z-YI 2  <  i6+  y  16  <  3i6. 


since 
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^5  •'* 


^iq.^03 


C^(Y,s)oC3^^(Y,s)’  ^ 


■^^'^(Y,s)°^s  "‘'’(Y,s)°^s  ^ 


-T/o  •^  r°x  * 

q  s  (Y,s)J  ss 


(25) 


'6  " 


J  2  ’^Y.q’^s  ^^(Y,s)°^sr^(Y,3)^ 


C^(Y,s)nC3^^(Y,s)'  ^ 


(26) 


'<nY,s)'’Xs'-«(Y.s)"Xl'<«>--’x;'  ■i'as 


ij.r,  («%x  .-lf‘'’).r;| -,ox  . 

^2  Y,q  s  ss  s  (Y,s)  ss 


s 


and 


^8 


C’<Y,.KC’,.(Y,,)’ 


{{^2  ^  "if.l} 


(28) 


To  obtain  an  appropriate  bound  for  the  eighth  term  on  the 

right-hand  side  of  (16),  we  shall  make  use  of  Lemma  [IV. 26],  which 

allows  us  to  assert  that,  whenever  s  €  K,  Y  €  aB.,  and 

s 
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d  e  (n,(7/9)dj^), 


C?(Y,i)nc^(Y,i)' 

d  Ti 


on^.Tg‘’(Y) 


whence 


^^38-  " 

s  s  s 


(29) 


1  viq  03  .v-1  ,s 

2  ‘’^Y.q’^s  ‘^(Y,s)‘-^^s  *^^8 


C^(Y.s)nC^(Y.s)’  ^ 

a  n 


-1, 


^  c5(Y,s)ncJ(Y,s)’  ^ 

d  n 


-1^*1  (Y)  •  r^C  (x’^ (Y)  . s)  }  •  Jx’^(Y)  }  dX 


38. 


(30) 


+JX‘^(Y)- 


c2(Y,s)ncJ(Y,s)’  ^ 

d  n 


'“r«  s  s  J 


14 

<  I  I  (Y,s;Y,i), 

j-11  ■’ 


with  Ij  -  Ij(Y,s;Y,s),  j  -  11,..., lA,  being  given  by 
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-ll 


(31) 


7 

cJ(Y,s)ncJ(Y.s)’  ^ 

a  n 


'l2  I^Y.i)“i^<»>-♦(Y..)'’*^Wl 


.-1, 


7 

C^(Y,s)'X^(Y.s)>  ^ 

d  n 


(32) 


'‘''(Y..)-''y‘’‘-4<*;‘<«'‘)»--'»;‘  '"sSJ  • 


'll  ■■  l♦(Y.S)'”'.■‘*-^Y..)'”‘."Wl 


-1. 


f 


(33) 


C^(Y.s)rC^(Y,s)'  ^ 


■{JX'^-JX~^(Y)}  dA_ 

S  8  OO. 


and 


'l4  =■ 


^  ^%w\  !  _  1  j 


-k  r«. 


cJ(Y,s)ncJ(Y,s)' 

d  n 
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~  rY^q-rY{x^^(x‘^(Y).s)}|on 

’^Y 


Y.¥^^(V) 


(3A) 


•"Ib  <*>'  ..  , 

S  S'" 


dX 


38. 


For  the  estimation  of  the  ninth  term  on  the  right-hand  side 
of  (16),  we  require  a  quite  delicate  (and  extensive)  decomposition. 
Set 


mJJ  max  {U^^^-j(P)|  I  (Y,i)  e  } ,  PesR}. 

Then,  once  again  employing  the  transformation  formula  of  [I. 2. 26. a]  and 
(29)  (with  s  ■  s,  Y  ■  Y,  and  d  ■  d) , 


c!(Y,s)->{x.  (cJ(Y,s))}’  ^ 

a  ss  n 


(7  -Y., 


38 


cJ(Y,s)<iC^(Y,s)’ 
d  n 


7  •'y.A‘°-^?y..)-^*;'  ">36. 

Y 


f 


X^.(cJ(Y,s))nc^(Y,s)'  ^ 

ss  d  n 


7  "Sbj 


f  K  -r  T^^-r?Y  ‘*^3R 

J  ^2  Y,q  s  (Y,s)  s  38^ 

c5(Y,s)iV(Y,s)’  ^ 

d  n 
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X  -(C^  -(Y,s))ncJ{Y,s)’ 
ss  jio  n 


/l  vlq  _03 

[2  Y,q  s  (Y,s)  s 


s  s 


58- 

s 


+M*^* 


I  {? 


q  ,.03  TV-1 
q  s  (Y,s)  s 


^  /\j^^  i 


[^•rY,q-VX.,(X/(Y).s)} 

Xm 


onY-if^’CW.v^g  (Y)vlj  .JX;1(Y)| 

s  s  s 


+/-I^^(Y.s;Y,S). 


(35) 


in  which  ■  Ij^2(Y,s;Y,§)  is  given  by 


"15 


JXi^(Y) 


X  -(C?(Y,s))nc®(Y,S)' 
ss  o  n 


on^  (36) 


“'JB. 

8  S  S 


The  inclusion 


X„-(cJ(Y,s))  C  38-^8^  (Y) 
ss  a  ^  *V 


(37) 


5 

obtains,  implying  that  is  defined  on  X  .(C.(Y,s)),  hence  that 

I  ss  a 

the  reasoning  producing  (35)  is  legitimate,  along  with  the  definition 

9 

(36).  To  see  that  (37)  is  correct,  suppose  that  2  €  Cj(Y,s):  then 

a 

r^(Z)  <  j  r^(n^(Z))  •'yd.  and  so,  with  (23), 
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-  lY-Y|3+lZ-Xgj(Z)l3+lZ-Yl3 

<  |y-y|3+c*|s-s1+  y  d 


(38) 


i  i6+  y  d 


1  9  ^ 

<  6  <1+  7  d  < 


'i8*t)  'St '  'St- 


(37)  follows  from  the  latter  inequality. 


Now,  to  examine  the  second  term  on  the  right  in  (35),  we  write 


m"* 


X^.(C^  .(Y,s))PcJ(Y,s)' 
ss  jio  n 


fl  ^  viq  03  ,.-l 

Try  T-  •r,*  -v-jX- 
[2  Y,q  s  (Y,s)  s 


•^Y.q-rY{X^^(x:^(Y),s)} 


(Y>v^g  « 

S  S  '  « 


< 


2  Y,q  s  (Y,s)  s 


-T|9(Y).r^{X^^(X:^Y),i)}.jX*^(Y)}  dXgg^ 


I 


K  ta  „*rA{x^  (x* 

2  Y,q  Y  ’A  s 


U^(Y),s)}jon^ 

ImJ-  r  l3(Y,8;Y,s), 

’  1-16  J 


“'sEjl 


(39) 
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wherein  the  Ij  ■  Ij(Y,s;Y,s),  j  •  16,..., 19,  are  obtained  from 


^16  • 


ss  jio  n 


1  2iq 

2  '’^Y,q^s  (Y.s) 

^\9 


r°? 

*  /mr  ’ 


(40) 


.{jx:^-jx:^(Y)}  dx.R 

s  s  aO. 

s 


^17  • 


K  -r^  {Tg'’-T^‘’(Y)} 

I  Y,q  s  s 


^«c-<cI.(Y.s))'-cJ(Y,S)'  ^ 

ss  jio  n 


-“Sb- 


(41) 


‘■18 


X^-(c5  .(Y,s))ncJ(Y,s)' 
ss  jio  n 


-ir-  -r^  Tg‘’(t).jx:^(Y) 
2  Y,q  s  s 

*^Y 


^^38. 


-1. 


(42) 


and 


'19 


{7  •r^,,-ri(X?j(x:‘(t).l)) 


X  -(cj  ,(Y,s))nc^('Y,s)’  ^ 

ss  j\o  n 


■iH(y).jx;1(y) 


A  similar  manipulation  of  the  third  term  on  the  right  in  (35)  leads  to 
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'■23 


.C  .,-1, 


{^2  ‘^Y,q’^Y^’^’4^’'s 


-l^'Y.,-''Y<’<-4<’<?<«'*»]“"Y-"3B.<’"'’iB. 


s  s 


(48) 


•T^'’(Y)*JX"^(Y)  dX 


38. 


For  the  examination  of  the  first  term  appearing  on  the  right- 
hand  side  of  (35),  it  is  convenient  to  introduce  another  auxiliary 
function:  we  define 


f?Y.„Y.s)«>  -  Ky.D^’' 


<'X  .(Y).2«>-''({.s,«»'* 
ss 


^■|'^(Y,s)^^^l3 


^^l/2^-3 


(49) 


for  each  Z  €  38-n{x  .(Y)}'. 

s  ss 


Ue  shall  presently  verify  the  legitimacy  of  this  definition  (cf., 

the  analysis  of  ^29’  '  Now,  we  convert  the  first  integral  in 

the  first  term  on  the  right  in  (35)  to  its  form  involving  integration 
3  3 

over  C,(Y,s)nc  .(Y,s)'  and  estimate  the  result,  recalling  (15): 
a  Ji  0 


//i_ .jx-i 

\\  2  ’^Y,q  s  ^(Y,s)  s 


8  s  '  ^r„ 
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HC 
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2  (Y),s)} 


«  S  ' 


K  Ty  •f°y  ^  .ox  -•T^‘’.jx“^ 
2  Y,q  (Y,s;Y,§)  ss  s  s 


17 


°"y  •’’x  -  (V)  <* -4  •^s''‘''> 


SS 


'«"L  •-”';'«>}}  ^hB 

s  S  JJ 


30 

<  I  I  (Y,s;Y,i) 
j-24  J 


* 

1  t.03 

4 

(2  Y.q‘(Y,s)J 

1  '03  '> 

ox  .-  ^  r  .r,„  y  ..ox  .  y 
ss  2  Y,q  (Y,s;Y,s)  ss; 

Y 


•{¥^‘’«Jx"^-^^'^(Y)*Jx"^(Y)}  dX 


s  s  s 


3B. 


C^(Y,s)nc3^^(Y,s)’ 


^2  "Y.qj 
*^Y 


”'’y-''x  .(Y)'><-4<’<5*«>-«>°V’‘si} 

SS  ' 


‘''(Y).U-vlg  (Y)»i  l.Jx;‘(Y)  dX 

s  s  s 


f  II 

fl  -03  ' 

J 

-k 

1  11 

[2  *^Y,q'^(Y,s) 

oX 


ss 


ij  T,  ,,-r,(x;j(x:i<Y)..%)) 


on^ox^.^ 
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T  V  * 

12  Y,q  (Y,s;Y,s)  ss 
^Y 


^•■^Y.q  °"Y*^  .(Y)^=<^^^;'w.i)}on-oX^JP'l(Y).Jx;^Y)  dX 

ss  '  *  s 


<  I  I  (Y,s;Y,s) 
j-24  J 


J  I  2  ‘’'X  -(Y),q  °^s'  \  '''Y,qJ’'^s‘’^^^ 

C^(Y.s)nc^3^^(Y.s)-  ^  ^ 

^>aB 


C^(Y.s)r^C^^^(Y,s)’  ^ 


{(^2  '""Y.qj^V  2 

ty  ^CYN  ss 


oITaOX  . 

q  Y  ss 


ss  s 


I  life  *^t.q*''(Y\s))°"sS 


■  2  ’'’Y,q*^Y^^’4^^s  fe^Y^^ssI 


If  1  103 

1  ‘""x  -(Y),q*^(Y.s;Y,s) 

ll\.(Y) 

17^  -'X  .(Y).,-^  .(Y)<’‘^<=<l‘<^)’‘)>l»"Y°’‘si}}-^l''«> 

ss  ss 

ss 


•J*.  («  '»>as 
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37 


I  I,(Y,s;Y,s), 


j.24 


i 


(50) 


having  introduced  Ij(Y,s;^,s)  *  I j .  j  “  24 . 37,  via 


^24  =' 


c2(Y.s).Oc3^^(Y,s)' 


‘T°l  ..OX  dX,_ 

(Y,s)  ss  s  38 


TA  |oX  ..{T.'^ox 
12  Y,qJ  ss  s  s§  s 


(51) 


^25  =■ 


fe  -"i. 


(52) 


•{Tf‘'(Y)-T5‘’(Y)}*vJ  (Y)vJ  -JX'^CY)  dX^„ 
<>0_  3o_  s  3B 


s  s 


s  s 


^26  =• 


•r^^q-r^{X?^(x:^(Y),s)}|on 


v°X  - 

Y  ss 


^27  " 


C®(Y.s)nc^^^(Y,s)'  ^ 

’“'as 

s  s  s  s  s 


(53) 


(54) 


•T;'’(Y).vJ_  (Y)vJ  ox  .•{JX’^Y)-JX'^(Y)} 


s  38i  38-  ss  s 

s  "s 


dX 


38. 


^28  =* 


{  2  q*’'Y^^*4^^s 

*  Vi 


■‘‘as 


(55) 


^32 


2  *’^Y,q*^^(Y,s)°^ss"^(y,s;Y,S)°’^ss^ 


(59) 


•{T^‘’-JX"^-Tf‘^(Y)*jx"^(Y)}  dA 

S  S  S  S  OO, 


1.33  . 


-1  T*  on*ox  .- 

]on„\  , 

U  2  ^Y,qJ  Y  56 

[^2  Y.qj  Y/ 

-2.16- 


- = -  T  -r 

2  X  s(Y),q  'x 

’^Xs.(Y)  ®® 


(x:^T).s))joI!.jOX^JJ 


d>35  . 


To  summarize  the  computations  to  this  point,  let  us  denote  by 
Ig  -  Ig(Y,s;Y,s)  and  -  Ij^q(Y,s;Y,s)  ,  respectively,  the  sixth 

and  seventh  terms  on  the  right-hand  side  of  (16): 


|w*  {^}(Y,s)-a;*  {.^}(Y,s)! 


o  .  X'  .A’  1 

<  2a  1  *6  +  V 


I  I(Y.s;Y,S)+^  [  I 

j-1  J  j-15  J 


(Y,s;Y,s). 


Recalling  the  reasoning  accompanying  (7) ,  to  complete  the  proof  of  the 
first  statement  of  the  theorem,  it  suffices  to  produce  positive 
numbers  Kj)  and  numbers  A(j)  €  (0,1],  for  j  ■  1,...,37, 
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depending  only  upon  41,  M,  and  K,  such  that 


I^(Y,s;Y,s)  £  Uj)-6 


X(j) 


for  all  (Y,s),  (Y,S)  as  specified, 


for  each  J.  We  proceed  to  this  task. 


I  :  If  u  e  E  ,  s  €  ]R  and  Z  6  3B-,  then 
1  s 


-  [v^(Z,s)u‘^(Z,s)u‘’-u^|  £  2|a)L. 


03  03 

We  denote  by  M  the  bound  for  T  which  is  obtained  from 


(IV. 14.59) : 


{l+(c*/c)^}^-{l-(c*/c)}‘^. 


(68) 


(69) 


We  choose  to  bound  the  function  (Z,s)  JX,^(Z)  on  the  compact  set 

s 

as  in  the  proof  of  tIV.22]:  by  [I.2.17.v], 


JX”^(Z)  -  {JX,(Xg^(Z))}“^  -  {JX(X“^(Z),s)}'^  for  (Z,s)  e  3B,  (70) 


while 


mj  £  JX(P,5)  £  ^^  for  each  (P,C)  ^  aR^K, 


(71) 


mj  and  Mj  being  positive  numbers  depending  on  M  and  K.  Thus, 

(M^)"^  <  JXr^(Z)  <  (m^)”^  whenever  s  e  K,  Z  e  3B, .  (72) 

J  —  s  —  J  s 

According  to  hypothesis  (iii), 

g 

l‘^(Y,s)°*s^^^^~‘^(Y,s)°^s^^^^l  -  "2*  Z  e  35^,  (73) 


I 
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<2^0  and  62  ^  (0,1]  depending  on  at  most  il> ,  M,  and  K. 

Since  r„(Z)  >  d  for  Z  €  38  nc^(Y,s)',  we  find 
1  —  s  a 

,  2  „03  ,  K.-l  , 

.(m^)  .<2-  max  Ajg08^)f-6  , 

“  1,5  ^  ^  5  ; 


and  inequality  of  the  required  form  (68) 


I2:  Here,  we  must  develop  an  appropriate  estimate  for  the  expression 
|r°|  ..ox  .(Z)-r°3  ^(Z)|,  2  €  38  n{y}»n{x.  (t) } ’ .  This  has,  in 

fact,  already  been  effected  in  the  proof  of  Theorem  [IV. 24],  and  we 
shall  recall  here  the  major  steps  in  the  reasoning:  first. 


+c*|grad  r^(Xg-(Z))  -grad  rY(Z)|2, 


for  each  Z  €  38  n{Y}'n{x  (Y)}’, 

S  S8 


where  c*,  c*,  and  c*  are  certain  positive  numbers  depending  upon 


c*/c  alone.  Defining 


- 

c-c*  [4 


+  max  diam  B 
C  e  K  ^ 


the  positive  and  depending  on  /•!  and  K  alone. 


With  (80),  an  estimate  for  I2  of  the  desired  form  results 
directly : 

k 

I,  •>^*(in^)‘^-{k,6“+^  6}-  max  X._  OB  )  <  k,6“.  (i 

2  ^  J  1  d  c  6  K  ^^5  ~  ^ 

k^  depending  on  only  <(>,  M,  and  K. 

Suppose  that  Z  €  38g'~'{Y}'.  Then,  using  (6)  and  (23), 

-  Ir,,  (Z)-{v^X  .(Z).i)v‘J(X  -(Z),s)-v^Z,s)v‘’(Z,s)}l 

I y  ^  5a  SS 


<  |v^(Xgg(Z),s)v(X^-(Z),s)-v^(Z,s)v(Z,s)|3 


<  2lv(Xg-(Z),s)-v(Z,s)|3 

-  2aK*^iXg*(Z)-Z|‘+ls-sr} 

-  0/2  a- 
£  2aj^*{l+(c*)  }  •|s-s| 


®K 

<  2aj^t  ^.6  . 


Clearly,  then 


I3  •M°V(m')'^-{  max  X  OB  )}-2a^i''*^. 

3  d^  'P  J  ic  €  K  J  ^ 


®K  -“k 
•6  , 


an  inequality  of  the  form  (68) . 


We  shall  deduce  an  estimate  involving  the  difference  appearing  in 
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(20)  which  is  to  be  used  in  subsequent  computations  as  well;  the 
argument  here  is  almost  identical  with  that  used  to  obtain  (IV. 24. 37) 
and  (IV. 24 . 38),  so  we  shall  omit  most  of  the  details  in  the  present 
case.  Let  Z  €  38  f'C?  ,(Y,s)’:  then  r„(Z)  >  3i6,  or 

solo  I  — 

i6/rY(Z)  ^  1/3.  Since  (23)  leads  to 

|r«(Xs-(Z))-rY(Z)|  <  i6. 


it  follows  that 


2  *^Y^^ss^^^^  4 

3  -  r„(Z)  -  3 


for  each 


Z  6  38  .''C,  ^(Y,s)', 

S  01 0 


(84) 


In  turn,  (84)  can  be  used  to  show  that 


X  -(Z)-Y 
ss 


Z-Y 


r|0(,5<2))  rj(2) 


8i6 
—  3 

3  r^CZ) 


for  each 


Z  €  38  rcl  .(Y,s) ’.  (85) 
s  01 0 


From  (20) ,  it  Is  now  easy  to  see  that 


(mj)  *• 


max  A.g  (98_)y*6. 

c  e  K  H 


(86) 


I^:  In  addition  to  (73),  (iii)  says  that  there  exist  <3  >  0  and 
83  €  (0,1],  depending  on  at  most  'P,  rM,  and  K,  such  that 


6. 


(87) 


From  (84) , 


_ 1 _  <  1  . 

r-(Xs.(Z))  -  2  rY(Z) 


for  Z  e  38  A'i,s)\ 

s  0 1 0 


so,  with  (73)  and  (87), 
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^“Ss 

a  a  ^ 

C^(Y,s)nC°^^(y,s) ' 


,1/2_..,03.  K  -1.,.  ^2.  ,®3, 

-ay 

6, 


£  9-2-"'‘‘ifM"^'’-(mp"'"-{<25  -^^36  )  •^n  (d/3i6) 


(88) 


^  k^6  *411  (d/3\ 5) 


<  k,M. *6 
—  4  1 


wherein  6^  :■  min  {82.63},  6^  Is  any  number  in  (0,8^),  is 

a  positive  number  such  that 


•In  (d/3i5)  i  for  0  <  ;  <  d/6\. 


and  k^  is  a  positive  number  dependent  upon  (<>,  M,  and  K  alone. 
In  (88),  we  have  an  estimate  for  of  the  desired  form. 

1^:  Again  from  hypothesis  (iii),  there  exist  ^  ®X  ^ 

depending  upon  at  most  ({>,  M,  and  K,  for  which 

8, 


for  s  €  K,  Y  and  Z  6  38- . 

s 


(89) 


Recalling  (80) ,  from  (26)  we  therefore  find 


c’<Y,s)a:’^j(v,9)’  'y 


!-Bi  \  1  r, 


6}  dX 


38. 


(90) 


<  25/^.(m^)-^.<^.|k^6“  I 


+k26 


2-6, 


3i6  C 


3\6  ; 


d;}  ; 
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since 


8,  6,  - 

.|-{d  ^-(3.6) 

3i6  c  ^  ^  ^ 


and 


2-6, 


d; 


3i6  5 


6.-1  8,-1  6, 

■T — r  ‘{d  -(3i6)  }  <  -  Y  a - 

8^-1  1-B^ 

If  8^  6  (0,1), 


6  -in  (d/3i6)  ,  if  =  1, 


in  which  S|  ^  (0,1)  and  M2  >  0  is  such  that 


i-a; 


C  ‘in  (d/3iC)  £  M2  for  0  <  5  <  d/6i  , 


It  is  easy  to  see  from  (90)  that  we  can  obtain  for  I,  an  inequality 

o 

of  the  form  (68) . 


1^:  Having  already  pointed  out  Inequalities  (82)  and  (89),  it  is 
laroedlately  evident  that 


“k  “k 


ly  ^  M^^*(mj)  ^•<2*2aj^\  ‘'•6  *'• 


d\. 


C^(Y,s)rCj^,(Y,s)'  ’^Y 


2-8,  38 

1  s 


(91) 


g 

^  ,5/2  ^  °K  „03,  K,-l  d  ^  /k 

<_  2  (mj)  •  g —  *6 


Ig:  Here,  (85)  and  (89)  can  be  used  with  (28)  to  yield 
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r^(n^(X^-(Z)))  <  r^(X^-(Z))  <  Iy-Y] 3+I (Z)-Z | 3+lz-Y | 3 

<  |Y-Y|3+c*|s-s!+  16  <  16  <  5i6  , 

from  which  (94)  follows.  Then,  appealing  once  again  to  (89),  and 
recalling  the  various  bounds  established  previously,  (93)  leads  to 


^  ,„03  ,  K.-l 

• (mj) 


J  2-63 

X  *(C,  .(Y,s))^C^(Y,5)  '  ’^Y 

ss  n 


^  ,  „03.  K.-l 

<  2k:,  •  M  (m- )  • 

-  1  j 


J  '2-6^  *^^85 

C3^g(Y,i)  V(Y,s)  '  ^Y 


DIO 

^  -5/2  ^03.  K.-l  1 

j<  2  (my  •  “iTg" 

n  ;  ^ 

i  J 


It  is  important  to  note  that  the  coefficient  of  6  in  the  final 
estimate  (95)  is  independent  of  n>  it  must  be,  since  n  depends 
on  6 . 


^10'  proceed  directly  from  (66)  and  (89),  finding  that 


,,  _„03  ,  K.-l 

£  2M  ‘(my 


C,  ^(Y,s)OC^(Y,s)  '  ’^Y 

3i  0  n 


'2-81  *^^36 
1  s 


<  25«,.  „03(  K)-l.  1_  . 

i  J  Bj^ 


Once  again,  the  estimate  is  Independent  of  n> 


^  :  By  virtue  of  (6) ,  if  s  €  K,  Y  €  sB- ,  and  Z  €  38-'~{Y}  '  , 

XX  5  S 


then 


-  jr^  ^(Z){v^(Z,s)v‘’(Z,s)-v^(Y,S)v‘’(Y,s)} 
£  I v^(Z,s)v(Z,s)-v^(Y,s)v(Y,s) I  2 


(97) 


<  2|v(Z,s)-v(Y,s)|3  <.  2a^.r^''(Z) 


With  this  inequality  and  (87),  (31)  gives 
6- 


^  .'3  »  „03  ,  K.-l 

1 2^ 2^  i.  <35  ‘(“j)  * 


dX. 


C^(Y,s)nC®(Y,s)’  ^'y 


,5/2  „03  ,  K,-l  1  -“k  .®3 

<  2  wif-a^'M  ‘(m-,)  •  r“  d  *6  . 

3  K  J  “k 


(98) 


12^2*  ^  appropriate  estimate  is  required  for  the  difference  appearing 

in  the  Integrand  of  (32).  By  tracing  the  steps  in  the  derivation  of 
(,1V.22.^8),  mutaXii  mutandLi,  it  Is  easy  to  show  that  there  exists  a 
positive  number  k^,  depending  upon  M  and  K  alone,  for  which 


|r 


03 

(Y.s) 


whenever 


(Z)-r^{xf^(xr^(Y),s)}(Z) I  ^  k3r?(Z) 

i  €  K,  Ye  38-,  and  Ze3B-0{Y}'. 

s  s 


(99) 


Consequently,  recalling  (87), 
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®3 

I^2l<3«  -ZVc 

<  25/^.<3, 

hi' 

We  examine  the  ( 

and 

?  and  Z  e  38, , 
s 

that 

(Z,s)  X*1(Z) 

{SB^x{?}},  <.&. 

K.-l 


2-d 

as  ^ 

cUY,s)ncUY,s)' 

a  n 


6. 


(100) 


1  X  3 
n-)  •  —  d  *6 

J  ot 


<r^(Z)-Jx7^(Y) 

s  s 


|x^^(Z2)-Xg^(Zi) [3  £  AqI (Z2,S2)-(Z^,S3) 


for  s,  ,s-  S  K,  Z  €  36  ,  and  Z«  G  SB  , 

X  A  X  ^ 


(101) 


for  some  Aq  >  0,  depending  upon  M  and  K.  Moreover,  by  hypothesis 
(ii) ,  there  exist  A  >  0  and  a  €  (0,1],  also  depending  on  M  and 
K,  such  that 


ljx(P2,S2)-jx(P2,S2)l  £  A.1(P2»S2)-(P^,S3))J, 
whenever  ®i»®2  ^  ^  ^1*^2  ^ 

Combining  (70),  (71),  (101),  and  (102), 

|jx:^(Z)-Jx'\y)l  <  (m^)‘^!jx(x:^(Z),s)-Jx(xr^(Y),s)| 
<  (mj)"^A-|x:^(Z)-x:^(Y) I  3 
(raj)"^AA“|Z-Y|3, 

for  s  €  K,  and  Y  and  Z  €  SB.- 

s 


(102) 


(103) 
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With  (87)  and  (103) ,  and  recalling  that 

1  {l-(c*/c)^)"^^^  on  ]R^'^{X}', 

whenever  X  €  and  ?  €  with  Ul3i.c*/c  (cf.,  (VI. 69. A)), 
we  come  directly  to  the  desired  inequality  for 


Il3  <  .36  I 

'  r  s 

c5(Y,s)nc^(Y,s)' 

^  ^  (104) 

,5/2  7.5  ,  K,-2  .  *,  x2,-3/2  1  .5  ^3 

<2  TT  •!<:  •AA-*(m-)  •{l-(c  /c)  }  •  rr  d  *6 

J  u  j  a 

We  can  derive  an  estimate  for  the  difference  in  the  integrand 

of  (34)  by  arguing  as  in  the  proof  of  Proposition  [IV. 27].  To  summarize 

the  calculation,  choose  s  €  k  Y  €  35  and  Z  €  (Y)'^{Y}'. 

§  S  djj 


ll-v^(Z,s)v^(Y,s)  i  £  aj^r^^(Z) 


(105) 


(cf.,  (IV. 27. 23)), 


|r^{x^^(Xg^(Y),s)}(2)-r-{x^^(x:^(?),s)}on.^(z) 


<  6aj^.(c*/c)^-{l-(c*/c)^}'^''^.r-^(Z), 


(106) 


where  (8/7)  •  (65/49)  ‘aj^d-Kij^)  (cf .  ,  (IV. 27. 26)),  and 


(Z-Y)-  -  (n^(Z)-Y)  <  8i  ■  -rr-i - 

r|(2)  r|<I.^(Z»  3-  " 


(107) 


(cf.,  (IV. 27.28)).  Consequently,  proceeding  as  in  (IV. 27. 22), 
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®  ^r?(Z)  Y  4  S 


<  2ll-v^(Y,i)N;^(Z,i)  1-  -2^—  ♦r^{X?  (x:^(Y),s)}(Z) 

r^(Z) 

+  •  1  r^{x?,_(x:^(Y)  ,s) } (z)-r^{x^^(x:^(Y)  ,g)  }on- (z) 


(108) 


2 

r^(Z) 


+2-r^{x^^(xr^(Y),i)}(z)' 


Z-Y 


r|(Z)  r|(n^(Z)) 


2-{l-(c*/c)^}"^^^{aj^+6ij^-(c*/c)^-{l-(c*/c)^}‘^+8^}- 


^(Z) 


for  s  e  K.  Y  €  33,,  Z  e  3S,nB'  (Y)o{Y}’ 

s  s  dj^ 


Denoting  the  coefficient  on  the  right  in  (108)  by  k^,  and  recalling 
(87),  we  have,  therefore, 

6. 


T  -  jt  3  .  K,-l  . 

Il4l<35  •("»j)  -kg' 


dA. 


J  2-aj^ 

cJ(Y,s)nC^(Y,s)  ’^Y 

a  n 


(109) 


,3/2  .  .  K.-l  1  ®3 

<  2  Tt 'K-k,  •  (m.)  •  —  d  *6 

3  6  j  a„ 


This  term  is  analyzed  by  making  use  of  (29).  We  begin  by  point¬ 
ing  out  that 

X  A  c  /k  .  ,  .“k  7  . 

n<i6^i6  “6x6  -5x6  <  d-5x6  ^  ^ 

“k 

^.e.,  d-5x6  €  (rit(7/9)d  ).  Then  we  can  take  s  ■  s,  Y  ••  Y,  and 


CL* 
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d-5i6  in  (29)  and  use  the  result  in  (36)  to  write 


ii5  -  Jx:i(n. 


X^*(cJ(Y,s))nc^(Y,i)’ 

ss  d  n 


2 

^Y 


‘*'38. 
s  s  s 


(110) 


(Y,s)nc^(Y,s)’  ^ 

n 

d-5i6  ^ 


•^s''<«-“38- “'sB. 

s  s  s 


on,- 


K  2  7 

Now,  the  inequalities  d+5i6  <  2d  <  -j  d^^  <  ^  d^^  imply  that 


d+5\6 


(Y,s)  is  defined.  We  intend  to  show  that 


„  (Y.s)  C  X  .(c!(Y,s))  C  C®  „  (Y,s); 
a„  ss  d  a» 

d-5i6  d+5i6 


(111) 


for  this,  we  shall  first  develop  relations  which  we  shall  find  to  be 


quite  useful  in  subsequent  estimations,  as  well.  Choosing  Z  £ 

c5(Y,s),  we  have  X  .(Z)  €  38*f^Bj  (t) ,  by  (37).  Then 
o  ss  8  (L^ 


{n.(x  .(z))-x  .(z)}-{n„(z)-z} 

X  ss  ss  X 

-  {v(Y,5)*(Y-X  .(Z))}v(Y,s)-{v(Y,s)»(Y-Z)}v(Y,s) 

ss 

-  {v(Y,s)«(Y-Z)}-{v(Y,s)-v(Y,s)} 

+{(v(Y,s)-v(Y,s))#(Y-Z)}v(Y,s) 

+v(Y,s)«{(Y-X„-(Z))-(Y-Z)}v(Y,5) 

ss 
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-  {v(Y,s)#(Y-Z)}-{v(Y,s)-v{Y,s)} 

+{(v(Y,s)-v(Y.s))»(Y-Z)}v(Y,s) 

+v(Y.s)«{(Z-X  .(Z))-(Y-X  .(Y))}v(Y,s) 

SS  5S 

+{v(Y,s)«(^-X  -(Y))}v(Y,s),  (112) 

SS 

for  each  Z  S  C^(Y,s). 

In  the  present  setting,  we  employ  (112)  along  with  (6),  (23)  and  its 
companion  result 

|Xs^(Y)-y|3  ji  c*|s-s| ,  (113) 

18 

and  the  Inequality  y-  aj^d  <  1  (from  (8))  to  write 

|{n*(x^.(z))-x^*(z)}-{n,j(z)-z}|3 

1  2rY(Z) • I V (Y. s)-v(Y, s) | 3+{ | Z-X^* (Z) | 3+I Y-X^.(Y) | 3}+! (Y) | 3 
o 

<  2-  I  d-aj^«  S2c*|s-sj+|Y-Y|3+|Y-Xgg(Y)|3 

<  6  %2i5+i6  <  4x6  ,  for  each  Z  e  c"(Y,s). 

To  verify  the  second  inclusion  in  (111),  let  Z  e  Cj(Y,s):  then 
rY(“Y(Z))  <  d,  so  (114)  shows  that 

|n^(X^-(Z))  ^Yl  |nY(Z)-Y|3+|(Y-Y)+(X^^(Z)-Z)|3 

("Y(Xg*(z))-Xjj-(z))-(nY(z)-z)  I3 

<  d+x 6+4x6  <  d+5x6 
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We  can  conclude  from  this  that  X  .(Cj(Y,s))  C  ^  (Y,s). 

ss  a 

d+5i6 

To  check  the  validity  of  the  first  half  of  (111) ,  note  that 

we  may  interchange  (Y,s)  and  (Y,s)  in  each  of  (112)  and  (114)  to 

3 

produce  statements  holding  for  each  Z  e  C^(Y,s).  Consequently, 

3  *  - 

supposing  that  Z  €  c  (Y,s),  so  r*(n-(Z))  <  d-5i6  ,  we  have 

II 

d-5i6 

lnY(x.g(z))-Y|3  <  ln*(Z)-Y|3+|(Y-Y)+(X-^(Z)-Z)l3 


+1 (n„(x.  (Z))-X.  (z))-(n-(z)-z) 


Y'  ss 
a 


ss 


<  d-5x6  *^+i6+4i<S  ^ 


<  d-5i5  +5i6  -  d. 


It  now  follows  that  X-  (C^  (Y,s))  C  C^(Y,s),  which  is 

SS  0(|.  Q 

d-5i6  ^ 

equivalent  to  the  first  Inclusion  in  (111) . 


Having  proven  (111),  we  can  use  it  with  (110)  to  write 


ii5  - 


X  .(c5(Y,8))TC®  „  (Y,6)’ 

ss  a  Uy. 

d-5x6  ^ 


[2  ‘Y.q  ‘Y‘''’4'''s 

y 


c  -1  -  .  1 

r*{x,,.(x/(Y),s)}jon^ 


'**36- 

s  s  s 
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We  can  conclude  from  this  that  ^  -(Cj(Y,s))  C  (Y,s)  . 

ss  a 

d+5i6 

To  check  the  validity  of  the  first  half  of  (111) ,  note  that 

we  may  interchange  (Y,s)  and  (Y,s)  in  each  of  (112)  and  (114)  to 

produce  statements  holding  for  each  Z  e  Cj(Y,s).  Consequently, 

3  *  » 

supposing  that  Z  €  c  (Y,s),  so  r*(n*(Z))  <  d-5i6  ,  we  have 

Ov-  II 

d-5i6 

|nY(x.g(z))-Yl,  |n.(z)-Yl,+!(Y-Y)+(x.^(z)-z)|^ 


+1  (nY(x-^(z))-x.^(z))-(n^(z)-z) 


®if 

<  d-5i6  +i6+4i6 


<  d-5i5  +5i6  -  d. 


It  now  follows  that  X«  (C  (Y,s))  C  C^(Y,s),  which  is 

SS  ^ 

d-5i6 

equivalent  to  the  first  inclusion  in  (111). 


Having  proven  (111),  we  can  use  it  with  (110)  to  write 


ii5  - 


X  .(cJ(Y,s))TC®  „ 

ss  d 

d-5\6 


2  *^Y,q  *  ^y^^’4^^s  ■'“Y 

^’y 


•Ti‘’(Y).vJg_(Y)vJg_  dXgg^ 
s  s  s 


I 
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I 


jx:^(Y) 


h^(X^-(Cd(y,s)))OB  (0) 


d-5i6 


•t5^‘^(Y)  dX, 
s  ^ 


(115) 


/  K.-l 

1  (my  • 


(O)nB^  (0) • 

d+5i6  d-5i6 


^2  Y,q 

Y 


rY*(X?^(Xy(Y),s)} 


oify.T^'JCY) 

I  s 


dx^; 


the  computation  here  has  been  developed  as  in  the  proof  of  Lenma 
[IV.26]  (cf . ,  (IV. 26. 8)) .  In  fact,  we  can  use  the  reasoning  detailed 
in  that  proof  to  obtain  a  more  explicit  form  for  the  integral  appear¬ 
ing  on  the  right  in  (115) :  introducing  the  linear  isometry  as 

in  (IV. 26. 15)  and,  for  brevity,  the  notations 

f  f(Y,s)  ^^''■(Y)e^^^ 
s  q 

and 

4-  *(?,s)  X^^(xy(Y),s), 

we  find 
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2:t  cH-5i5 


T  K.-l 

1^5  1  (my 


KV) 


cos  uj  +(AyT)^  sin 


0  a  ^  (^“k  I  3)+((A^'i')  cos^ 

d-5i6  ^ 


,  K,-l  .  d+5i6  ^ 

(n-)  ‘ICY.s)  'Zn  - —  , 

•J  °if 

d-5i6  ^ 


wherein  • 


KY.s)  :■ 


^  f  I  (A^T(Y,s))^  cos  0)  +(AyT(Y,s))^  sin  id  | 
J  {(l-|v(Y,i)!3)+((A^4;(Y,s))^)^  cos^ 


d.. 


Since  is  an  Isometry,  lt(Y,s)|2  *  {l-(v^(Y,s))^}^'^^  ^  ] 

I'*'(^*®)l3  i.  c*/c.  it  is  clear  that 

I(Y,i)  <  4it-{1-(c*/c)^}'^''^  . 


Moreover,  recalling  the  inequality  in. ;  ^  c-1  for  C  >  0, 

®if  ®i{  5  I 

noting  that  6i5  <d,  so  5t6  <'gd  and  d-5i5  >  d, 

third  factor  in  (116)  can  be  estimated  by 

®V  ®v  n 

.  d+5;5  d+5i6  ,  10i5  60i  .“k 

in  -  - - 1  «  -  <  — -6 

a„  -  a„  a„  d 


'If  K 

d-5i6  d-5x5 


d-5;6 


Thus,  satisfies  an  inequality  of  the  form  of  (68), 

240:ti  .  K.-l  ,2, -3/2  /k 

Ij^5  <  — ^1 —  ’(ny  •{l-(c’'/c)  }  -5 


Keeping  in  mind  inequality  (103)  and  the  inclusion  (94) 


-  dcdu 
P 

(116) 


(117) 

,  and 


and 

the 


(118) 

,  (40) 


leads  directly  to  the  estimate 
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^20’  ^21’  ^22’  ^23'  comparing  (45)-(A8)  with  (40)-(43), 

respectively,  it  is  plain  that  we  can  proceed  essentially  as  in  the 
derivations  of  (119)-(122)  (we  need  not  apply  (94),  of  course)  to 
arrive  at  the  inequalities 


I20  1  2  TfM  ‘(m-)  ‘AAq-o  (3i)  -6  , 


_  -5/2  „03  ,  K.-1  -1  ,,  “k  “k 

122^  i.  2  ‘(mj)  *(30  *6  , 


I22  1  2^^^iT-k2.(mj)'^*a"^*(30  ^*6  ^ 


(123) 

(124) 

(125) 


and 


T  ^  ->3/2  ,,  /  K.-l  -1  “k  .“k 

I23  1  2  Tfkg*(mj)  ‘(lx)  *6 


(126) 


Obviously,  the  reasoning  of  (82)  would  show  that 


for  each  Z  €  3B  ''{X.  (Y) }  ’ 
8  88 


(127) 


Having  this  and  inequality  (84),  (51)  gives 

_  ,  m03  .  K,-l  -  “k  ,®K 

1  M  ‘(my  ’2aj^'  O  * 


dA. 


Ay  “"32 

-  -  r^ox  .  s 

C^(Y,s)-c"^yY,s)’  ^ 


^  ,  “k  „03  -  K.-l  9 
^  2aj^x  ‘M  ‘(ray  *6  '  ^ 


2  *^'^35 

C^(y.s)nc^^^(Y,s)*  '  <128) 


-  -1/2  “k  „03  ,  K.-l  “k  .  d 
^  9*2  ’(nij)  *<5  'n-n 

,  -  ,1/2,  “k  „03  ,  K.-l  „  ^“k 
^9*2  *(™j)  , 


‘0|^ 


in  which  a'  S  (0,a  )  and  M,  is  a  positive  number  such  that 


for 


If  Z€C^(Y,s),  then  rYCn^CZ))  ji  r^CZ) ,  and 


r^(X^-(Z)).  Consequently,  from  (84)  it  can  be  seen  that 


9  9  3  27 

r^(n^(XssCZ)))  ^  7  '  r^(Xg.(Z))  -  7  '  2  “  14  ’ 

for  each  Z  €  C^(Y,s)nc2^^ (Y,s) ' . 

3 

Next,  suppose  that  <j  €  R  ;  by  (6), 

|ai‘’{T^°(Y)-¥^‘'(Y)}|  «  lw‘’{v^(Y,s)v‘’(Y,s)-v^(Y,s)v‘’(Y,s)}| 

£  IojI^*  lv^(Y,s)v(Y,s)-v^(Y,s)v(Y ,5)1^ 

<.  2lu)|3-|v(Y,s)-v(Y,s)|3 
- ,  ,  °K 

3 

Further,  as  we  have  already  noted,  whenever  X  €  IR  and 
C  €  ]R^  with  UI3  i  c*/c, 

r  {5}  ^  {l-(c*/c)^}"^'^^  on  R^'^{X}'  . 

A  ~ 


(129) 

(Z)))  > 

(130) 


(131) 


Upon  combining  these  estimates,  we  discover  from  (52)  that 
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.  .  6 

c 


c’(V.s)nc’_j(Y.s)' 


27  ,3/2  .  K  -1/  ^  ,“k 

<  —  •2  {l-(-J  I  •M3*6  . 


(132) 


having  chosen  ^  ^3  (129). 


12^:  With  (6)  and  (23),  for  each  Z  6  3B  »  we  have 


v^(Y,s)vJ(Z,s)-v-'(Y,s)vJ(Xgg(Z),s)| 


— rV-  ( 


1  lv(Y.s)-v(Y.s)t^+lv(Z,s)-v(X^-(Z),s)l 


<  aj,5  ^+aj^.  |(Z.s)-(X^.(Z),5)l“^ 

.  !t  *^2|  -'|2_,| 

£  aj^6  +aj^*{(c’')  |s-sl  +is-s|  } 
^ 

^  aj.(l+i  ) *6 


(133) 


Keeping  in  mind  (130),  (53)  leads  to  the  required  inequality 
,  .  K.-i  /  f.,  “k.  “k 

126^2.  (my  -ll-l— J  ) 


IL 

14 


C^(Y,s)PC3^yY,s)'  ^  ^ 


^  27  ,3/2  ...  V  .  K.-l  f, 

*2  -iT-aj^-d+i  )*(mj)  •|1 


2^-3/2 


•M3-6 


(134) 


again  with  €  (0,aj^),  and  M3  as  in  (129). 


I,_:  We  first  obtain  a  HSlder  estimate  for  |JX  ^(Y)-JX.'‘'(Y) 


-1  - 


‘27 


recalling  (70),  (71),  (101),  and  (102), 
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1JX~^(Y)-JX:^(Y)|  -  |{jx(X^^(Y),s)}"^-{jrx(x:^(Y),i)}' 


<  (m?)"^| JX(X‘^(Y) .s)-jx(x:^(Y) ,s) i 
_<  (ntj)  ^‘A*  1  (Xg^(Y)  ,s)-(x-^(^)  ,s)  1“ 

t  Kv-2  '  fi  .*2,01/2  o 

£  (m»)  ‘A’II+Aq}  *6 


Thus,  it  is  plain  that  (54)  gives 

_  27  /,  .  K.-2  -  ,.^,2,5/2  .a 

^27-7“Y"[~J/  -A-d+AQ}  -6 


(135) 


J  2  *^^33 

wherein  S'  is  a  number  chosen  in  (0,S),  and  is  a  positive 

number  such  that 


(136) 


(137) 


1,^:  Equality  (IV. 18. 11)  shows  that 


JX  .(Z)  -  {(Jx.)ox"\z)}-{(Jx  )ox'^(Z)}"^ 
ss  s  s  s  s 

-  {jx(x'^(Z),s)}-{jx(x"^(Z),s))'^,  for  Z  e  35  . 
s  s  s 


Appealing  once  more  to  (71)  and  (102)  results  in 


ll-JX  .(Z)}  -  {jX(x“-^(Z),s)}"-^-iJX(X’-^(Z),s)-jx(X"-^(Z),s)| 
ss  s  s  s 

/  K. -1  X  1  - iS  .  K.-l  ~  .5 

(mj)  ’A'ls-sl  ^  (mj)  •A*6 


(138) 


(139) 


with  this,  directly  from  (55)  we  obtain 


^  27  ,  K.-l  f-  ,  K,-l  r^a 


rlon 


27  ,3/2  r  f  K.-2  /  ,a’ 

*2  Tr*A*(m^)  j  |  , 


(140) 


having  introduced  d'  €  (0,5)  and,  subsequently,  as  in  (137). 

Let  us  point  out  certain  facts  which  shall  prove  to  be  of  use 

in  later  estimates,  as  well  as  in  the  present  one.  Let  the  closed 

3 

line  segment  Joining  Y  and  X  -C^)  in  R  be  denoted  by 

S  S 

tY,X  -(Y)];  this  set  may,  of  course,  consist  of  a  single  point,  in 
ss 

case  Y  ■  X  -  (Y) .  Fix  any  X€  [Y,X^.(Y)].  For  each  Z  €  36*, 


T(xr^(Z):X,s)  -  |t(x:^(Z);X,S)-t(x:^(Z);Z,s) 

S  S  9 


MX-YI3+IZ-YI3} 

<  -^r  {lx  .(Y)-yL  +diam  6.} 
—  c-c*  '  ss  '3  s 


(141) 


<  ^ 

—  c-c’^ 


^  +diam  6 
6  s 


} 


(since  l’«s|(Y)-Yl3  £  3+1y-Xss<^)  I  3  1  ^ 

T(x:^Z);^.s)  <  ^  diam  B.. 


(142) 


I 
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so  that  s-T (X  ^(Z) ;X,s)  and  s-t(X.^(Z) ;Y,g)  lie  in  R.  Therefore, 
s  s 

recalling  (76),  we  not  only  have 


|x?  (x"^(Z),  S-T(x"^(Z);X.i))-xf,(x:^(Z),5-T(x:-^(Z);Y,s))i 


.-1 


c  ..-1, 


•A'  s 


s 


<  A-|T(xr^(Z);X,s)-T(xr^(Z);Y,s)l“ 

S  a 


(1A3) 


(c-c”) 


-  |X-Y|“  < 

*sa  '  '  3  — 


(c-c*)^ 


!x  -(y)-y|“  < 


A*  1 


(c-c*)^ 


for  each  Z  6  S8- , 
s 


but  we  can  also  argue  as  in  the  derivation  of  (IV.22.3A)  to  conclude 
that 


S,(Z)(,  1  A  •fT(rtz);X.i)-T(x:^(Z);Y,s))' 


(X.s)'"^  ’(Y.s)'"''!  -  1-hi  ■  s 

Am“ 


(1A4) 


(1+d) '(c-c*)® 


for  each  Z  G  35- 
s 


((1A4)  is  first  proven  for  Z  €  3S-n{Y} 'n{x} ' ;  the  continuity  of  V 

s 

then  implies  the  result  in  case  Z  •  Y  or  Z  ■  X) .  Further,  just 
as  in  (IV. 22. 39),  it  is  easy  to  show  that 


(145) 


for  each  Z  G  38. , 
s 


wherein 
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'6  • 


{l-(c*/c)^}'^{l+6(c*/c)^+(c*/c)^}. 


(146) 


and 


c*  {l-(c*/c)^}‘-^{l+3(c*/c)^+(c*/c)  }. 


(147) 


Also,  (IV. 14.57)  and  a  short  calculation  lead  to  the  bounds  given  by 


'I  i  "(*.5)  «>  •''(X.S)  I  ^ 


<  C* 
-  *^2 


whenever 


(X,i)  €  m  and  Z  e  38~r'{x}' , 

s 


(148) 


with 


cj  {l+(c*/c)^r^.{l-(c*/c)}^ 


(149) 


and 


c*  l+{l-(c*/c)^}"^-(c*/c)-{2+(c*/c)^}.  (150) 


Having  these  results  at  our  disposal,  and  still  denoting  by  X  an 
arbitrary  point  of  [Y,x  -(Y)],  suppose  that  Z  e  38.n{x}*:  then 

8S  8 


X,l 


(Y,s) 


(Y,s) 


-‘“(X,i)  «>  -X.k«>*‘  •''(X.i)  «»'*»-l''(X,i)  (2)  1 1 


1 


.,.,2,1/2  •<I<'X.2«>-’(Y.S)®>  -''X..<»-'(X,S)«»' 


2{l-(c*/c)‘} 
^(X.s)^^^ I3' '(Y,8) 


+  l|v?v  5^(Z)l3l> 
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1 


(151) 


2{l-(c*/c)‘} 
-  I  rv ^ 


l-^.(2(c*/c)«(cVc)).|V=,_.,a)-v'^_j,(Z)i 


+t  cJ+2 (c*/c) . ( l-(c*/c)^) • 1 v'^  j, (2) -V'-  j, (Z) I  3 


<  {c*+c!+2(c*/c)-{1-(c*/c)^}*^/^}-  ^ 

■  ^  ^  (c-c*)“ 

A  ^  A<^ 

ty  1/0  A*1 

<  {c*+c*+2(c*/c).{l-(c*/c)^}“-^'^}-  - ^ 

o  /  .  i,.a 

(c-c  ) 


having  used  (10)  and  (143)-(145).  Ue  may,  and  shall,  suppose  that 
the  positive  number  4^^  is  chosen  so  that 

A* 

{c*+c*+2(c*/c).{l-(c*/c)^}"^^^}.  - ^  <  T  <  .  (152) 

6  7  (c-cV^  ^ 


with  Cg,  c*,  and  c*  given  by  (146),  (147),  and  (149),  respective¬ 
ly;  clearly.  A,,  depends  upon  M  and  K  alone.  Using  (151)  and 
(152),  and  accounting  for  (148),  in  which  we  cake  s  >  s  and  X  ■  X, 
by  simply  noting  that  a  ■  b+(a-b)  ^b-|a-b|  for  a,b  €  ]R,  we 


find 
.k 


(153) 


whenever  X€  [Y,X  .  (Y)  )  and  Z  G  ;8-<^{X}'. 

‘  ss  s 


In  particular,  choosing  X  ~  X  .(Y)  in  (133),  we  find  that 
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'  ni 

is  well-defined  on  36~n{x  .  (Y) } '  by  (49).  An  upper 

s  ss 

bound  for  Che  expression  appearing  In  (133)  Is  easily  obtained  by 
noting  that 

|W(-^-)(Z)l3  <  {l-(c*/c)^}“^-(c*/c)-{2+(c*/c)^} 


whenever  (X,s)  and  Z  €  38-, 

s 


whence 


(154) 


(155) 


for  X€  [Y.X  .(Y)]  and  ze  98.HX}'. 

ss  s 


Ncn^,  Co  prepare  an  appropriate  estimate  for  the  difference 

appearing  in  the  integrand  in  (56),  we  begin  by  using  (148),  (153), 

(154),  and  (155)  to  write,  for  each  Z  €  38  i*'{Y}', 

s 


i;o3 


SS  ss 


k  2 

-1  (c*)^  ’'^”(Y,s)’^X  (Y),k'^^^’'x  -{Y),i*^(Y,s)^ 
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-  ,  *.6  '^”(Y,s)‘’^X  .(Y),k^”'  si"‘-^  "(Y.s)'""  ‘Y,k 

ss 


}oX_^.(Z)-w7„  _,(Z)t^  ,,(Z)  ! 


(156) 


s2. 


*I<l-<c*/')'>''''-<l<'x^,(Y)..-''(Y.S)>‘°’‘ss«> 

-(r^_,(Z)-vj'_^,(Z))2|+||v'v  .,(Z)|?-|V%  2,«X.;(Z)|^|)) 


(Y.sl'^^'S  ''(Y.s)  "si' 


24(c!)‘ 


+c**Igrad  "grad  rYCZ)l2+  J  {l-(c*/c)^}”^^^*2Cc*/c) 

SS 


'2 

>{  (c*/c)  •  1  grad  r  /'v\^X„;(2))  -grad  r  (Z)  | , 


'X  .(Y)'*si' 

SS 


i  ■=!'  «>  1 3*l''(Y.i)°><ai<^>-''(Y..)  «>  1 3 

+|grad  -^rad  rY{2)|2}  . 


for  a  certain  number  Cg  depending  upon  only  the  ratio  c*/c.  It 


is  easy  to  show  that  there  exist  and  also  depending 

only  c*/c,  for  which 


l"(Y.i)”’<sa<”-“(Y,s)«>l3 


i  '5- 1  t*^4>(Y.;)“xi'<’<,s«»-l>‘'4l  (Y,a)°x;'<«  I  3 


on 


(157) 


Following  the  derivation  of (IV. 24.47) ,  we  can  use  (76)  and  (101)  to 
produce 
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(X  .(z)-Z)-(X  .(Y)-Y)L  <  cAa“t“(Z)-5  for  each  Z  £  3B  .  (158) 

ss  ss  '  3  —  0  Y  s 


In  turn,  (158)  allows  us  to  write 


SS 


{(X_.(Z)-X_.(Y))-(Z-Y)} 


Ir^CZ)  sS 


■H - 7^ - TTYV - ‘(Z)-X  .(Y)} 

ss 

2cAA*^ 


(159) 


for  Z  e  3B  (^{Y}’ . 

S 

By  combining  (156),  (157),  and  (159),  and  recalling  inequalities  (77) 
and  (78),  we  obtain 


-lx 


*<^-^‘=to>*l'^(Y,s)<^s^"»-'^(Y.s)^^^l3 


+  |grad  r^  (y)^^ss^^^^  ^^(2)13} 

ss' 


<  cJ(1+cJ+cJq). 


A  X-,  2,5/2  ,5  X 

- r  '{l+C  }  *<5  +  — ; - : -  *6 

(c-c*)-  r'-^CZ) 


-  k_ 

k_«6“+-r-T -  *6  for  each  Z  e  38  r{Y}', 

’  4-“  (2) 


(160) 


the  positive  numbers  k^  and  kg  depending  on  M  and  K  alone. 
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Finally,  having  (160),  we  can  derive  an  estimate  of  the 
desired  form  for  from  (56), 


T  o  /■  Kv-1 

^29  -  * 


—z  + 


a.  *^8 


1-a 


•6)  dA 


35 


(161) 


<  2^/^.(m^)'^-|k^-M55“  +kg.6  j  d;|  , 

3i6  ^ 


wherein  o'  €  (0,a)  and  is  a  sufficiently  large  positive  number. 

The  remaining  integral  in  (161)  can  be  analyzed  by  considering  the 
two  cases  a  £  (0,1)  or  a  ■  1,  leading  to  a  term  involving, 

^  f 

respectively,  5  or  6  ,  where  o'  £  (0,1)  (cf,,  the  similar 
calculation  in  the  examination  of  1^) .  In  any  event. 


^29  -  *^9^ 


(162) 


kg  depending  upon  only  jit  and  K. 

To  examine  the  difference  appearing  in  the  Integrand  of  (57), 
choose  Z  £  C^(Y,s)<'>C2^^(Y,s) ' ,  from  which  |nY(Z)-Y|2  >’0  and 

|lIi(X,j«))-X,.(Y)|3  >  |n4(X^j(Z)>-Y|3-|5-X^j(Y)l3 

>  7  |x^j(z)4l3-,s 

i|  (U-X|3-|X-Yl3-|Xj,(Z)-2|3)-i« 

>  ^  {3i6-i6}-i6  >  0. 

Thus,  using  (76),  (101),  and  (159), 
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|rY{x?^(x“^(Y),s)}onY(z)-r^ 


ss 


I  {(rY^j^(nY(Z))-x!^^(X^\Y)  ,s))^+(l-lx?^(X^^(Y)  ,s)  |  3)} 


2. ,-3/2 


SS  ’ 

1 1  {l-(c*/c)^}"^''^-{4(c*/c)-  lX?^(x:^(Y)  .s)-X^^(X^^(Y)  ,s)  |  3 

+2-(c*/c)^-|grad  r^  .  (y)  ^^(2)1  3} 

ss' 

^  6* (c*/c)*{l-(c*/c)^}  ^^^•A{Aq+1}^^^*6° 
+3-(c*/c)^*{1-(c*/c)^}'^^^-2cA-a“-  — 


-  k,^6“+k. 


rY““(Z) 

for  each  Z  6  C^(Y,s)nC3^^ (Y,s) ' , 


(163) 


k^Q  and  kj^^  depending  upon  only  M  and  K.  Applying  the  latter 
relation  In  conjunction  with  (57), 


^  2 • (bj)  ^ • 


2I  pio^  ■^'^ii'  i-i} 

a  .  T^yOn^  ^  r  ^  s 

C®(Y,s)nc3^^(Y,s)’ 


[''lo*'^  +  AilLl  dx 
,  ,  Ir^on,  4-^0  J 

cJ(Y,s)nc"^^(Y,s)’  ^  ^ 


<  25/2,.(„K)-l|k^^.M^6“Vk336 


(164) 


3i6 


<ki2-6  , 


having  selected  a'  €  (0,a)  and  appealed  to  the  reasoning  which 
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produced  (162)  from  (161) ;  here,  k^2  depends  on  only  M  and  K, 
of  course. 


Here,  we  can  write 

T^‘^*JX"^-T^‘>(Y)  •JX~^(Y) 
s  s  s  s 


{Tfq-Ti‘’(Y)  }-JX"l+Ti‘^(Y)  -{JX'l-JX'lcY) },  (165) 


apply  (85)  and  (103),  and  use  the  type  of  arguments  adduced  in  (69) 
and  (97)  to  produce 


T  /  K.-l  03 
I31  i  ("y  -M  • 


r.-. 


2  "Y,q 


OX  . - 1  r„ 

ss  2  Y,q 

Y 


•{T^q-T^q(Y)} 

s  s 


dA 


38 


+M 


,03 


C^(Y,s)-C^^^(Y,s)’ 


1JX“^-JX“^(Y) I  dX 


38. 


i  (iBj) 


dA. 


J  3-aj^  “"38^ 

c2(Y,s)nc^^^(Y,s)’  ’^Y 


tmmO  3  y  K*“2'*.Cl  n  g  • 
+M  •(nij)  AAq*2«8i6' 


3-a  '^Sb  ’ 

C^(Y,s)r.C^^^(Y,s)* 


from  this  point,  as  in  the  previous  calculations,  we  can  show  that 
satisfies  an  inequality  of  the  form  of  (68)  by  considering 
the  four  possible  cases  based  on  the  values  of  and  &:  both 

Oj^  and  a  €  (0,1),  Oj^  ■  1  and  a  €  (0,1),  eXc.  For  example. 
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,5/2 


31  - 


,5/2 


and  S  ■  1, 

then 

.  K.-l  „03  I 
Tri*(m-.)  ‘M 

J  1 

•AA^.e  1  1 

3i6 

«} 

Tii*(mj) 

f  \ 

l'-»K 

2 -a,. 


3i6  ; 


•(3i)  ^  -6 


wherein  depends  upon  M  and  K  only,  a*  6  and 

Mg  is  sufficiently  large. 

1^25  Suppose  that  Z  €  38gn{Y} ’n{x^. (Y) } ' ;  for  exanple,  if 
Z  ■  X  -(Z)  for  some  Z  €  36  .(Y,s)',  it  is  easy  to  check  that 

SS  S  JlO 

this  inclusion  holds.  Then,  using  (143),  (150),  and  (153)-(155), 
it  is  evident  that 


l^(Y,s;Y,s)^^^"^(Y,s)^^^l 


I  ^”(t,s)  W  ’^(Y,s)  ^ 


+(l-|v^^^5)(Z)|2)}l/2j-3.^„k.^.)(2).r-^k<2> 


(166) 
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1/'  *^2 

^^^2^  I  k 

<  -■  sx(Z)-fr,. 


,(Z)-r*  AZ)}\ 


-  1  .  *.6  .(Y).k^"^'^Y,k' 

8 


(167) 


+  I  {l-(c*/c)^}'^^^-l(r 


ss 


.2 


24(c;)'  ,  ,,, 

<  - ^  •{c*+(c*/c) '{l-Cc^/c)  } 


(cp' 


•  I  grad  (Y) -grad  r^CZ)!^ 


ss 


c*l*|grad  r^(Z)l3  . 

SS 


Reasoning  in  the  usual  manner,  we  find 


I  grad  (Y)^^^  -grad  r*(Z)|3 


'X^.(Y) 


^ -  (Z-X„-(Y))-  -4=v  (Z-Y) 


(Z)  Ss' 


r^(Z) 


2i6 


~  r^{Z)  -  r^(Z) 


(166) 


for  Z  e  dB.n{Y}’n{x  -(Y)}’  . 
s  ss 


Thus, 


l^?Y.s;Y.s)<^>-il.s)<^>l^7TftT-« 


(169) 


for  Z  €  38-n{Y}’n{x  .(Y)}' , 
s  ss 


depending  on  only  the  ratio  c*/c.  Applying  this  result  along 


with  (84),  (97),  (103),  and  (165)  In  (59)  leads  to 
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r^(II^(Xg- (Z)) ) 


{r-(x3,(Z))-Y}-  -3 


TyCHyCZ)) 


{r.Y(z)-Y} 


•  I {n^(Xgg(z))-Y}-{nY(z)-Y} ! ^ 


(172) 


r|(n^(Xg*(Z)))  r^Cn^CZ)) 


!nY(Xs5(z))-Y|3 


y  ~T~^ - i{n-(x  -(z))-Y}-{n  (Z)-Y}1  . 


To  estimate  the  difference  appearing  on  the  right  in  (172),  we 
recall  (112),  which  gives,  with  (6),  (1.2.37.7),  and  (156),  supposing 
first  that  Y  ^  x  - (Y) , 


I {n^(Xgg(z))-Xg. (z) }-{nY(z)-z} 1 3 

<  2rY(2)-N(Y,s)-v(Y,s)|3+|{Xg*(Z)-2}-{Xg.(Y)-Y}|3 

ss 

a  -  -  1+a 

<  2aj^r^(Z).6  *^+cAAQ-r“(Z) IY-X^- (Y)  |  3 

£2aj^rY(Z)*6  +cAAQ*rY(Z)  .6+^*  i  *6 

for  each  Z  €  Cj(Y,s), 
a 


(173) 


in  which  depends  on  aj^  and  Oj^  only  (cf.,  [1 . 2. 37 .iii.4]) . 

The  application  of  (1.2.37.7)  to  estimate  |v'^(Y,s)*r^  ^ 

legitimate,  since  |Y-X  g^Y)|3£  xd  <  dj^.  It  is  clear  that  the 


resultant  inequality  in  (173)  is  valid  even  if  Y  ■  X  -(Y).  From 

SS 

(173), 
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|{n^(Xs^(z))-Y}-{nY(z)-Y}l, 

<  |{n'(X^-(Z))-X^.(Z)}-{nY(Z)-Z}l3+l(Y-Y)+(X^.(2)-Z) 


ss 


-So  - 

^  Za^^T^CZ)  *6  +cAAqTy(Z) ‘S+a^'i  6  +i5 


(174) 


“v  a 

<.  k,^{rY(Z)*5  +6}  for  each  Z€c^(Y,s), 

depending  on  only  Al  and  K,  with  which  we  can  complete  the 
computation  begun  in  (172): 


r^(Il^(X^.(Z))) 
8k 


{%(X  -(Z))-Y}-  i - {n  (Z)-Y} 


rY(nY(Z)) 


14 

-  {r„(2)-6  *^+6} 

_  J  /*•*  /p*  \  \  * 


rY(nY(Z)) 


<  8k 


9/7 


^^lry(ny(Z)) 


.“k 

•6  + 


ry(ny(Z)) 


(175) 


for  Z  €  c^(Y,s)nc^^g(Y,s)' 


Finally,  returning  to  (60),  (171)  and  (175)  show  that 


I33  <  {l-(c*/c)^}"^/^.(m|)*^.2-8k3^-  1  4. 


•(! 


C®(Y,s)''C3^^(Y,s)’  ^ 


1  ^“k 

r^II„ 


+6 


c2(Y,s)nc®^^(Y,s)' 


1  2“k  1 

r^on 
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2a.. 


<  k  * 
-  *^15 


.(i 


+S 


2-2a., 


dX 


J  3-2aj^ 

C^(Y.s)nc^^^(Y,s)'  ’^Y  °"y 


dX 


3B. 


SB. 


C^(Y,s)nc^^^(Y,s)'  ’^Y  °^‘Y 


(176) 


f  a., 


-*^16 


l-2o 


di;  +6 


3i5  ; 


K 


2-2a, 


3i6  C 


and  depending  upon  Al  and  K  alone.  Clearly,  we  can 

derive  from  (176)  an  estimate  for  of  the  form  of  (68) . 

124*  Z  €  C^(Y,s)'~iC2^^(Y,s)  '  :  then  It  Is  easy  to  show  that 

n^(X^^(Z))  can  equal  neither  Y  nor  ^gg(Y)  and,  using  (130)  after 
reasoning  In  a  familiar  manner. 


Igrad  r^(II^(Xgg(Z)))  -grad  r^  .  (y)  ^^Y^^ss^^^^^  I  3 

ss 

i  rj(IIj(X,j(Z)))  ■  I  3 

^  f  • -TTn^ 


I '  Y 


4i5 


rY(n.^(Z))  • 


(177) 


Consequently,  proceeding  as  in  the  derivation  of  (IV. 22. 24), 
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1  r^{x?^(x:^(Y)  ,S) } (uyCx^- (z)))  -r^  ,i) } ) ) 


'^ss 


<  3-(c*/c)^-{l-(c*/c)^}‘ 


Igrad  r^(n^(Xg*(Z)))  -grad  . (y) ^ 3 

ss 


<  12,.(c*/c).{l-(c‘/c)^)-’'^  r,(n^'K)) 


‘17 


T^Cn^Cz)) 


for  each  Z  €  cl(Y,s)ncl  .(Y,s)'. 

a  j\o 


Directly  from  (61),  using  (178)  and  recalling  (171),  we  obtain 

2a. 


_  -  ,  K.-l  12,  - 

13^  <2. (my  •  2  ^c‘‘'l7-'^* 


C^(Y,s)nc®^yY,s)’  ^  ^ 


1  "”K 

3..„  ‘’^Y  ‘^^3B 


2a^ 

91  *“  2 


"  [fj  ‘Vki7‘(n.3)‘^-5- 


3- 2a 

C^(Y,s)fiC3^g(Y,s)'  ’^Y  °"y 


d\ 


58 


whence  an  Inequality  of  the-  required  form  can  be  obtained  for  13^, 
via.  computations  of  the  sort  outlined  previously. 


I33:  If  Z  €  3S^nc3^^(Y,s) then  t^(Z)  ^  3i6  and 

I'X  i  l(X,;U)-Z)-(X.,m-Y)l3 

SS 


<  2c'**  I  s-s  I  <  2i6  , 


(178) 


(179) 


whence 
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ss 


r^(Z) 


-1 


2i6  2i6  2 

r^(Z)  -  3i5  ‘  3 


This  implies  that 

1 


3 


t^a) 


<4  for  each  Z  €  3B  nc^  ^  (Y.s)  ' . 
3  s  Ji  6 


Employing  (180)  along  with  (158),  we  can  write 


r^(Z) 


(2-Y)- 


ss 


(X^.(Z)-X^.(Y)) 
ss  ss 


1.  3 

rY(Z) 


l(X^.(Z)-Z)-(X^.(Y)-Y)i 


ss 


rY(Z)  ^  ®® 


1+ 


r^(z) 


T^U) 


88 


r^(Z) 


<  lAcAA^*  ^ 


r3-“(Z) 


for  each  Z  e  ag  nc,  .(Y,s)'. 

S  3l  6 


’03 

Now,  (181)  and  the  bound  afforded  for  r^v  v  (^53)  lead  to 

(Y,s;Y,s; 


I-,  <  2*(m^)  r  ‘lAcAA^'d* 

”  ■  J  (cj)^  “ 


^  d>., 


3-d  “  &B  ’ 

s  s  ’=’y  ® 

C®(Y,s)nc5  (Y,s)'  ^ 


(180) 


(181) 


(182) 


whence  an  argument  familiar  by  now  shows  that  fulfills  a  relation 
as  required  in  (68) . 
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If  Z€C^(Y.s),  then  r^(nY(Xgg(Z)))  ^  r^(X^. (Z))  and 
rY(ny(Z))  >  ^  r^CZ) .  Coupling  these  facts  with  (84)  and  recalling 
(130) ,  we  arrive  at 


.  r„(n„(Z))  27  33 

12  ^  r^(r.^(Xg.(Z)))  ^  14  Z  e  c^(Y,s)nC2^^(Y,s)’ . 

For  Z  6  C^(Y,s)'^C2^  g(Y,s)  ' ,  we  have  both 

r^(n^(Xs-,(Z)))  >  I  |Y-X3.(Z)|3  >  I  {  |  Y-Z  |  3-(  |  Y-Y  |  3+I  Z-X^- (Z)  ]  3) } 

2^  (3i5-i6)  •  -1^  i5 


and 


I'x  .(,)(n^(X,^«»)-r^<It}(X,s(Z)))|  i  |v-x,sml3 

ss 

<  )Y-Y|3+|Y-Xgg.(Y)|3 

<  \6  , 


so 


’^X8g(Y) 

’^y(II^(Xss(Z^  )) 


lr^(n^(Xs.(Z)))  " 


9_ 
14  • 


From  the  latter  inequality. 


SS 

l4  '  r^(n^(x8j(Z))) 

for  each 


z  e  c’(Y,,)nc»^j 


23 

14 

(Y.s)’. 


(183) 


(184) 


Using  (183)  and  (184),  we  obtain  the  desired  estimates 
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rx 


r^CZ) 


-1  <  All.  ,216.2 

^  T^CZ)  -  3i6  3  • 


This  implies  that 


1  ss^^^  5  a 

I  ^  -  -"-^cz) - z€  as^nc^^.CY.s)'. 


(180) 


Employing  (180)  along  with  (158),  we  can  write 


-T^  (Z-Y)-  ^ - i 

*^X  .(Y)^ 


1 - 

*’x  .(Y)^^ss^^^^  ^ 


■|(X,.(2)-2)-(X^j(V)-y)|3 


r^(Z) 


rY(Z)  ss 

Ji+  ^Y^^^  ^Y^^^ 

1  \s^Y)^^ss^^^^  tI  f  Ax  .(Z)) 

^  SS  X  ss 

8S 


(181) 


i^Y 


<  lAcAA^*  — ij— r -  *6  for  each  Z  €  ag  oc^  (Y,s)' 

0  8  3i6 


Now,  (181)  and  the  bound  afforded  for  rTv  o  -\  (153)  lead  to 

,s ;i ,s) 


I35  <  2.(mV^-  -IAcAaJ.S- 

•f  I  r  I 


Cj(Y,s)nc3^^(Y,s)’  ^ 


whence  an  argument  familiar  by  now  shows  that  fulfills  a  relation 
as  required  in  (68). 
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1  L-  li  <  r^CHyCZ))  17  U 

^  ^2-23  .(Y)(nY(X3,(Z)))  ^  14  '  5  ^ 


(185) 


for  each  Z  €  C^(Y,s)OC^  .(Y,s)'. 

a  3io 


As  another  preliminary  for  the  Investigation  of  the  difference  dis¬ 
played  in  the  Integrand  in  (63),  (158)  and  (173)  imply  that 


|{n-(x  -(z))-x  .(Y)}-{n^(z)-Y} 


1  |{n^(X^.(Z))-X^.(Z)}-{nY(Z)-Z}j3-l-l{X^.(Z)-Z}-{Xg.(Y)-Y}|3 


<  2ajj*r^(Z)6  +2cAAj*r®(Z)5-(-ajj*i  -6 


(186) 


k3g{rY(Z)-6  Sr“(2).6-t-6  *•} 


for  each  Z€Cg(Y,s), 


in  which  depends  upon  M  and  K  alone.  Now,  proceeding 

initially  in  the  usual  manner,  then  applying  (185)  and  (186),  we  find 


rY(nY(Z)) 


{nY(Z)-Y}-  ^ 


ss 


{n-(x  .(z))-x  .(Y)} 

I  5S  SS 


rY(nY(Z)) 


I  {n.^(x^.  (Z))-X_.  (Y)  }-{n^(z)-Y} 


ss 


rY(nY(Z))  ss 


1+ 


ry(nY(z)) 


rY(nY(Z)) 


ss 


ss 
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“3 - i {n^(x  .(z))-x  - (Y)}-{n  (z)-Y} | 

t^CHyCZ))  Y  ss  ss  Y  3 


(187) 


•{r„(Z)-6  +r“(Z).6+5  ^ 

r^Cn^CZ))  ^ 


<  4Ak 


r  9/7  ,“k,  (9/7)“  1  /■^Kl 

^“IryCnYCZ))  ty  (11^(2))  TyCHyCZ))  J 


for  each  Z  €  C^(Y,s)rC2^g (Y,s) ' . 


Turning  finally  to  the  estimation  of  I,,  itself,  the  use  of  (187) 

3o 


with  (63)  yields 


I36  1  (jnj)~^*{l-(c*/c)^}"^^^-2*44*k^g.2^^^iT 


(188) 


■{t  ^  f  c  ■^[7)  “2T  f  "T  **4  • 

(7  )  Z  [/)  2-0  j  2  J 


As  in  previous  computations,  the  first  term  within  the  brackets  on 

“k 

the  right  in  (188)  leads  to  an  estimate  involving  5  for  any 
€  (0,a^),  while  the  second  can  be  estimated  in  terms  of  either 
6°  (if  a  €  (0,1))  or  6“  for  any  o'  S  (0,1)  (in  case  d  “  1) ; 
the  third  term  is  just 


f  1  ,*■*”«  f  1  ll  1  ,“k 

J  7 ‘  -137?  -  dj '  37  • 


With  these  remarks,  it  is  obvious  that  (188)  can  be  used  to  derive 
for  an  Inequality  of  the  required  form. 
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For  brevity,  in  the  analysis  of  this  term  we  shall  write 


V  :»  V 


W  W 


(Y.i)’ 


and 

Now,  for  each  Z€  Cj(Y,s)nc^  ,(Y,s)'  we  shall  define  f*’(*  ;Z,Y,s,s) 

a  Ji  0 

on  the  set  .(Z) } (X  .(Z))}'  according  to 

ss  I  ss 


f‘’(X;Z,Y,s,s) 


X 


ox^,(Z) 


2  ''x,q*^^^’4  'x,k^  +(1-I^*4l3> 


-3/2 


}onYOXs^(Z) 


(189) 


for  each  X  €  ll-'n{x  .(Z)}’n{n*(x  -(Z))}' 

ss  1  ss 


then  it  is  easy  to  see  that 


^37- 


{f'’(Y;Z,Y,s,s)-f'*(X  -(Y);Z,Y,i,s)} 
ss 


(190) 


•T^‘*(Y)-JX“^(Y)  dX.R  (Z) 
s  s  3o_ 


Recall  that  we  are  denoting  by  [Y,X  - (Y) ]  the  closed  line  segment 


ss 


Joining  ^  and  X  - (Y)  in  (which  may  consist  of  a  single 

ss 


point).  Ue  claim  that 
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[Y.Xg.CY)  1  C  ]R^r^{x^.  (Z)  }  'P{n^(Xgg(Z))  }  ' 


for  each  Z  €  C^(Y,s)nC2^^(Y,s) ' . 


To  verify  this,  we  observe  first  that  [Y-yI^  <_  6  <  i6  and 
|Y-X  -(Y)|-  ^c*1s-s|  <  c*6  <  i6,  so  the  inclusion 


(191) 


fY.Xs-(Y)]  C  b;’^(Y) 


(192) 


must  hold.  On  the  other  hand,  choosing  any  Z  €  Cj(Y,s)'"C®  .(Y,s)', 

a  6 

we  have 


|Xs-(Z)-Yj2i  |Z-Y|3-(Xs-(2)-Zl3  >.  3i6-c*6  >  3i6-i6  >  i5. 


and  so  also 


n.j(X^-(Z))-YU  >  |n^(X_;;(Z))-YU-|Y-Y| 


13  _  I“Y'''S8' 


>i|Xss(Z)-V|3-|Y-Y|3 


>  I  (3i-c*)6-6 


/21  7  J) 

\9~  '”[^'^9  j  j'^  ^ 


the  latter  inequality  following  since 


1J.  7  ^  r,..  *.2.1/2  /130  12  21 

1+^c  i  {l+(c  )  }  •jl'*' '  9“  '  •  ^ 


Thus,  X  -(Z)  and  H/.  (x  -(Z))  lie  outside  S'*  (Y)  whenever 
SS  1  ss  \o 

Z  G  C^(Y,s)^3^^(Y,s)  ' ;  coupling  this  fact  with  (192),  the  inclusion 
(191)  clearly  follows  for  each  such  Z.  But  (191)  allows  us  to 
apply  the  mean-value  theorem  in  the  especially  convenient  form  given 
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in  Theorem  (12.9)  of  Apostol  [l],  which  shows  that  there  exists 
for  each  Z€  Cj(Y,s)nc^  .(Y,s)*  a  point  X(Z;Y,s,Y,s)  €  [Y,x  - (Y) ] , 

Q  Jl  6  SS 

depending  upon  Z,  (Y,s),  and  (Y,s),  such  that 


{f‘^(Y;Z,Y,s,s)-f‘’(X^*(Y);Z,Y,s,s)}.Tf‘’(Y) 


ss 


f?j(X(Z;Y,s,Y,s):Z,Y,s,s)-(Y^-xJi(Y))-Tf‘’(Y). 


(193) 


ss 


A  straightforward,  albeit  somewhat  tedious,  computation,  beginning 
with  (189),  produces 

fl(X;Z,Y,s,s) 


'■•'x 


.{3{(l-|v‘=|^)r„  .r„  +(V‘'  r„  .)-V^  r„  } 

3  X,j  X,q  X,k  X,q 


-k 


OX  -(Z) 
ss 


on- ox  .(Z) 
I  ss 


I 
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T 

^  X 


•  {3W^r^  -(W^r„  .  )5,  }loX  -(Z)+|-^r — ^ - = - — 

x.q  X.k  jq  ss  (rJ{X^.(2)) 

-1  ,)  ^+(1-1 5%  I  3) )  •«3,l)«ni»Xsi'» 


(Z))) 


r^(Xs.(Z)) 


-({  ^’4 1  ^  ^ 


•  (3{  (l-lx,^l3)rjj  j+(x,^rjj 

-{<X^^rx^,)'+(l-|X%l^}6jq)°n-X^g(Z) 

+  ^ -  ({w\  i,+<(V^''r  )^+(l-|v‘'|^)}^^^}"^ 

ri(X  -(Z)) 

A  SS 

•{(V^  rx^j)^+(l-|v‘=|3)}‘^^^}0Xsg(Z) 

•f3«l-|>i^4l3>Xx.3*(*-Irx,k)-*C)“"i<’<,i«» 


•{r„  „(X  .(Z))-ry  ^dlyCX  -(Z)))} 
X,q  ss  X,q  Y  ss 
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«X,  j  ‘"x^^bS  «) »  •  <  I  I  ''  <*bb«»  1 3’  •  ‘  i  I  r  I  “'<*bS  «»  !  3>  ’* 


*{X,^‘(r^^j^(n^(Xs*(Z)))-rx^k^Xs|(Z))) 


1  c  ,  c 


+{ I  (x^ -  (Z)  )  I  3+ 1 J  3} .  {  I  V^X^g (Z)  )  I  3- 1 J  3}  •  6  }  . 


(194) 


for  each  xe]R-’r.{x  .(Z)}’n{n-(x  .(Z))}’, 

SS  1  ss 


for  each  Z  €  C^(Y,s)nc^^^(Y,s) ’ . 


Let  us  write 


X  :-  X(Z;Y,s,Y,s) , 


3  3 

for  a  fixed  Z  €  Cj(Y,s)''C_  ,(Y,s)'  under  consideration.  Then, 
a  j  1 0 

using  (193)  and  (194),  and  keeping  in  mind  the  bounds  given  in  (69) 
and  (153),  along  with  the  inequalities  I ^*4 1  3  1.  c*/c,  1.  c*/c 
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on  98-, 
s 

l-(c*/c)^  <  (C^-rjj^j)^+(l-Ul3)  i  1  on 
for  ^  with  |f,  £  c*/c,  and 

~  -  |Y-Yl3+c*ls-sl  <  i6. 


it  is  found  that 


|{f'’(Y;Z,Y,s,s)-f‘’(X^-(Y);Z,Y.i,s)}-T^'’(Y)  | 

s  s  ® 

1-4 


r|(x,j(Z)) 


1  * 
2  *^1 


8.1w(X^-(Z))!,m6 


4(x,j(2))  4(n^(x,j(z))) 


•  I  (f '  tj_ j) ‘+(1- 1 v‘| p ) '■'  ‘ ) 


•{l-(c*/c)^}’^^^-2{4+3(c*/c)^] 


,%c,2,,1/2,-4 


rJ(X^-(2)) 


-({  (X^^r5^^j^)^+(1- 1 1 2)  (2)  1 

•{1-(c*/c)^}’^^^-2{4+3(c*/c)^}m(5 

+  -:^ - fi  c*l  ^•{1-(c*/c)^}'^^^m6 

4«sk«»  ‘  ' 

•{4{3+4(c*/c)^}- Igrad  r-(Xg-(Z))  -grad  (Z) ) ) 1 3 

+32(c*/c)-!v‘=(x„.(Z))-X^^l3} 


ss 


Z  €  C^(Y,s)rC3^j(Y,8)'. 


(195) 


•  1 6 


(196) 


for  each 


-267- 


To  pursue  the  estimate  begun  in  (196) ,  we  examine  various 

expressions  appearing  there.  First,  from  the  definition  (IV. 14. 28), 

remembering  that  X.^ox  -  “  X  by  (14),  it  is  easy  to  check  that 
s  ss  s 


|W^-^.)(Xgg(Z))l3  <  {l+(c*/c)n-{l-(c*/c)"} 


{l+(c*/c)^}-{l-(c*/c)^}“^ 


(197) 


|V(Y^g){X^.(Z))-X^^(X“\z),s-T(X^^(Z);Y,i))l3 


for  each  Z  S  38  . 

5 


Now,  again  using  (14),  and  noting  that  Y  X  --(Z)  whenever  Z  6 

s  s 

Cj(Y,s)nc^  (Y,s)'  (cf.,  (191)),  directly  from  the  definition 

a  ji  0 


(IV. 14. 11) ,  we  find 


V/i  ;^(X_i(Z)) 


(Y,s)  ss  ,(x;\z);Y.S) 


{X(x‘^(Z),s)-X(x"^(Z),s-t(x“^(Z);Y,S))} 


for  each  Z  €  C^(Y,s)''‘C2^^(Y,s)  ' . 


Thus,  for  each  1  €  {1,2,3},  there  exists  some  t^(Z,Y,s,s)  e 


(s-t(X  (Z);Y,i),s)  such  that 


c  c 

vJ^,g)(Xsg(Z))  -  XT^(X"^(Z),t^(Z,Y,s,s)) 


for  each  Z  €  Cj(Y,s)^C2j^(Y,s) ' . 


(198) 


Next,  noting  that  t(X^  (Z);Z,s)  ■  0  for  Z  €  38^,  we  use  [I.3.16.iv] 


to  write 
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T(x"^(Z.);y,s)  <  |T(X“^(Z);Y,i)-T(x"^(Z);Y,s)!+T(x"^(Z);Y,s) 
s  s  s  s 

-  1t(x"^(Z):Y,s)-t(x"^(Z);Y,s) I 

s  s 

+|t(X~^(Z);Y,s)-t(X*^(2);Z,s)|  (199) 

s  s 

{|Y-Yl3+c*li-s|  +  |Z-Y|3} 

<  — ^-3f  {i6+|Z-YL}  for  each  Z  e  38  . 

The  latter  inequality  clearly  implies  that  s-t (X^^(Z) ;Y,s)  and 
t^(Z,Y,s,s)  are  in  K  for  each  Z  €  38^.  In  view  of  this  fact, 
we  may  apply  (76)  with  (198)  and  (199),  obtaining 

^  A* 1 t^(2,^,s,s)-(s-T(Xg^(Z) ;Y,s)) 1“ 

<  a|s-(s-t(X  ^(Z);Y,s)) 1° 

s 

-  A-t“(X^^(Z);Y,s)  (200) 

^ - - — r  •{\6+iZ-YL}“ 

(c-c") 

*  -  * 

<  -  — S  •{i“'<5®+r“(Z)} 

■  (c-c*)“ 

for  each  Z  €  C^(Y,s)riC3^^(Y,s)  ' . 


From  (197),  then. 
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31/2^2“^  5  ,a,_d,^si 

•  - ^  •{!  *6  +r„(Z)} 

(=-c*)“ 


for  each  Z  €  Cj(Y,s)nC2j^(Y,s) ' . 


Moreover,  we  can  reason  as  in  the  derivation  of  (201)  (noting  that 

I t^(Z,Y,s,s)-s|  <  t(X~^(Z) ;Y,s)  for  Z€  sB  )  and  appeal  to  (76) 

s  s 

and  (101)  to  produce 


-  |V(Yj)(X^s(Z))-X^4(x;^(Z).s)l3+ix?^(x;^(Z).s)-X^^(x;^(Y),i)|3 

+  lX^^(X"^(Y) ,s)-X^^(x:^(Y) .s) 1 3 

X/2  6(  * 

<  - - •{i“-6“+r®(Z)}+A.|x'^(Z)-X'^(Y)|“+A-|x"^(Y)-X:^(Y)|3 

—  /  *\Cl  *  S  S  J  5  o 

(c-c*) 


(-.l/Z  ,a  -•)  -  Ci^/Z  -a  »') 

<  - iLll)-  +a°1.a.6“+|-5 - ^  +a“ 

-  I  (c-c*)'^  ^(c-c*)“ 


•A-r“(Z) 


for  each  Z  €  c^(Y,s)nc3^g (Y,s) ’ . 


Choose  X€[t,x.(Y)].  If  Z  €  3B  nc®  (Y.s) ' ,  then 

SS  S  J 1 0 


r^(Xsg(Z))  1  |Z-Y|,-{IY-Y|3+|X^-(Z)-Z|3}  l3i6-i6  -  2t6, 


Sr  I  ^  y 

I  SS 


and 


(201) 


(202) 


(203) 


so 
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-1 


i6  1 

-  r^{x  .(Z))  -  2  • 
1  ss 


This  gives 

r  (X  (Z))  , 

I  i  A^CzTT I  Z€  35^0C^^^(Y.s)'.  X€rY.X3-(Y)] 

1  ss 

From  (84)  and  (203) ,  Ic  is  clear  that 
r  (x  .(Z)) 

-r^”)  'O'  Xe[Y,x^;(Y)l 

How  supposing  Chat  X€  fY,X  .(Y)]  and  Z€  Cj(Y,s)'X?  ,(Y,s)', 

ss  a  Jto 

certainly  have 


't«Y<',S«>»  »|-'Y<'sd"»ir 


(cf.,  (203))  and 


|r^(n^(X8g(Z)))-rx(nY(Xs|(Z)))l  1  IX-Ylj  <_  i6, 


In  the  usual  manner,  it  therefore  follows  that 


^  rx(n^(Xg-(Z)))  ^ 

14  -  r-(n-(Xg5(Z)))  -  14 


for  Z  €  C®(Y,s)nc^^^(Y,s)',  X  €  [Y.Xg- (Y) ] , 


Combining  (183),  (205),  and  (206)  with  the  inequalities 

^^7;^-;(Z))l7»  ZeC^(Y.s)r{Y}'. 


•  (204) 


.  (205) 

we 


(206) 


there  results 
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1  .  1-  1  7  14  ^  .9  27  14 

12  3  ^  12  23  -  r„(n^(x,-(Z)))  -  7  14  5 

X  I  ss 

for  Z  e  C^(Y,s)OC^^g(Y,s)'.  X  e  [Y.X^- (Y) ] . 


(207) 


As  the  first  consequence  of  these  estimates,  specifically  (205)  and 
(207),  recalling  (84)  and  (1.2.37.6),  we  discover  that 


1 

4(x  .(Z))  rij(Il^(x^.(Z))) 

r^(X  «(Z))  4(X  s(Z» 

r.(n^(Xss(2))>  r|(n^(x3,(Z))); 


<  24.{l+24+(24)^}.  -r~^ - |nA(X  -  (Z))-X  *  (Z)  L 

4(X  .(Z))  ^  ss  3 

X  ss 


(208) 


1 

<  24*601‘a^*  -7 -  'r^  '^(x  -(Z)) 

4  1 

<  24-601-(3)  -(4/3)  -iL-  - 

r^  (Z) 

for  each  Z  €  c^(Y,s)nc2^g(Y,s) ’ ; 


here,  of  course,  a^^  can  be  obtained  from  [I. 2. 37. iii . 3]  in  terms  of 
\  and  oj^. 


In  a  similar  manner 


-272- 


Igrad  r*(X  (Z))  -grad  r-(n^(X  *(Z)))L 
X  SS  X  1  SS  J 


SS 


•|n-(x  .(z))-xi 


rj^(Xs«(Z))  r-(n^(x3g(2)))l  '“Y^si 


(209) 


-r*(X.(Z)) 

X  SS 

2  - 

^  r^(X  .(Z))  *^C**’y 
X  SS 

1+Q„  “if 

1  2-3*(4/3)  '^•ij^T^'^CZ)  for  each  Z  €  C^(Y,s)'^C3^  ,(Y,s)  ’  . 


We  observe  next  that,  for  positive  numbers  a,  b,  and  B, 


.  ^1/2,4  .1/2  -5/2  .  -1/2,4  .1/2  .5/2 

(a+b  )  ‘b  6  (a+b  )  ‘b  *6 


•(B^+8^^^b^^^+Bb+B^^^b^'^^+b^)-(B-b) 


-{2+ab"^^^+(l+ab~^^^)^+(l+ab"^''^)^}-b^-a}, 


Employing  this  simple  fact,  using  the  inequalities  (133),  (154),  and 
(195)  along  with  the  estimates  (201),  (202),  and  (209),  it  is  plain 
that  there  exist  positive  numbers  c*2  c*^,  depending  on  the 

ratio  c*/c  alone,  for  which 


wherein  kj^g,...,k22  depend  on  only  M  and  K. 


-274- 


I 

_ 

6 

,  «  1 

(211) 


for  each  Z  €  c^(Y,s)'^c|^  ^(Y.s) ' , 


with  k2,t-..,k2g  dependent  solely  upon  M  and  K.  Directly  from 
(190)  and  (211) ,  there  results 

I37  1  2^/2.(in?)‘^-k2j6  -|^d;+6  f 

^  3i6  ^ 


y  29 
d 


3\6  t 


whence  the  arguments  of  previous  estimations  lead  to  the  conclusion 
that  1^2  shown  to  satisfy  an  inequality  of  the  form  of  (68). 

With  the  demonstration  that  there  exist  Kj)  >  0  and 
A(J)  €  (0,1],  depending  upon  M,  and  K  alone,  such  that  (68) 

is  true  for  j  ■  1,...,32.,  we  have  completed  the  proof  of  the  first 
assertion  of  the  theorem. 


Now,  let  p:  31B  -►  K  be  locally  Holder  continuous  on  3B,  as 
in  hypothesis  (iv):  we  must  show  that  (iii)  is  true  when  the  function 
of  that  statement  is  taken  to  be  A2{y}, 

Because  of  the  similarities  in  form  between  the  latter  functions  and 
Aji{p}  and  aJ{u},  it  is  fairly  clear  that  the  proofs  of  the  required 
results  here  for  (2)  are  essentially  the  same  as  those  of  the 
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corresponding  statements  relative  to  (IV. 22. 2)  in  the  proof  of  [IV. 22], 

while  the  verifications  of  the  claims  here  concerning  (3)  do  not 

significantly  differ  from  those  of  the  corresponding  facts  for 

(IV. 24. 2),  which  are  contained  in  the  proof  of  [IV. 24].  Therefore, 

we  shall  accept  the  statements  for  (2)  and  (3)  as  having  been  proven. 

Further,  we  shall  prove  that  (4)  is  true  when  ij>  »  in  the 

remaining  two  cases,  the  details  of  the  proofs  are  very  similar, 

and  so  we  shall  omit  them.  Then  choose  (Y,s)  6  3B,  -t.e.,  s  G  3R 

and  Y  €  38  :  since  t (X~^(Y) ;Y,s)  -  0  and  X*“^(Y,s)  =  (X"^(Y)  ,s)  , 
s  s  s 

we  find  that 

.  X?^(X"*(Y),5)  .  X?40X*''(Y,s). 

-  ''«,,)<«  ■  *'4 <’';'<''>•=>  ■ 

and 

[u-h]fy  „yOX"^(Y)  -  (S-jx)(x'^(Y),s) 

vx,s^  s  s 

-  {(SoX*"^)(Y,s)}-(JX)0X*"^(Y,s) 

-  u(Y,8)-(Jx)ox*"^(Y,s). 


Consequently,  from  (IV. 14. 34),  we  have  simply 

A2{y}^Y,8)°^8^^^^  -  ({l-lX^^|^}^'jx)ox*"^(Y,s)-y(Y,s) 

for  each  (Y,s)  €  SB. 

The  desired  result  follows  directly  from  (212) :  p  is  locally 


(212) 
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Holder  continuous  on  3B,  X*  ^  is  locally  Lipschitz  continuous  on 

3B,  while  X,^  and  Jx  are  locally  Haider  continuous  on  3R>^R, 

whence  (Y,s)  '-*■  A^{y},  .oX  ^(Y)  must  be  locally  Holder  continuous 
—  ^  I  ,  s  J  s 

on  3B.  Thus,  whenever  K  C  R  is  compact,  there  exist  ^  0 
and  §2  ^  (0,1]  for  which  (4)  holds  with  ^  ■  42(11}. 

Finally,  suppose  that  M€H(2):  the  proof  of  [IV. 22]  provides  , 
reasoning  which  shows  that  (i)  and  (il)  are  fulfilled  in  that  case; 
cf.,  also,  [IV. 23. a].  □. 


Before  we  can  return  to  the  examination  of  the  partial 

derivatives  of  the  kinematic  single  layer  potential,  begun  in  [IV. 14 

and  17],  we  must  point  out  the  most  elementary  properties  of  the 

class  of  functions  (IV.15.iii].  Specifically,  we 

wish  to  determine  conditions  sufficient  to  ensure  that  such  a 

4 

function  possesses  a  continuous  extension  to  B  which  is  locally 
Hblder  continuous  on  3B,  for  B  *  1  or  B  *  2. 


[IV.  30]  DEFINITIONS.  Let  M  be  a  motion  in  M(l)  which 
is  also  such  that  is  a  Lyapunov  domain  for  each  t  €  ]R.  Let 

(R,X}  be  a  reference  pair  for  M  as  in  [1.3.25],  and  suppose  that 
^  and  r  are  as  in  [IV. 15]. 


(i)  If  0  <  8  <  2,  it  is  clear  from  Example  [IV. 19]  that 

^  e  L  (3B  )  whenever 
Y  (Y,s)  (Y,s)  s  s  Is 

(Y,s)  €  3B,  for  then  is  a  Lyapunov  domain, 

s 

^(Y,s)'^Y,s)°^s^'-^^^  ^  In  this  case. 
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4 

we  extend  the  definition  of  W  Ai)  to  all  of  H  , 

JP 

maintaining  the  same  notation  for  the  extension,  by 
declaring  that  (IV. 15.4)  holds  for  each  (X,t)  ^ 

(ii)  If,  for  each  (Y,s)  €  SB,  there  exist  <  >  0, 

4  >  0,  and  a  e  (0,1],  perhaps  depending  on  (Y,s), 
such  that 

U.v  ^ox■^(2)l  <  kt“(Z)  for  each  Z  €  S8^^^B^(Y) ,  (1) 

then,  again  from  tIV.19].  r'^'T^Y^s) ‘'^(Y,s)°^I^’-^^s^  ^ 

L,(dS  )  for  each  (Y,s)  €  3B.  In  this  case,  we  extend 
1  s 

4 

the  definition  of  to  all  of  ]R  ,  maintaining 

the  same  notation  for  the  extension,  by  declaring  that 
(IV.  15. 4)  (with  6  ■  2)  holds  for  each  (X,t)  ■. 

Within  the  settings  described  in  [IV. 30],  the  following  theorem 
is  concerned  with  the  characteristics  of  SB,  for 

0  <  B  <  2. 

[IV. 31]  THEOREM.  Lzt  M  be  a  motion  in  n(l)  J,udi  tiiaX 
{8°}  ^  th  locatiy  ani^onmZy  Lyapunov.  Lzt  (R,X)  be  a  fiz^zAzncz 
pact  (Jot  M  with  thz  pfLopzfLtizi  liitzd  in  [1.3.25],  and  (j)  and 

'  4 

r  bz  oi  in  [IV. 15],  i.z.,  (p,x,t)l-^  ^j(P)  ii  in  C(3(^]R  ), 

idiiZz  (Z,X,t)  !-*■  continuoui  and  bounded  on 

{(Z,X,t)|  (X,t)eB^,  z  €  35^n{x}’}  into  F.  Suppaz  ^uxtlizi 

tlxat 
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(^)  li’hamvcA.  k  -U  a  compact  iuhict  o^  n,  tlicic 

ZXAJit  poifLtivc  numbcu  and  and 

a  numbcfL  e  (0,1]  iofi  which 

<  K^.|(Y.i)-(Y,s)|^^+  •|(Y,s)-(Y,s)  1^ 


(Y,s) 

and  (Y.i)  e  {38^x{U) 

(1) 

with 

|(Y,s)-(Y,s)i^  <  A^, 

and 

Z  €  3B  r'.{Y}'0{x.  (Y)}' . 

s  ss 


Then 

(ij '  Fo-l  0  <  6  <  2,  conXi.nuou.i . 

jp 

Now,  Zzt  ^  4)atiiiij  tiie  ^oZiowing  locaZ  Holder  condition: 

(ii)  WlienzveA  k  cjr  lu  compact,  thzKz  extit  paitive 
numbeAi  <2  ^2'  ^  number  ^  (0,1] 

6uch  that 

(Y.s)  ('■)  I  i  ^2  •  I  I? 


iOK 

(Y,S)  and  (Y,i)  € 

{dB^x{z}} 

(2) 

with 

|(Y,s)-(Y,s)i  <A2,  and 

p  e  3R. 

Then 
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[ii]'  ioK  0  <  B  <  2,  ^3gU}|  SB  ^6  iocaJLly  Hoidtr 

cotttinaoa^ . 


it  aJiitO  known  that 


m 


tlie.n 


liii)  i<ihcmve,i.  k  c  tr  ii  compact,  th&az  zxttt  poiitivc 
nmbzAt  <2  and  A^,  and  a  numbc-r  e  (0,1] 
6uch  that 


(Y,s)  €  {3S^x{;}}  and  Z  e  sSgOBe  (Y). 


(3) 


iiii}'  locally  HoldeA  continues . 

Next,  iuppoic  that  u  €  c(3B).  We  comidet  the  application 
oi  li}',  lii)',  and  (Hi)'  to  thp4>c  ^unctioni  defined  by  cCAtain 
0(5  the  tzAmi  appzaaing  on  the  flight  in  (IV.  14. 32,  37,  42,  45  ,  49, 
and  52);  ai-&umz  that,  (jot  each  compact  izt  ic  c  r,  x,^(P,*)|  K 
it  Hb'ldzA.  continuoLoi ,  unl^cfmly  ^oa  p  €  3R. 


(.cv)’  Hypothzili  l-c)  it  iul^illzd  H  it 

AcfiUctd  thviM  bn 

''(X.t)’  '’(x.t)''x.l’  "^(x.tj'x.l’ 

(X,t)  e 


and 


AD-A141  747  ON  THE  SCATTERING  OF  ELECTROMAGNETIC  WAVES  BY  PERFECTLY  U/M 
CONDUCTING  BODIES.. (U)  DELAWARE  UNIV  NEWARK  APPLIED  ^  ^ 

MATHEMATICS  INST  A  G  DALLAS  APR  84  AMI-TR-144A 
UNCLASSIFIED  RADC-TR-84-g-PT-4  F30602-81-C-0169  f/G  12/1  NL 
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(f) '  kypotJizi-ii  {Hi)  -c4  6CLtci^icd  by  tabuig  $  ic 

be  aJ^Cu)  oa.  A2{u}  (c:^.,  (iv. 14.36 

and  48),  AzA,pe.cXivzZy) . 

{vi]'  1)5  u  tocattij  HoZdeA  continucLLi  on  3B,  and, 

ion  exicli  cxjmpact  K  C  ]R,  Jx(P,01  K  -^4  Hbldcx 
conXinuoai,  uniionmty  ion  P  e  aR,  then  the 
iunctioiii  given  on  3IB  by 

(4) 


(5) 


5*'  ‘"Y 


J  ‘^(Y.s)*‘4i^^^(Y.s)°^s^‘^^s^  ‘^^'58 


and 


\  2  ‘^(Y,s)’^-3^‘'^(Y,s)°’^s  ‘^^88  ' 

o  r„  s 


38  Y 

3 


ion  each  (Y,s)  6  31B,  one  locally  Holden 
continuous . 


(vil)'  Suppose  that  He]M(i;0),  and  the  neienence  pain 
(R,x)  possesses  the  pnopenXies  described  in 
[IV.  10],  as  icell  as  those  alneady  enumexated.  Then 
the  iunc-tions  given  on  3B  by 


38 


,03  2  -1 

‘  (Y,s)’^Y,iS',£^li^^^(Y,s)°^s  ' 


JX  dX 


38 


(6) 


38 


=^*^v  dX.g  , 

ir«  \XyS^  (Y^S/  s  s  do 

*  s 


(7) 
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L-  .ri3  , 

(Y,s) 


■'■'36 


(8) 


3B 

s 


dB 

s 


s 


and 


L.  .^23 

(Y,s) 


2  (Y,s)  s 


JX' 


dX 


3B  ’ 
s 


(9) 


(10) 


(11) 


^ox  zacii  (Y,s)  €  3B,  axz  contuxuoiUi  (c^., 

(IV. 14. 38-41,  50,  ojtd  51)1.  iX  -t-i  aLi,o  knavn 
that  u  ti  iocAity  Holdzx  contotuoui  on  3B, 
and,  iox  zack  compact  4>zt  K  c m,  x,^^(P,*)(  K 
and  j^X(p,*)|  K  OAZ  Hdldzx  ccntinucai,  uni{)CXmZij 
^ox  p  e  3R,  -C/ien  the  ^unctiom  on  3B  which  axe 
conitxuctcd  uiing  (6) -(11)  axe  locaJLly  Ht'idex 
coitttnuooi . 


(viii)'  Suppose  that  M  €ii(i;0),  and  the  xeic’ience  paix 

(R,x)  p<7.i4e<i4C4  the  pxcpextiei  deicxibed  in  [iv.io], 
in  addition  to  tiio4>e  atxeadij  imposed.  A^iuinc, 
moxeovex,  that  D^S  €  C(3J^B).  Then  the  ^unctictU 
which  axe  given  on  3B  by 
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1-  .r02 

(Y.S) 


(12) 


(13) 


and 


’ 

3B 


1  _12  -3,  , 

^  •^Y.s)-''l<»><Y,s)°=‘= 


-1  Jx-1 


d\ 


3B  ' 

s 


s 

&acli  (Y,s)  €  3B,  a.ra  contdiuocu  ic^., 

(IV. 14.43,  44,  cuid  53)1.  -it  -U  oJUo  bioMi  that, 
iJoA.  zach  compact  &&t  K  c  ]r,  d^u(P,*)1  K  and 
D^JX(p,«)l  K  oJLZ  HdldzA  conttnaOLU,  uniicnmZij  (tO-i 
P  €  3R,  tlizn  the  ^unctioM  coMt^uctzd  on  3B 
by  uiing  (12)-(14)  OAC  tocaZtij  Hoid&K  ccntinuoLU. 


(14) 


PROOF.  Until  we  consider  the  proof  of  (v) ' ,  let  it  be  under¬ 
stood  that  we  are  supposing  hypothesis  (ill)  to  be  in  force  whenever 
we  consider  ''®  shall  not  do  so  when  speaking  of  W2g{$} 

with  0  ^  6  <  2.  With  [IV. 30] ,  it  follows  that  W2g{<!}  is  defined 
on  all  of  by  (IV. 15. 4)  if  6  €  (0,2 J.  Then,  selecting  (Y,s) 
and  (Y,s)  €  3S,  and  recalling  that 


xT^ox  - 
s  ss 


(15) 


)ox  ..JX 
ss 


ss 


(16) 


for  6  6  (0,2]  we  can  write 
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1 

38  Y 
s 

- 1 


|a/3g{<t}(Y,s)-a;3g{«}(Y.8)| 

6  *^(Y,i)‘'^(Y,s)°^s  ’-^^s  }°’^ss‘-^’^ss 


dA,- 

s)  (Y,s)  s  8  3B 


(17) 


38  Y 
8 


{{j  •'■«.s)Ks-»(V.s)°^'-  7 


-1 


’^(Y,s)  *'^(Y,s)°^8 


38  Y 

s 

•-'’'s'  ■**38 

s ' 

denote  a  compact  Interval  such  that  s 

and 

(tT,t,):  (8°),—  is  a  tjniformly  Lyapunov  family. 

and  we 

Now 


let  denote  a  uniform  set  of  Lyapunov  constants  for  this 

collection.  Fix  d  so  that 


o.d.fv 


(18) 


Setting 

6  l(Y,S)-(Y,s)I^, 

we  assume  further  that 

0  <  6  <  |-  d.  (19) 

2i 

Clearly,  Cj(Y,s)  and  ^^^^(Y.s')  are  defined,  with  C2j^(Y,s)  C 

Cj(Y,s).  Continuing  from  (17),  therefore, 
o 
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la;3g{$}(Y,s)-a/2g{*}(Y.s)  1 


38^'^C^(Y.s)’ 
s  a 


_  —  .r,  -di  ^ 

6  (Y.s)  ’(Y,s)  s 

Y 


■  _6  ‘^(Y.o)‘'^(Y,s)°^s 
Y 


dX 


3B. 


*  V 


ox  .  OX'^.JX"^  dX_ 

ss  ^(Y*s)  s  s  38 


I 


tOX  ^‘JX  ^  dx^- 

6  (Y.s)  ^(Y.s)  s  s  38„ 

’^Y 


8 


<  I  i5(Y,s;Y,s), 
j-l  J 

in  which  the  I®(Y,s;Y,s)  *  j  "!.•••. 8.  are  given  by 


i  i?M  .  ■ 

W.nc’cY,,)' 

s  a 

♦(Y.i)”;'--”';'  ^he  I  > 


oX  - 

SS 


(20) 


(21) 
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I  (tf 


8 


'^(Y,s)r^ss  ^{Y,s) 


I®  - 


1  7 

^X9 


Let  M^,  M_,  and  denote  positive  numbers  such  that 

(p  r  j 

Ul  £  on  {3B^x{;}}. 


Irl 


lJx"^(Z)|  for  (Z.c)  ^ 

We  shall  first  prove  (i) ' ,  then  verify  (ii)'  and  (iii) ’ 
together,  proceeding  in  each  case  from  inequality  (20).  Of  course, 
we  maintain  the  notation  which  has  already  been  established. 


(i)'  Here,  it  is  sufficient  to  show  that  is 

continuous  at  (Y,s),  for  each  6  €  (0,2).  In  turn,  choosing 
c  >  0  and  writing 

5q  min  <i,  Is-t^^l,  |s-t2l|, 

g 

it  suffices  to  produce  numbers  ^  P®’^hsps  depend- 

and  (Y,s),  such  that 


ing  upon  c , 


0 

*■'  t 
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Ij(Y,s:Y,s)  <  e  whenever  (Y,s)  G  3B 

with  0  <  6  |(t,s)-(Y,s)i^  <  6j,  (29) 

for  j  ■  and  6  G  (0,2). 

(Note  that  0  <  6  <  6q  implies  that  inequality  (20)  is  valid.) 

We  proceed  to  establish  that  this  can  be  done.  Let  us  assume  at  the 
outset  that 

0  -  6  <  6^  min  ,  [s-t^i,  |  s-t2 1  ,  (j^  5^) ,  (30) 

wherein  is  the  positive  number  corresponding  to  K  which 

figures  in  hypothesis  (i).  In  particular,  it  is  then  certainly  true 
that  Inequality  (20)  is  valid.  Fix  6  G  (0,2). 

I®;  If  Z  G  38^'-C^^^(Y,s)',  then  rY(Z)  ^  2x6.  Since 

|r^(X^g(Z))-rY(Z)I  <  |Y-Y|3+|X^*(Z)-Z|3 

<  |?-Y|3+r*ls-sl  (31) 

<  i6  for  Z  G  0B 

—  s 

the  usual  argument  yields  the  inequalities 

i  ±—— -  <4  for  each  Z  G  08  "'C,  .  (Y,  s)  ' .  (32) 

Now,  choose  Z  G  08^i^C2^  j(Y,s)  * ,  and  suppose  for  the  moment  that 
the  numbers  r^(Xg-(Z))  and  rY(Z)  are  unequal;  (32)  implies  that 
each  of  these  numbers  is  positive,  whence  the  mean-value  theorem 
shows  that  there  is  some  ^  -  C(Z:Y,s;Y,s)  lying  between  them  for 


inequality  in  (35)  is  not  needed  here,  but  will  be  of  use  later. 


Using  (i) ,  in  view  of  (30)  we  have 


for  each  Z  €  3B  •'^{Y}'n{x,  (Y)  }  ' , 
s  ss 


>  0,  >  0,  and  <^2  ^  (0»ll  depending  on  only  K  and  M. 

Then,  from  (22), 


•  max  X  _  OB,), 
;  6  K  ^^5  ^ 


whence  it  is  easy  to  see  that  there  exists  62  ■  62(e.6,s,K)  €  (0,5q) 
for  which  (29)  holds  with  j  «  2. 

S  4 

4>  is  continuous  on  3Rxll  ,  hence,  in  particular,  uniformly 
continuous  on  the  compact  set  3RxU  _  {98_x{;}}.  Thus,  there 
exists  a  number  6^  ■  d^Ce.S.s.K)  e  (0,5q)  such  that 


max  \  -  OB,)} 
C  e  K  ^ 


for  6  <  6^,  and  P  G  3R, 


and  so 


5  c  K  5 


for  (5  <  6-,  and  Z  G  3g  . 

J  s 


But  now  inequality  (29)  with  j  ■  3  results  directly  from  (23) 
and  (38),  as  one  can  easily  verify. 


-290- 


Clearly,  we  can  apply  (34)  in  the  estimation  of  this  term, 


obtaining,  from  (24), 
I4  1 


dX. 


C^(Y,s)nc^^^(Y,s) ' 


e+1  SB 

Ty  s 


2i6 


(39) 


while 


2i6 


1-d  ^21(5  1-B 


^  276  i  V 


1-6 


if  6  (0,1), 

if  6  .  (40) 


.2-6 


wherein  o'  €  (0,1),  and  Mq  Is  such  that 


_l-o'  .  d  ^  w 

^  **■"  2x4  -  ^0 


for  0  <  4  <  6q. 


(41) 


Upon 

some 


combining  (39)  and  (40),  it  becomes  clear  that  there  exists 
^4  *  iS^(e,6,s,K)  €  (0,6q)  such  that  (29)  is  true  when  j  ■  4. 

Immediately  from  (25)  and  (36), 


—  j  <p 


“d 


• 

h 

“1  4  1 

*  *  6+1  ^ 

■.9  /V  1 

l^Y 

'2i6 


2i6 


dX 


SB 

s 


2x6 


■»j|v£) 
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2\& 


(A2) 


Now,  (40)  and  (42)  show  that  the  desired  result  can  be  achieved  for 

B  S 

1°:  Arguing  from  the  continuity  of  ip,  as  in  the  analysis  of 

there  exists  a  *  5g(e,S,s,K)  €  (0,6q)  such  that 


,3/2^.  d 


2-S^-l 


2-£ 


for  6  <  6,  and  Z  €  38  . 

6  s 


Since 


(43) 


1  .  o3/2  d^'^ 

g-  dXgg  2  T’*  2-s 

3  3  ® 

cJ(Y,s)nc“^g(Y,s)’ 


(44) 


it  is  evident  that  (29),  with  j  =  6,  follows  from  (26)  and  (43) 


1°:  We  begin  here  with  the  observation  that 


(45)' 


^  9 

Indeed,  supposing  that  Z  €  C-  .(Y,s),  we  have  t^(Z)  <  ■=■  r„(n„(Z))  < 

ZlO  I  —  /  II 

*2i6,  and  so 


ln^(X^.(Z))-Yl,  <  lx^-(Z)-Yl 


ss 


<  |Y-Y|3+|Xg-(Z)-Z|^+lZ-Y| 


<  i6+y  *216  ■  ^  *16  <  4i6, 
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whence  (45)  follows;  note  that  4i6  <  d  <  |-  d^^,  by  (18)  and  (30), 
so  c|^^(Y,s)  is  defined,  since  s  £  K  (again,  by  (30)).  Trans¬ 
forming  in  (27)  to  integration  over  a  subset  of  3B-,  keeping  (15) 
and  (16)  in  mind,  and  using  (45),  we  can  write 


6  (Y,s)  ’^(Y,s)  s  s  o8g 


6  (Y,s)  (Y,s)  s  5  38- 


(46) 


4i5 


0  ^ 

-)3/2  u  uK  uK  1  ,,  n2-6  .2-6 

»  2  'Mj*  2^  *(41)  *6 


Evidently,  the  latter  inequality  allows  us  to  find  a  6^  “ 
62(c,6,s,K)  €  which  (29)  holds  when  j  *  7. 

Ig:  Directly  from  (28), 


^6  ,  ,3/2  M  JC  JC  1  .2-6  .2- 

Ig  <  2  YTb  '(2i)  .6 


(47) 


with  which  we  can  surely  choose  6g  ■  6g(E,6,s,K)  £  (0,6q)  possess¬ 
ing  the  requisite  properties. 


The  proof  of  (i) '  is  now  complete. 


(ii) '  and  (iii) ’  As  noted,  we  shall  present  the  proofs  of 
these  statements  together,  supposing  hypothesis  (ii)  to  be  in 
effect  and,  if  6*2,  that  (iii)  holds.  Select  6  ^  (0,2].  It 


Is  sufficient  to  show  that  W  is  Holder 

continuous;  in  turn,  for  this  it  <s  sufficient  to  show  that,  for  some 
Aq  >*  0,  there  exist  £q  >  0  and  £  (0,1],  perhaps  depending 
upon  some  or  all  of  if,  A(,  K,  6,  and  Aq,  such  that 

“n 

|U/3g{4.}(Y,s)-W2g{(j}(Y,s)l  1  ilQ*6  ^  for  0  <  6  <  Aq  (48) 

(of  course,  we  retain  the  convention  that  (Y,s)  and  (Y,s)  are 
points  of  cv  {38  x{c}}).  In  fact,  we  shall  assume  throughout 
that 

0  <  6  <  Aq  min  ,  A^^,  A2I,  (49) 

A^  and  A2  being  the  positive  numbers  corresponding  to  K  which 
appear  in  hypotheses  (i)  and  (il),  respectively.  Concerning  d, 
we  may,  and  shall,  suppose  (in  addition  to  (18)) 

d  <  i  A3,  (50) 

wherein  A3  is  the  positive  number  corresponding  to  K  and 

occurring  in  hypothesis  (iii).  Now,  with  (49)  and  (18),  it  is  clear 

that  inequality  (20)  is  valid,  so  that  we  need  only  show  that  there 
8  8 

exist  ^  (0>*)  ^  depending  upon  at 

most  4>,  M,  K,  and  B,  such  that 

3  -  ,  “l 

Ij(Y,s;Y,s)  ^  ^  whenever  (49)  holds,  for  j  «  1,,..,8.  (51) 

Once  this  has  been  established,  there  can  certainly  be  produced 
Iq  >  0  and  <>q  ^  (0,1]  such  that  (48)  holds.  Consequently,  the 
proof  has  been  reduced  to  verifying  that  each  term  on  the  right  in 
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(20)  possesses  an  estimate  of  the  required  form,  which  we  now  do. 

g 

It  Is  easy  to  check  that  (34)  Is  valid  here,  even  If  6-2, 
and  so  (35)  Is  as  well;  the  latter  Is  an  equality  of  the  form  of 
(51),  for  j  ■  1. 

I®:  By  (1)  and  (49),  (36)  Is  true.  Then,  (37)  follows  as  before, 
even  If  6*2,  whence  an  estimate  of  the  required  form  can  be 
derived  for  l”- 

g 

Here,  we  appeal  to  hypothesis  (11),  which.  In  view  of  (49), 
allows  us  to  assert  that 

—1  —1  ^2 

l‘*’(Y,s)°^s  ^^^~‘*’(Y,s)°^s  i  ^®s’ 


with  <2  >  0  and  02  €  (0,1]  depending  upon  and  K  at  most. 
Using  this  with  (23), 


dX 


3B. 


38^nc"(Y,s)’ 

s  a 


(53) 


so  satisfies  an  Inequality  of  the  requisite  form. 


g 

Suppose  first  that  6  ^  (0,2):  (39)  rests  upon  (34),  and  so 

Is  valid  In  the  present  setting,  giving,  with  (40),  an  estimate 
of  the  form  required  In  (51) . 


Now  assume  that  S  ■  2.  In  this  case,  by  (111),  we  know 
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that  there  exist  >0,  >  0,  and  ^  C0,1],  depending 

on  4>,  K,  and  M  alone,  such  that 

1  •'3*rY^(Z)  for  (Y.i)  ^ 

(54) 

and  Z  6  3B-nB^  (Y) . 

s  ^3 

If  Z  €  Cj(Y,s),  (49)  and  (50)  show  that 
d 

i  i«+ I  •|iIy<2)-2|3  (55) 

1  9 

<  -^  d+  y  d  <  2d  <  A3. 


But  (55)  allows  us  to  use  (54)  in  conjunction  with  (32)  to  write 


-1> 


°3  °3 

<  X3  .  (3/2)  '’•rY'’(Z) 


(56) 


for  each  Z  €  C^(Y,s)(X:2^  ^(Y.s)  ’ . 


Employing  (24),  (34),  and  (56),  we  produce 

.2 


ij  ^  Mj,->^-<3-(3/2)  ^m6-2^'^^-6- 


I  “3  K  f  1 

±2  ^  -(3/2)  ^•ifi6<3*Mj,-I^-6 


dC 


2i6  ; 


dX. 


C^(Y,s)nc^^^(Y,s)' 


3-a.  “"38 
3  s 


(57) 


and  observe  that 


If  6*2,  however,  we  should  use  (56)  along  with  (25)  and 
(36),  obtaining 

C®(Y,s)riC^^^(Y,s)’  i’^Y 

d 

“l 

•6  +Kj’6* 

2i6 

Recalling  (58),  it  is  plain  that  an  Inequality  of  the  form  (51) 

2 

follows  for  Ij  from  (59). 


<  2^^^ir.(3/2) 

""  O  J  0 


Q 

l":  Once  again  applying  (52), 
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and  observe  that 
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1  ^ 
C^(Y.s)nc^^^(Y.s)' 


while 


a 

_1 _ 

fi-1 


“2  2-6  a 

fcs  l2>6-^2rr-'  •  ee  (0.2). 


/2  ,  d  V,  /2 

^  27? 


,  if  B  -  2. 


having  chosen  ^2  ^  (0,02)  and  sufficiently  large.  With  (60) 

and  (61),  whatever  the  value  of  6  £  (0.2].  we  have  secured  an 
Inequality  of  the  form  (51)  with  j  •  6. 


ly.  The  inclusion  (45)  is  certainly  true  here,  and  we  still  have 
4x6  <  d  <  ^  dj^.  Thus,  if  B  ^  (0,2),  we  can  proceed  just  as 
before  to  arrive  at  (46).  On  the  other  hand,  if  6*2,  we  can 
reason  initially  as  in  (46)  and  then  use  (34)  with  (Y,i)  -  (Y.s), 
noting  that,  for  Z  €  c|^g(Y,s), 

r^(Z)  <  I  r^(n^(Z))  <  -4x6  <  y  d  <  |^ 


by  (50): 


2  *^(Y,s)**(Y,s)°’^s  ’-^^s 
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dA. 


.  ,3/2 
<  2  TfIC, 


2-0^  “38* 

c’,j(V,i)  '} 

4i6 


(62) 


0  C 


,3/2  M  mK  1  //  n“3  /3 

■  2  —  •(4\)  •6 

3  r  J 


Consequently,  whether  6  ^  (0,2)  or  6*2,  we  can  produce  an 
estimate  as  in  (51)  for  j  ■  7. 


g 

l“:  If  8  €  (0,2),  one  can  check  that  (47)  holds.  However,  If 

O 

6*2  we  must  use  (54)  with  (Y,i)  «  (Y,s),  after  pointing  out 
that 


IJ  <  J  ‘2x6  <  3x6  <  d  <  ^3 


whenever 


Z  €  C2^j(Y,s).  Thus,  from  (28), 


dX. 


C2x5(Y.s) 

2i6 


2-a,  “"38 
3  s 


0  c 


o,  a. 


-  -M^-k  ♦  —  '(Zx)  ^*6 

r  j  3  03 


(63) 


In  (47)  or  (63),  as  the  case  may  be,  we  have  an  inequality  of  the 

O 

required  form  (51)  for  Ig. 


This  concludes  the  proofs  of  statements  (ii)'  and  (iii)'. 


During  the  remainder  of  the  proof,  we  suppose  that,  for 


each  compact  K  C  E,  K  is  Holder  continuous,  uniformly 

for  P  €  3R. 


(Iv) '  As  usual,  we  suppose  that  (Y,s)  and  (Y,s)  are 
points  of  3B,  and  continue  to  write  6:*  | (Y,s)-(Y,s) | ^ .  We 
observe  first  that,  just  as  in  (IV. 24. 31), 


I  grad  r^(Xg-(Z))  -grad  rYCZ)]^ 


X,-(Z)-Y 

ss 


Z-Y 


r^(x^j(Z))  t^(2) 


2i6 


-  r^CZ) 


(64) 


whenever  Z  €  38  n{Y} ’n{X«  (Y)}V. 

s  ss 


3  3 

Next,  recalling  the  definition  of  W:  3BxIl  -►  ]R  ,  given  by 
(IV.  14. 28),  and  the  bounds  1.  c*/c,  I^^4l3  —  c*/c,  and  using 

(IS),  it  is  clear  that  there  exist  c*  and  c*,  depending  on  the 
ratio  c*/c  alone,  such  that 


*=51 IX. 4)  (Y, *^^”I’'’4'(Y.s)°*s  '^>13' 


(65) 


for  each  Z  G  38  . 

s 


For  m,n  €KU{0},  r™"(Z,t;X)  :»  T™  given  by  (IV. 14. 29) 

for  (Z,t)  €  3B  and  XSB^n{z}';  according  to  (IV. 14. 57)  ,  the 
denominator  appearing  in  the  definition  of  T™"  is  bounded  below 
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by  a  positive  number  depending  on  only  n  and  c*/c.  From  this 
fact,  (65),  and  the  bounds  cited  for  and  on®  can 

easily  check  that  there  exist  positive  numbers  c™,  c^,  and 

c™  which  depend  upon  m,  n,  and  c*/c  alone,  such  that 

■^‘^2  l^(Y,s)°^ss^^^“^(Y,s)^^^  ^3 


+c™lgrad  r^(x^-(Z))  -grad  r^(Z) 


Y  '  3 


for  each  Z  €  3B  i^.{Y}’r«{x.  (Y) )  ’ , 
s  ss 


To  prove  that  (i)  is  fulfilled  when  F  is  replaced  by  any  one  of 
the  functions  given  in  (iv)’,  it  is  sufficient  to  consider  the 
compact  interval  K  ■  [tj^,t2]'  Fix  any  >  0,  and  suppose  now 
that  (Y,s)  and  (Y,s)  lie  on  with  6  <  A, .  We 


- r  {iA,+  max  diam  S,} 

'=‘^  ^  5  e  K 


K  :■  ^^l”^0*  ^2^  * 


It  is  a  simple  matter  to  show  that,  for  each  Z  €  dE^,  we  have 

T(Xg^(Z);Y,s)  tQ  and  t (x^^CZ) ;Y,s)  ^  tg  (cf.,  (IV. 24. 24  and  25) )  , 

so  s-t(X  ^(Z);Y,s)  and  s-t(X  ^(Z);Y,s)  are  in  R.  Now,  we 
s  s 

know  that  there  exist  A  >  0  and  a  €  (0,1],  depending  upon  /.(, 

K,  and  alone,  for  which 


-301- 


|x?^(P,S2)-X^^(P,Sj^)  Ij^A*  Is2-Sj^|° 


for  ®i»®2  ^  ^  P  6  3J?. 


Then,  reasoning  as  in  (IV. 24. 26), 

for  each  Z  G  38  , 
s 

and,  proceeding  as  in  the  derivation  of  (IV. 24. 29) , 

for  each  Z  €  38  • 


From  (66),  with  (64),  (68),  and  (69),  it  is  now  evident  that 

I -ran  _mn  i  ^  .vaa  ,a.,mn  1 _  . 

l^(■S’,s)°^ss^^^■^(Y,s)^^‘^l  -^1  '*'^2  '  r^(Z) 

for  each  Z  €  38  '^{Y}’n{x.  (Y)}', 
s  ss 

wherein  the  positive  k™  and  k™  depend  on  at  most  m,  n, 
M,  and  K. 


In  view  of  the  boundedness  of  each  r  and  grad  r^,  it 
is  surely  obvious  that  ti.e  validity  of  (iv) '  follows  from  (64)  and 
(70). 


Henceforth  in  the  proof,  we  suppose  that  w-  3B  -*•  K  is 


(at  least)  continuous. 


(v)  Here,  we  shall  in  fact  prove  Che  following  stronger 


statement: 


(v)"  When  (ji  is  equal  to  either  A^iu).  for 

each  compact  K  C®  and  positive  there  exist  ic^  >  0  and 

5,  €  (0,1]  such  that  if  (Y.s)  e  {38  x{;}}  and  X  €  B?  (Y) , 

then 

*1  ^3 

s)*^^s  ^  ^  ^  ^^s’ 

In  order  to  prove  (v)*',  it  suffices  to  consider  the  compact 

interval  K  ■  [tj^,t2].  Select  >  0  and  (Y,s)  e  {38^x{!;}}, 

then  X  €  (Y) .  Since 

^3 

t(x"^(Z);X,s)  -  1t(x"^(Z);X,s)-t(x“^(Z);Z,s) 1 

s  s  s 


<  Z-XU 

—  c-c*^  *  *3 


<  — max  dlam  8  +A-|,  for  Z  e  38  , 

'•C  €  K  ^  ® 


we  see  that  if  we  set 


tl  :■  max  diam  8  +A_ 

C  €  K  ^ 


Kq  •* 


then  s-T(Xg  (Z);X,s)  €  Kq  for  each  Z  €  aS^ 


be  positive  numbers  such  that 


•^0  *^0 

Let  M  and  MV 

u  J 
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and 


181 

M 


JX  £ 


on  8RxK^ 


From  (IV. 14. 36  and  48),  respectively,  it  is  clear  that 

1 


{l-{c*/c)"} 


M  •{l+2(c*/c)^} 


2,3  U  J 


•  I 


(X,s) 


(72) 


and 


K  K 

-  -  ‘M  'M-  •(c*/c) 
.2,3  y  j 


{l-(c*/c)n- 
‘l^(X,s)^^^‘^^»4^(X,s)°^s^^^^ I3’ 


(73) 


for  each  2  6  38  . 

s 

We  may  suppose  that  estimate  (67)  holds  here  whenever  s^  and  $2 

lie  in  Kg,  and  P  €  3R,  with  A  >  0  and  a  e  (0,1]  depending 

upon  at  most  M,  K,  and  From  the  definition  (IV. 14. 11),  for 

each  2  €  38  there  is  some  t^(2;X,s)  e  [s-t(X  ^(Z);X,s),s]  with 
s  s 

which  we  can  therefore  write 


-  lXT4(x"^(Z),t^(2;X,s))-xt^(X^^(2),s-T(X~^(2);X,s)) | 
i  A-lt^(Z;X,s)-{s-T(x"^(2);X,s)}l“ 

^Note  that  this  interval  might  be  degenerate  to  {s}. 
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-  Ct  y 

£  A-t  (x 

»  A* I T (X 

<  A 
■  (c-c*) 

Statement  (v)" 


■^(Z)  ;X,s) 

~^(Z)  ;X,s)-r(X~'^(Z)  ;Z,s) 


now  follows  by  using  (74)  with  each  of  (72)  and  (73) . 


(74) 


(vi)  '  The  local  Hblder  continuity  of  the  functions  on  3B 
which  are  given  by  (4)  and  (5)  for  each  (Y,s)  €  3B  shall  be  an 
immediate  consequence  of  (iii)',  (iv) ’ ,  and  (v) ' ,  once  we  have  shown 
that,  with  the  stated  conditions  on  u  and  JX,  hypothesis  (ii) 

is  satisfied  when  either  (p  *  or  41  *  Now,  in  [IV. 24], 

under  somewhat  stronger  hypotheses  on  M  and  (R,X),  we  have  shown 
that  (ii)  holds  with  <f  ■  easily  check  that  the 

sort  of  reasoning  carried  through  there  also  serves  here  to  demonstrate 
that  (ii)  holds  when  p  is  replaced  by  either  of  the  functions 
presently  under  consideration,  even  under  the  weakened  conditions 
which  we  have  now  available  for  M  and  (R,X).  We  shall  allow 
these  brief  remarks  to  suffice  for  the  proof  of  (vi) ' . 

(vii)  '  Since  we  know  now  that  €  C(3Rx]R)  (by  [IV. 10]) 

it  is  clear  from  the  definitions  (IV. 14. 38-41,  50,  and  51)  that 

and  A2{u}  are  in 

C(3Rx]R  ).  Thus,  with  (iv) ’ ,  the  continuity  of  each  function  defined 
on  3B  by  using  (6) , . . . ,  (10),  and  (11)  follows  from  (i) ' .  To  verify 
that  these  six  functions  are  locally  Hblder  continuous  on  SB  when 
u  is  locally  Hblder  continuous  on  3B  and  ^•^^(Pt’)l  K  and 
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jx(P,*)|  K  are  Holder  continuous,  uniformly  for  P  €  3R,  for  each 

compact  K  C  E,  we  can  apply  (ii) '  (and  (iv)'),  provided  we  first 

show  that  (ii)  is  true  when  o  is  replaced  therein  by 
2  '2  -2 

Aiifu) , . . . ,Aii{u} ,  or  A2{u}*  The  latter  is  easily  accomplished 
by  constructing  an  argument  modeled  on  the  proof  in  [IV. 24]  that 
[IV.24.iii]  holds  when  ((,  »  A^^{w};  cf . ,  the  proof  of  (vi)  ' ,  4up^. 

We  omit  the  details. 

(viii) '  Here,  it  is  given  that  S  C(3fJxE)  and,  by 

[IV. 10],  D^JX  €  CORxE),  so  (IV. 14. 43,  44,  and  53)  show  that 

3  -3  4 

A2i{u}.  and  A2^{u}  are  in  C(3l?x]R  ).  The  continuity  of  each  of 

the  three  functions  defined  on  3B  v-CJ.  (12),  (13),  and  (14)  is 

therefore  an  obvious  implication  of  (i)’.  The  local  Holder 

continuity  of  these  functions,  under  the  additional  hypotheses  cited 

for  and  D^Jx,  shall  result  from  (ii)  '  and  (iv) '  after  we 

3  3  ••3 

have  shown  that  (ii)  holds  with  <j>  *  A^{y},  A2j^{u},  or  Aj^{u}. 

For  this,  once  again  we  shall  simply  note  that  the  requisite 
reasoning  follows  by  obvious  modifications  of  the  proof  that 
[IV.24.iii]  holds  when  <{i  ■  □. 

Using  the  preceding  Theorem  [IV. 31]  in  conjunction  with  Lemma 
[IV-. 21],we  can  identify  conditions  under  which  a  function  of  the 
form  is  continuous  on  E^,  for  B  €  (0,2)  or  6  “  2. 

[IV. 32]  THEOREM.  L&t  M  be  a  motion  in  11(1)  4>uch  that 

locaZZij  ani^ouniij  Lijapimov.  Let  (R,X)  be  a  ae^etence 
paiA.  ^oA  M  iV-ith  the  pAopettie^  tinted  in  [1.3.25],  and  $  and  r 
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fae  04  In  [IV. 15],  viz.,  (P,X,t)  H-  (},  (P)  .i.4  in 

wkiZe.  (Z,X,t)  continucui  and  boundzd  on 

{(z,x, t)|  (x,t)eK^,  ze3S^n{x}’}  k.  Suppc-ic  ^uAi:ke-t 

thCLt 

ii]  uihe.mvt'i  ic  -c4  compact  in  K,  t/ie-ie  ex^ii  poi>itivc 
numbcti  ic^,  Ic^,  and  A^,  and  a  numbc^r  ^  (0,1] 
■4uc/j  that 


<  (Y,s)-(Y,s)l^^+  -I  (Y,s)-(Y,s)1 


ic-x  (Y.s)  and  (Y,s)  e  {38^x{i;}} 


(1) 


Then 


ufith  l(Y,S)-(Y,s)|^  <  Aj. 


and  Z  e  3B  n{Y}’n{x.  (Y)} ' . 
s  ss 


li)  '  ioK  0  <  8  <  2,  W_„{iJ>}  -C4  conttnuOLLi  on  TR^ . 

3p 


li  iX  iJ>  atio  bioMx  that 


{iX]  whzncvcx  ic  CR  ij,  compact,  there  exXit  paitivc 
numbe/a  <y  and  A^,  numben 

®2’®3  ^  iuch  that 
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^0^  (Y,s)  and  (Y.s)  €  u  -  OB  x{i;}}  (2) 

LcUli  I  (Y,s)-(Y,s)  1^  ^  A2,  and  P  e  3R, 

and 

k(X^s)°Xs  (Z)|  <  ic^Tx  (Z)  60^1  zach  Z  e  sS^nsf^CY) 

idi&n&ve.^  (Y,s)  6  u  -  OB  x{;}}  (3) 

and  X  e  L  (Y,s)nB?  (Y), 

V  ^3 

then 

{tt] '  -li  continuoiii  on  TR^. 

Next,  Auppe-ie  that  y  €  cOB).  We  con&idzA  the  application 
oi  ii)  ’  and  iii)  ’  to  thoiz  functions  defined  by  czAtain  p^'  the  teA/ni 
appealing  in  (IV.14.32,  37,  42,  45,  49,  and  52):  o'c-t  each  compact 
K  c  K,  let  x,^(P,«)|  K  be  HdldeA  continuous,  uni^o^iCy  ica 
pe  sR.  Then 


(iii)’  hypothesis  (i)  is  ^ul^iUed  by  taking  to 

be  r°^  r°2  r 

(X.t)’  ^(X,t)'  ‘(X.t)’  ‘(X.t)'  *(X,t)  X,i' 

^(X,t)^X,i'  ^(X,t)^X,i’^X,  j  3B^n{x}' 

^OA  each  (x,t)  em*. 


(iv) '  I i  it  is  kncion  that  u  is  locally  HcideA.  centinuoui 
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on  3B,  and,  iox  tath  tcmpacX  K  c  n,  jx(P,*)l  K 
u>  HoldeA  contLnuoaS) ,  uni^cvnly  (^ox  P  e  sR,  then 
hypcthci-ii  (Xi.)  -u  &aiAJ>{iizd  whzn  <p  -ci  xzpiaced 
by  e^lie,t  A^iy}.  Comcqazntly,  the. 

iuLnetian^  gtven  on  Tsf*  by  (IV. 31. A  and  5)  {,ox  each 
(Y,s)  €  ]R  oAt  conttnuoai,  tn  that  CAiz. 

(u)  '  Ai^ume  now  that  M  e  w(l;0),  Oiirf  the  xz{^ejizncz 
pair  (R,x)  aJUc  pcazAizi  the  pxopz.xtteyS  ti^tzd 
■in  [IV.IO],  Thzn  thz  ^unction6  on  TR^  giuzn  by 
(IV. 31.6-11)  ^ox  zacJi  (Y,s)  €  ]R^  axz  conttnuou-i . 
Moxzovzx,  D^y  €  cORxK),  thzn  thz  ^unctioni 
gtvzn  on  by  (IV.31.12-1A)  ((at  zach  (Y,s)  e 
axz  centinuoai, 

[vi]  ’  I|(  M  €im(2),  tlizji  thzxz  ZKliti  a  xz^zAznez  patx 

(R,X)  ioA  M  60  that  zach  condition  on  M  ox 
(R,X)  u6zd  tn  thz  pxzczding  a.i6ZAtioni  ti  ^uZ fitted. 

PROOF.  (i) ’  and  (ii)’  We  shall  present  the  proofs  of  these 
statements  together,  supposing,  of  course,  that  (ii)  is  in  force 
whenever  we  are  considering  We  first  point  out  that 

W3g{6}|  aB  6  COB)  for  each  0  €  (0,2]  (^32^^^  3®  is  even 

locally  Holder  continuous  on  SB);  these  results  follow  from  [IV. 31], 
specifically,  conclusions  (i)'  (if  0  <  6  <  2)  and  (iii)  '  (if 
6  “  2)  of  that  theorem,  the  satisfaction  of  the  requisite  conditions 
being  easily  checked  from  those  imposed  here.  Having  already 
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remarked  that  each  is  continuous  at  each  point  of 

(cf.,  [IV. 16]),  we  see  that  if  we  can  succeed  in  proving  that,  for 
each  6  €  (0,2],  for  each  (Y,s)  €  3B, 

liin_  W3g{$}(X,s)  -  tt/2g{$}(Y,s),  (4) 

X  Y 

X  €  L^(Y,s) 

3B-locally  uniformly  in  (Y,i),  then  it  shall  follow  directly  from 
Lemma  [IV. 21]  that  €  CCR^)  for  6  e  (0,2],  i.Z.  ,  that  (i)  ' 

and  (ii) '  are  true. 


Fix  6  €  (0,2]  and  choose  a  compact  set  K  C  B.  We  shall 
show  that  (4)  holds  uniformly  for  (Y,s)  €  U  _  { 3B  which 

shall  imply  (i)'  and  (ii) ' ,  as  just  remarked.  The  family 

is  uniformly  Lyapunov,  for  which  we  can  find  a  set  of 

,dj^).  Moreover,  we  may,  and  shall, 
suppose  here  that  the  positive  d^^  is  chosen  so  small  that  there 
exists  a  Yjj  ^  (0,1),  depending  only  on  aj^,  and  dj^,  i.z.  , 

only  on  M  and  K,  such  that 


uniform  Lyapunov  constants,  (aj^,aj^ 


_r^ 

^  rjj(n^(Z)) 

X  €  L^(Y,i), 


whenever  (Y,i)  ^ 

and  Z  €  (Y)~i{X}'. 

®  'Sc 


(5) 


Suppose  that  6 

L  (Y,s)nB5  (Y), 

V  d.. 


€  (0,(7/9)dj^). 
and  write 


Let  sex,  Y  e  38  , 
s 


X  € 
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|a/3g{$}(X,s)-W3g{:^}(Y,s)  i 


^  ‘T/v  vOX“^'Jx"^  dK.j, 

6  (X,s)  (X,s)  s  s  £>8 

38  ’^X  ® 

s 


-  1  T 

n 


d> 


as  Y 

s 


<  I  I®(6;Y,s.X), 
j-1  ^ 

wherein  the  I®(6;Y,s,X)  ■  I®,  j  ■  1,2,  and  3,  are  given  by 


^1 


I®  ;■ 


f  1  -1  -1  I 

6  (X,s)  CX,s)  s  s  38  f 

3  ® 

3SobJ(Y) 

S  0 


I  ? 

38  nB^(Y)  ^ 
8  0 


“'oBJ  ■ 


5E^: 


(6) 


(7) 


(8) 


and 


I® 


38  fiB^(Y)  '  ^ 

8  d 


(  6  *^(X,s)*'^(X.s)°^8  "  B  ‘^(Y,s)‘*^(Y,s)°’^s  / 

^%r 


(9) 


Now,  let  e  >  0.  To  show  that  (4)  holds  uniformly  for  (Y,s)  € 

{35^*{5}}.  it  suffices  to  produce  positive  numbers  depending 
on  at  most  e,  6,  <>,  M,  and  K,  6^  ■  6j (e, B ,^,M,K) ,  for 
j  ■  0,1,2,  and  3,  such  that  ^  d  *  6.  <  d„  for  j  ■  1,2,  and 

0  7  N  J 

3,  and  (maintaining  the  notation  introduced) 


lJ(iQ;Y,s,X)  <  E  for  1x-Y[3  <  6^, 


for  j  ■  1,2,  and  3. 


(10) 
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We  shall  show  that  this  can  be  done.  Let  and  be 

such  that 


In  1M_, 


for  P  €  oR,  s  €  K,  and  dist  (X.SB,)  ^  dj^, 


and 


|JX^^(2)|  <  for  (Z.C)  e 

e.  .,3 


;€K 


I,:  If  zec"(Y,s),  then 

1  O 


r^CZ)  rY(n.^(Z))  <  y  6  <  d^^. 


so  we  can  apply  (5)  to  write 


. _ _  .  _ _ _ 

rjj(Z)  Yjj  r^(ny(Z))  -  Yj^  rYdIyCZ)) 


for  Z  e  C^(Y,s)n{Y}’,  (11) 


since  it  is  obvious  that  rj^dl^CZ))  ^  r^CHYCZ)).  Thus,  if  we  first 
suppose  6  €  (0,2),  (7)  and  the  inclusion  3B  '^B^(Y)  C  C?(Y,s) 

S  6  0 

give 


rfon,. 


K  “r  "<?  “J  J  6-1 


d; 


(12) 


,3/2  -6„  JC  „K  1  -2- 

•  2  ^•'Yv  *6 

K  1  J 


Next,  suppose  that  6  ••  2:  we  may  here  invoke  (ii) ,  which  says  that 
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there  exist  *^3  ^  0» 

A3  >  0  and 

03  e  (0,1] , 

depending  on  at 

most  4),  M,  and  K, 

for  which 

'♦(x.s)"’';'®)! 

®3 

i  <3-/(2) 

for  each 

Z  e  38  (Y) , 

S  A3' 

(13) 

provlded  we  also  suppose,  as  we  shall,  that  |x-Y|^  <  Assuming 

that  ^  ^  ^  ^3»  that  Z  e  38^08^  (Y)  whenever  Z  €  C^(Y,s), 

(7)  gives  in  this  case 


i 


dX, 


C^(Y,s)  ’^X 


2-a,  “"38 
3  s 


JC 


2-a, 


dX. 


2-a  “"38 

C^(Y,s)  >-Y  ' 


(14) 


^  3  *T  "J  a^ 


In  view  of  (12)  and  (14) ,  it  is  now  obvious  that  we  can  find 

Sq  ■  '5o(e.S,iJ,M  ,K)  €  (0,  (7/9)dj^) ,  and  less  than  if  6*2, 

such  that 

I®(6q;Y,s,X)  <  e  for  IX-YI3  <  63,  (15) 

wherein  63  dj^  if  B  €  (0,2)  and  63  :■  min  {dj^,A3}  if  £  “  2. 

B  3 

Since  we  can  take  X  ■  Y  in  the  analysis  of  I3,  from  (15) 

we  have,  with  63  :■  ^3, 

I2(6q;Y,s)  <  e  for  IX-YI3  <  6^.  (16) 

Q 

I3:  Now  take  6  ■  6^  in  (9).  On  the  set 
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{(Y,i,X,Z)l  (Y,i)  €  {38^x{5}},  X  e  (Y)“, 

2  ^0 


Z  e  (Y)*} 

®  ^0 


.10 


in  ]R  ,  let  us  define  the  function  f  according  to 


(17) 


f(Y,l,X,Z)  :■ 


(Z)- 


^6(2)  (X.s)'*"  ^(X,s)  s 


(18) 


By  the  properties  of  T  and  (p,  f  is  certainly  continuous. 

Moreover,  the  set  (17)  is  compact:  to  see  this,  first  note  that 

its  boundedness  follows  from  the  obvious  fact  that  is 

3  °° 

bounded  in  R  .  Next,  let  ((Y  ,s  ,X  ,2  ))  ,  be  a  sequence  in  the 

n  n  n  n  n“i 


set  which 

converges  to  (Yq 

,So,Xo,Z| 

3) .  Since 

X*(3R><K) 

is  closed,  while 

*  «0'*0> 

we  find  that  (Yq,Sq)  and 

(Zq.Sq) 

lie  in  u  {38.x{;)}. 

5GK  1, 

Finally, 

the  inequalities 

1 X  -Y  L 
‘  n  n  3 

for  each 

n  G  R,  lead  to 

1  *0"^0  ^  3 

-r«o- 

then,  (Yq,Sq,Xq,Zq)  is  in  the  set  (17),  whence  the  latter  is 
indeed  compact.  Thus,  f  is  uniformly  continuous,  so  there  is  a 
■  62(e,8,0,M,K)  G  (0,  min  {dj^,  1/2  6q))  such  that,  in  particular, 

1 


4(z) 


|f(Y,i,X,Z)-f(Y,i,Y,Z) I 

max  X  „  (35  )} 

•'  i  «  K  ‘ 


-1 


(19) 


for 


(Y,s)  e  {36^x{c}},  Z  e  3B--B^^(Y)’, 


X  €  R- 


with 


IX-YI3  <  63. 


and 


Directly  from  (9)  and  (19),  it  is  clear  that 

I®(6q;Y,s,X)  <  e  for  Ix-Yj^  <  63.  (20) 

Having  obtained,  in  (15),  (16),  and  (20),  inequalities  as 
required  in  (10),  the  proofs  of  (i) '  and  (ii)  '  are  complete,  by 
the  previously  outlined  reasoning. 

(lii)'  This  is  just  conclusion  (iv) '  of  [IV. 31];  the  proof 
is  the  same. 

(iv) '  For  the  proof  of  statement  (3)  of  hypothesis  (ii) 

when  41  is  either  A^^{u}  or  A^Cu),  one  should  consult  the  proof 

of  assertion  (v)"  in  [IV.  31] ,  where  a  stronger  result  has  been 

prepared.  Now  suppose  that  w  is  locally  Hb'lder  continuous  on  3B, 

and,  for  each  compact  K  C  ]R,  Jx(P,*)l  K  is  Hblder  continuous, 

uniformly  for  P  €  aR;  to  see  that  (2)  of  hypothesis  (ii)  holds 

when  is  either  Aj^{g}  or  ^3(14},  we  refer  to  the  remarks  made 

in  the  proof  of  conclusion  (vi) '  of  [IV. 31].  Now  the  continuity  of 

4 

the  functions  constructed  on  B  by  using  (IV. 31.4  and  5)  for  each 
4 

(Y,s)  is  a  direct  consequence  of  these  observations,  (ii)', 

and  (ill)'. 

(v)  ’  With  statement  (iii)’  in  hand,  each  assertion  made  here 
follows  as  a  simple  application  of  (i)'. 

(vi)  '  The  reasoning  required  for  the  verification  of  this 

□  . 


fact  is  set  forth  in  the  proof  of  [IV. 22];  cf.,  also,  [IV. 23. a]. 


In  particular.  Theorem  [IV. 32]  implies  the  following  fact: 


[IV.  33]  COROLLARY.  LeX  M  be  a  motion  in  Hd)  iucn  tnat 
ix  ZocaZZij  uni^oAmly  Lyapunov.  Suppoiz  that  tksAZ  ex-cid 
a  xz{^eAzncp.  paiJi  (R,x)  ^oft.  M  ichich  poMZMci  thz  pAcpeAtizi 
[1.3.25]  ojtd  id  atio  duck  that,  ^ox  zach  compact  K  c  r,  x,^(P,')  i  K 


id  HdZdzx  continucud ,  uni^oxmty  ^ox  P  e  sR;  zacJi  o^  tlizdz  conditicnd 
id  dotid^izd  ii  M€m(2).  Fuxtlizx,  tzt  u  e  COB).  Then  € 

COR^),  i.e.,  V{u}  poddzddzd  a  continuoud  zxtzndicn  to  att  ]R^. 

PROOF.  According  to  Proposition  [IV. 9],  we  have  l'{y}  € 


i 
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4it 


3B. 


^  “'ss, 


(1) 


for  each  (X,t)eB°Ufi°, 


wherein 


A{ii} 


(X,t) 


[°-JX] 


(X.t) 


on 


3R. 


(2) 


In  (1),  U{u}  is  displayed  as  a  function  of  the  form 

4 

as  in  Definition  [IV. 30. i],  we  can  extend  l/{p}  to  ]R  by  asserting 
that  equality  (1)  is  the  definition  of  l/{u}(X,t)  for  (X.t)  S  SB. 

By  conclusion  (ill)'  of  [IV. 32],  hypothesis  [IV.32.i]  is  fulfilled  when 

01  4 

r(x  Is  replaced  by  on  aB^'^CX}'  for  each  (X,t)€B  , 

because  of  the  Hblder-type  property  imposed  on  X,^.  Consequently, 

once  we  have  taken  into  account  the  other  conditions  which  have  been 

required  here  of  M  and  y,  it  is  easy  to  see  that  (i)'  of  [IV. 32] 

4 

implies  the  continuity  of  l/{u}  on  K  .  □. 


Having  accumulated  sufficient  Information  concerning  the 
various  auxiliary  functions  arising  out  of  the  computation  of  the 
partial  derivatives  of  a  kinematic  single  layer  potential  l/{y} 
associated  with  an  appropriate  motion  M  and  density  y,  as  in 
[IV. 15  and  17] ,  we  are  finally  prepared  to  supply  the  most  elementary 
properties  of  those  partial  derivatives  in  B°  and  in  under 

a  reasonable  set  of  sufficient  conditions  on  M  and  y.  The 


facts  to  be  presented  here  prove  to  be  Invaluable  in  the 
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refonnulation  of  the  scattering  problem,  undertaken  in  Chapter  [1.6]. 


[IV. 34]  DEFINITIONS.  Let  M  be  a  motion  in  W(1;0). 

Suppose  that 

(i)  locally  uniformly  Lyapunov, 

(ii)  there  exists  a  reference  pair  (R,X)  for  M  which 
possesses  the  properties  set  forth  in  [IV. 10]  and  is 
also  such  that  X,^  and  Jx  are  locally  Holder 
continuous  on  oRxK, 

and 

(iii)  y:  31B  -*•  K  is  locally  Holder  continuous  and  such 
that  D^S  €  CORxK). 


Then,  prompted  by  the  results  (IV.17.1  and  2)  ,  in  view  of  Definition 
[IV. 20],  Proposition  [IV. 27],  Definition  [IV. 30],  and  conclusion  (v) ' 


of  Theorem  [IV. 31],  it  is  clear  that  we  may  define  V*{p}:  SB  -*■  K 


for  i  -  1,  2,  3,  and  4  according  to 


t/J{u}(Y,s)  :■ 


Wj{Aj^{u}}(Y,s)-fc’*^{A^{u}}(Y,s)-lt'*.{A^,j{y}}(Y,s) 

4it  I  2  (Y,s)  4i  (Y,s)  s  s  88 

38  ’^Y  ® 

s 

+l/{y}^(Y,s)+l/{u}^(Y,s), 


(1) 


for  i  «  1,  2,  and  3, 


and 
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l/*{u}(Y,s)  ;■ 


-cW*{aJ-{u}}(Y,s)+cW*^{A^^{u}}(Y,s) 


c 

Att 


38 


^  •r]:^  v-Ahy)/^  oX"^.Jx"^  dx_„ 

2  (Y,s)  3  (Y,s)  s  s  OO 

Ty  s 


(2) 


+l/{u}^(Y.s)+l/{u}^(Y.s). 


for  each  (Y,s)  €  3®. 

Here,  of  course,  l'{u}^(Y,s),  l/{y}^(Y,s)  (i  -  1,2,3),  l/{u}^(Y,s), 

and  l/{u}^(Y,s)  denote  the  values  at  (Y,s)  S  3B  of  the  expressions 
appearing  in  (IV. 14. 37,  42,  49,  and  52),  respectively,  each  being  a 
sum  of  values  of  functions  of  the  form  *• 


[IV. 35]  THEOREM.  LeX  M  be  a  motion  in  ]M(1;0).  Suppose 
that 


(•c)  {5°}  _  -04  itxongiy  toeaZly  uni^o-xmCy  Lyapunov, 

s 


i.e.,  whenever.  K  c  ir  compact, 
HoZdeA.  continuous. 


u  {36  xCt}} 
ceK  4  ^ 


(-ccl  thcKc  exists  a  Ke^e^ence  paiA  (R,x)  M 

possessing  the  p-’icpcAties  recounted  in  [iv.io]  and 
Such  that  x,^  and  Jx  axe  tocoLZij  Holdz-x  ccntinucus 
on  3RxE, 

and 

iiii)  y:  3B  -►  K  is  tocatty  Hcidex  continuous  and  such 
that  D,S  -t-i  in  C(5Rx]R). 

4 
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Tkzn 


l/°{y}  €  )  and  l/^{u}  e  C^(B),  <Mith 


0 

-  M - uv^+l^*{u}, 

^  2{l-(u^)n  ^ 

|{0A  1-1,  2,  and  3, 


and 

-  (t, 


--  — V-  uy+u*{u} 
Cn2,  4 


2{l-(u^)"} 


on 


(1) 


5B, 


(2) 


uiheAS^n,  zack  (Y,s)  6  sb,  (Y,s) 

(l/^{u},j(Y,s)],  j  -  1,  2,  3,  and  4,  aznotm  the. 


oaJLue  oi  the  ccnttituous  extend  ton  o^ 


j 


to  [itom  B°  to  B] 


(ttj '  1(5  M€]m(2),  h^pothe^e^  It]  and  Itt)  o-xe  ^uZittied. 

[ttt]  '  tt  ti  ai^o  known  that,  ^ox  each  compact  ic  C  ]R, 
X,^^(P,-)|  K,  D^JX(P,-)|  K,  and  D^S(P,-)|  K 
axe  Hotdex  conttnuoui ,  unt^oxjvZ^  ^ox  P  e  3R,  then 
l/*{u}  td  locally  Holdex  conttimom  on  3B  ^ox  each 
1  €  {1,2, 3, 4}. 


PROOF.  (i)’  Upon  observing  that  the  hypotheses  of  both  [IV. 33] 
and  [IV. 17]  are  satisfied  here,  we  can  immediately  assert  that 

€  c^OB°UQ°)ncCR^),  so  l/°{u}  €  and  e 

C^CIB°)'^CB) .  Consequently,  it  must  be  shown  that,  for  j  -  1,  2,  3, 
and  4,  [■'^{u},j]  can  be  extended  continuously  to 


-320- 


[to  B],  and  that  the  continuous  extensions  are  given  on  5B  by 
the  expressions  displayed  in  (1)  and  (2) . 


Suppose  first  that  iG  {1,2,3}.  is  given  in 

by  (IV. 17.1)  ;  we  shall  examine  the  behavior  in  and  in 

B  of  the  functions  given  by  each  term  in  this  expression.  First, 
it  is  clear  from  conclusion  (iv) '  of  [IV. 32]  that  the  function 


38j. 

4 

is  continuous  on  IR  ,  while  (v) '  of  that  same  theorem  shows  that 
2  3 

(X,t)  1-*  l/{u}j^(X,t)  and  (X,t)  H-  l/{u}^(X,t)  are  also  continuous  on 
]R^  (cf.,  (IV. 14. 37  and  42)) .  Next,  to  study  W^{aJ^{u})  in 

[Clr'^{Aj^{u}}  in  1B°],  we  shall  use  Lemma  [IV. 21]:  we  have  already 
pointed  out  that  U/^{aJ^{u}}  Is  continuous  in  n'’  [(l'J{ A u } } 

is  continuous  in  B°],  while  Theorem  [IV. 22]  says  that,  for  each 
(Y,s)  €  3B,  locally  uniformly  In  (Y,s), 


11m 
X  -►  Y 

X  €  Lv(Y,8) 
[X  €  l"(Y,s)] 


0 

a'{^^{Aj^{y}}(X,s) 


[+] 


2{1-|X^^(X’^(Y),S)|3} 


•{{1-1X^^(X^^(Y) ,s)l3}v^(Y,s) 
c  i^  -1 

+u‘'(Y,s)  •Xt^(Xg^(Y)  ,s)  }y(Y,s) 
-KfJ{Aj^{y}}(Y,s), 


(3) 


having  accounted  for  (IV. 22. 4  and  5).  Appealing  to  [IV. 24],  it  is 
certainly  true  that  WjlA^^Co)}  is  locally  Holder  continuous  on 
3B,  whence  it  follows  that  the  function  on  3B  which  is  given  by 


the  right-hand  side  of  (3),  for  each  (Y,s)  e  5B,  is  continuous. 
Thus,  Lemma  [IV. 21]  implies  that  ^  ^ 

extended  continuously  to  [to  B].  For  the  two  remaining  terms 

on  the  right  in  (IV.  17. 1)  ,  we  reason  similarly:  we  have  noted  that 
a;2i{A2{u}}  and  W2j{A32j{u}}  are  in  C(n°)  }  and 

W2j{A2ij{u}}  are  in  C0B°)],  while  Theorem  [IV. 28]  clearly  shows 
that,  for  each  (Y,s)  e  SB,  locally  uniformly  in  (Y,s), 


lim 
X  ->•  Y 

X  e  l;^(y,s) 
[X  e  L~(Y,s)] 


C</^2^{A2{p}}(X,s) 


u‘^(Y,s){u‘'(Y,s)v^(Y,s)-xt,(x“^(Y),s)} 

.f  _ 4  S _ 

2{l-|x^,(x“^(Y),s)l^}.{l-(u''(Y,s))^} 


‘{l-|X?^(x"^(Y),s)|^}-p(Y,s)4W*^{A2{y}}(Y,s), 


lim  {w}}(X,s) 

X  Y  J 

X  €  L^(Y,s) 

[X  €  l"(Y,s)] 

u'^(Y,s)  {u‘^(Y,s)v^(Y,s)-X^.  (X  ^(Y)  ,s)} 

4  S _ 

2{l-|x^^(x"^(Y),s)l3}-{l-(u‘^(Y,s))^} 

c  c 

•X^^(X"^(Y),s)-X^^(X^^(Y),s)-u(Y,s)-«t'*j{A3^j{y}}(Y,s)  , 


having  used  (IV. 28.6  and  7).  From  Theorem  [IV. 29]  •>  can  conclude 

that  and  locally  Holder  continuous  on 
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3B,  so  that  the  functions  on  3B  which  are  given  by  the  respective 
expressions  appearing  on  the  right  in  (A)  and  (5),  for  each  (Y,s)  6 
3B,  are  continuous.  Once  again  utilizing  Lemma  [IV. 21],  it 
obviously  follows  that  and  ^ ^ ^  possess 

continuous  extensions  to  and  ^  possess 

continuous  extensions  to  B] .  It  is  now  evident  that  V°{u}  can 
be  extended  continuously  to  can  be  extended  continu¬ 
ously  to  B],  whence  C^(n°  )  C^CE)].  More¬ 

over,  denoting  its  continuous  extension  again  by 

and  using  (IV. 17.1),  (IV. 34.1),  (3),  (4),  and  (5),  we 


must  have 


0 

l'^^nw>.i(Y,s) 


r+i  - - - ^ - s—  •{{!■ 

2{l-lx?^(x"^(Y),s)l^} 

+u‘=(Y,s)-xf^(x'^(Y)  .s)}-u(Y,s) 


•{{l-lx?^(x‘^(Y),s)|3)v^Y,s) 


.c 

I  ^  u‘^(Y,s)-{u‘^(Y,s)vJ(Y,s)-xJ^(x‘^(Y),s)} 
2{l-|x?^(x'^(Y),s)!^}-{l-(u‘=(Y,s))^}  , 

c  c 

•{{l-|x^^(X~^(Y),s)|3}5^j+X^^(x"^(Y),s)-X^^(X~^(Y),s)}u(Y,s) 

■tWj{Aj^{g}}(Y,s)-W;^{Aj{u}}(Y,s)-a/Jj{Aj^j{u}}(Y,s) 

Att  J  2  (Y,s)  41  (Y,s)  s  s  3o 

■iO  r,,  s 


+t/{u}^(Y,s)+(/{u}J(Y,s) 
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rli  - ^ - 5-  •u(Y,s)v^(Y.s)+l/*{u}(Y,s) 

2{1-(u‘=(Y.s))2}  i 

for  each  (Y,s)  e  3B, 


with  which  (1)  is  proven. 

Turning  next  to  we  can  use  conclusions 

(iv)'  and  (v) ’  of  Theorem  [IV, 32],  Lemma  [IV. 21],  and  Theorems  [IV. 22, 
24,  28,  and  29]  to  show  that  possesses  a  continuous 

extensions  to  possesses  a  continuous  extension  to 

B],  hence  that  )  [V^{u},^  e  C^OB)];  the  required 

argument  is  so  similar  to  that  already  presented  for 
[l^^Cw},^]  for  i  ■  1,  2,  and  3  that  we  shall  omit  it.  To  demonstrate 
that  (2)  is  correct,  we  employ  (IV. 17. 2),  (IV. 34. 2),  (IV. 22. 4  and  6) 
and  (IV. 28. 4  and  8)  to  write,  retaining  the  same  notation  for  the 
continuous  extension  of 

0 

l/^^^{y},^(Y,s) 

-  - — - TY - •u‘^(Y,s)-m(Y,s)  ■ 

2{l-lx?^(Xg^Y),s)|‘} 

Q 

I  u‘^(Y,s){u‘^(Y,s)v^(Y,s)-X^,(x"^(Y),s)}]  .c 

H[-]  - n - - ^2 -  c  - ^  •X^4(x;^Y),s)*u(Y,s) 

['■  2{l-|xf,(X^-^(Y),s)|n-{l-(u‘'(Y,s))^}  ^  ® 


-cWj{Aj{u}}(Y,s)+ca'*j{A^^{u}}(Y,s) 

C  1  1  nv"*^ 

■  J  2  ^Y,s)*^'3^‘^^Y,s)  ^s  s 

•k  O  * 


+V{u}J(Y,s)+1'{u}^(Y,s) 
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■  r^i  - — - 5—  •u(Y,s)*u(Y,s)+l/*{u}  (Y,s) 

for  each  (Y,s)  G  SB. 

This  gives  (2),  completing  the  proof  of  (i)'. 

(ii)  '  The  reasoning  required  to  verify  this  statement  is 
contained  in  the  proof  of  Theorem  [IV. 22];  cf.,  also,  [IV. 23. a]. 

(iii)  '  In  view  of  the  definitions  (IV. 34.1  and  2),  and  noting 
(IV. 14. 37,  42,  49,  and  52),  it  is  easy  to  check  that  this  assertion  is 
a  consequence  of  Theorems  [IV. 24  and  29]  and  conclusions  (vi) 

(viii) '  of  Theorem  [IV. 31].  O. 
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IV. A.  APPENDIX 

EVALUATION  OF  CERTAIN  AUXILIARY  INTEGRALS 


In  the  proof  of  Lemma  [IV. 26],  we  encounter  certain  quite 
elementary  integrals  which  must  be  explicitly  evaluated;  in  this 
appendix,  we  give  the  major  steps  in  the  requisite  evaluations. 
The  computations,  while  entirely  trivial,  are  somewhat  tedious  in 
various  places.  Since  the  results  are  so  important  to  the  main 
exposition,  we  have  undertaken  to  display  their  derivations  for 
inspection. 


(i)  Suppose  that  A>0,  a>0,  Y>0,  and  6  S  E. 

Set 


Employing  the  transformation  given  by 

x(c)  7  (yp+S) , 
a 

ft- ’id  writing 


we  find  that 
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X2+{l+X2}^'^^ 

x^+d+xj}^'"^ 


Collecting  up  these  results  and  subsequently  inserting  the  values  of 
Xj^  and  x^  yields 


I  _ 


^/■.^2,l/2 

(1^2>1/2 


“  l(l+xJ)l/2  ^^^^2^1/2j  ,2  ^^2^1/2 


X 

_-!i _ U 


1  ,  (YA^-3)W{a^-t-(YA-f6)^}  ((6^/a^)-l)  (yA-<-S)+26 

Y^  1  6-»V{a^+6^}  /{a^+(YA+e)^} 


-  /{aW}l. 


Wri ting 


(11)  Suppose  that  =q  €  (0,1)  and  0  €  (0,  Tr/2)U(TT/2,  tr) 


2  2 

.2  =0  ® 

Cq  - 2 - 2 —  *  where  u-  >  0, 

1-=Q  cos^  0 


we  wish  to  evaluate 


t  _  f _ sin  u) _ _  , 

*  2  *  I  2  2  2  2  '  2 

d-On  cos  U))(l-:_  sin  0  cos  Uj) 

-i\  /  £  0  u 


We  begin  by  introducing  the  transformation  given  by 


C(u))  :■  tan  w/2,  -ii/2  ^  w  ^  it/2, 


with  which  we  obtain 
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2? 

2 

2 

w. 

2 

► 

sin^  0 

.1+^^ 

^  (1+;^) 

d; 


16 


1 

r  _ 

Q  (a^+a^?^)  (a2+a^i:^)  (b^+b2;^)  (b^+b^?^) 


dC  , 


(M 


having  written 


•i  ••  ^-“o 


.2  ‘  2  „'l/a  '<^'=0  «>• 


(1-=Q  cos  0) 


(5) 


®2  •■"  ^“^0 


(1-=Q  COS  0) 


bj^  :■  ^~=Q  sin  0, 


(7). 


and 


b2  :■  1+=Q  sin  0.^ 


(8) 


Next,  we  perform  a  partial  fraction  expansion  of  the  integrand 
appearing  in  (4) :  with 


^^2 

ai+a2 


l-= 


(aj^bj^-a2b2) 


4  2  2 

8’=q  sin  0  cos  0 


and 


(9) 


Obviously,  and 

82  >  0. 


bj  >  0: 


since  Uq  €  (0,1), 


also  a^  and 
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B  :■ 


^1^2  .  _ 1 _ 

bj^+b2  ’  (aj^bj^-a2b2)  (a^b2-a2^l) 


2  2  .2  .  2 
(1-=Q  COS  0)(1-=Q  sin  G) 

4  2  2 

S-Eq  sin  0  cos  0 


,  (10) 


it  follows  that 
1 


1 2  -  16U 


dC 


+A 


0 


jl. 


+B 


0 


dC 


+B 


0  ^"^2= 


de 


0 


7(a^a--j  {tan"-^  /(a^/a2)  +tan'-"  /(a2/a^)} 


-1 


^  (tan"^  .'(b^/D2)  +tan‘^  /(b2/b^)}; 


12 


since,  as  it  is  easy  to  show, 


tan  ^  5  +tan  ^  1/c  *  ir/2  for  each  5  >  0, 


we  can  write  further 


h  *  ^7^82)  TCb]^} 


sJ - - 


(/(1-yJ)  /(1-=Q  sin^  e)j 


4  2  2 

=Q  sin  0  cos  0 


l-= 


__1 _  (1-=2)1/2 

.2  2  ^,1/2  '0^ 


[  (l-=n  cos  0)' 


(1-=Q  cos^  eXl-sJ  sin^  0) 


i  o 

=Q  sin  0  cos*"  0 


-2  .  2  ^vl/2.,  _2  2 


_2.1/2,,  _2  2  „a/2, 

-(I-Hq)  (1-^0  0)  > 


(lii)  Again  with  =q  ^  (0,1),  0  e  (0,  7T/2)U(7r/2,  it),  and 


Uq  as  in  (2) ,  let  us  evaluate 


w/2 


^  =■ 


2 

cos  U) 


-22  22  2 
,^^2  ^^"^0  <*))(1-=Q  sin  0  cos  w) 


du . 


Once  again  utilizing  the  transformation  given  by  (3) , 

1 


I, 


-1 


1  ->2 

2 

. 

sin^  0 

i-Zl 

2 

, 

(l+C^) 


dt 


h 


Q  (a^+a^C^) (a2+a^C^) (b^+b^C^) (b2+b^C^) 


d;. 


Working  out  the  partial-fraction  decomposition  of  the  integrand  in 
(12)  and  setting 


A' 


-1-2  2  ^ 
1-=Q  cos  0 


^®l'*l"*2^2^^h^2”®2*’l^  2=q  sin^  0  cos^  0 


we  obtain,  computing  in  a  manner  similar  to  that  in  (ii). 
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^A'{/(a^a  )  ^  +tan  ^  /(a^/a^)) 

-  y  (tan  ^  /(b^/b2)  +tan  ^  /(b2/b2^))| 

^’’A  {7(3^7^  7(b^b^} 

"*1^1:4^  ■  a-4  sL^  c)''^) 

7r(l-=Q  cos^  0)  [(1-=Q  cos^  0)^^^ 


4  2  2 

=Q  sin  0  cos  0 


,,  .2  .2  „vl/2[ 

(i-=o  i 


(iv)  As  in  (ii)  and  (lil),  let  =q  e  (0,1),  06 

(0,  it/2)'J(it/2,  it),  and  be  given  by  (2).  Define  y^  ^ 

y2  >  0,  and  y^  by 

2  2  2 
y‘  1-=J  sin^  0, 

2  ,  -2  2  ^ 

y2  1-=Q  cos  0, 


y^  =g  sin  0  cos  0. 


We  shall  evaluate 


:■  - ^sin^ - -  ^  +u^y2(l-yQ  cos^  du. 

-^/2  ^^-^0 


Observe  first  that 


,  2 

y^  sin  (1)  ±yj^y2(l-viQ  cos 


'  «)!''  ;  0 


for  each  u  6  ]R: 


for 
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2  2  .2  2 

2  2  2  _2  2  „  2 

242  2  22  2  44  2 

1-=Q+=Q  sin  0  cos  0  -=Q  sin  0  cos  u  +=^  sin  0  cos  id 

-2  .2  ,  2  „  2  ^-4  ^  2  „  2  , 

{1-=Q-=Q  sin  0  cos  ID  +=Q  sin  0  cos  w} 

,42  2  44  2  42  2 

+i=Q  sin  0  cos  0  +=Q  sin  0  cos  id  -=q  sin  0  cos  id} 


(1-=q)(1-=q  sin^  0  cos^  u) 

4  2  2  2  2  2 

+=Q  sin  0  {cos  3  +sin  0  cos  id  -cos  id} 

/,  -2n/,  -2  .  2  „  2  .^_4  .  2  ^  2  .2 

(1-=q)(1-=q  sin  0  cos  w)+=Q  sin  0  cos  3  sin  id 

2  2  2  2  2  2 
(1-Hq)(1-=q  sin  G  cos  0;)+=^  sin  id, 


and  so 


-2  2  1/2 
Uj  sin  (D  ±Uj^U2^^“‘^0 

-  Uj  sin  (D  ±/{  (1-=q)  (1-=Q  sln^  0  cos^  (D)+i2  sin^  cd}; 


since  the  first  term  under  the  radical  is  positive,  (18)  must  hold. 


The  evaluation  of  can  be  reduced  to  that  of  by 

an  integration  by  parts.  To  see  this,  we  begin  by  pointing  out  that, 
with 


F(«) 


_ cos  (D 

-2  2 
(1-Uq  cos 


(D  €  ]R, 


we  have 


thus,  noting  that  F(Tr/2)  ■  F(-n/2)  “  0,  and  that  any  term  in  the 
product  F*G'  which  is  odd  will  vanish  when  integrated  on 
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[-tt/2,  it/2],  we  come  to 


Tr/2 

r 


2 

cos  U 


-^/2 


.22  -  2  2 

2  2  r~2  n  2  i 

{u^  sin  u)  -yj^U2(l-iJQ  cos  i.,)  ; 


i-d  ■ 


./z 

r 


-tt/2 


2 

cos  u) 


(1-Uq  '.os^  u)(1-=q  sin^  0  cos^  uj) 


u^U2^‘3<1-Wo) 

1-d 


‘3  ’ 


because 


2,2  2  2,,  *2  2  , 

Uj  sin  cu  -Uj^U2(1~Uq  cos  u) 

4  2  2  2 

*  =Q  sin  0  cos  0  sin  u 

-(1-=Q  sin^  ®  "'0  ® 

22  2  22  2244  2 

■  -(1-=Q  sin  0  cos  w)+-Q  cos  0  +=q  sin  0  -=q  sin  0  cos  w 

4  2  2  4  2  2  2 

-=Q  sin  0  cos  0  +=Q  sin  0  cos  0  sin  w 

22  2  244  242  2  2 

■  -(1-=Q  sin  0  cos  u))+=Q-=Q  sin  0  cos  w  -=q  sin  0  cos  C  cos 

2  2  2  2  4  2  2 

■  -(1-=Q  sin  0  cos  u)+Hq-=q  sin  0  cos  u 

•  -(1-=q)(1-=q  sin^  0  cos^  u). 


^-4 


2  2  ’ 
1-=Q  cos  0 


(19) 


Continuing,  since 
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and  using  the  expression  (14)  for  in  (19),  we  obtain 

1  -2  2  f  ^ 

‘^1^2^3  ^"'0  ^^2  1  ^2 


1- 


.3  "li 


■  7r« 


^1^2  ^2  !_ 

^3  [(I-Hq)^^^  ‘^l 


We  shall  conclude  by  summarizing  the  results  of  (ii)  and 
(iv),  for  ease  of  reference:  with  £  (0,1)  and  0  6 
(0,  :t/2)'-'(7r/2,  it),  let  Uq  >0,  Uj^  >  0,  ^2  0,  and 

defined  by  (2),  (15),  (16),  and  (17),  respectively.  Then,  from 


(11)  and  (20), 


.  2 

sin  (A) 


-2  2  2  2  2 
-it/2  ‘^)(1“=Q  sin  0  cos  u) 


du 


and 


it/2 


-y,72  ^^"“0 


ir  .  2  .2vl/2  , 

“2  ^“l^2‘^^'V  ‘^2^  ’ 

^3 


sin  (j  .  r  ^  .  ,,  -2  2  , 1/2-,  . 

2 - 2 - 372”  '^3  ^ 


^1^2  ^2  ]_ 

^3  {(l-sj)^''^  ‘^if  ’ 


(20) 


(21) 


(22) 


a 
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